Solutions to Fall 2023 Exam

1. Find the Taylor series about = = 2 for the function f(x) = Write your final answer in

1
V3 + 2z
sigma notation, simplified as much as possible. You must use a method that guarantees that the
series converges to f(x). Determine the open interval of convergence of the series.
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2. Determine whether the power series
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converges at the left end of its open interval of convergence. Justify all statements.

The radius of convergence of the series is

on
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The open interval of convergence is therefore
|a:+3|<1 = —1<a:+3<1 = —z<:v<—§.
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e left end x 7/ e series becomes Z T2 < 2) Z:Q T 2 Since the

1
sequence {W} is decreasing and has limit 0, the series converges by the alternating series

test.



3. Find a general solution for the differential equation
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The auxiliary equation is
0=m3—m?+m—6=(m—2)(m>+m+3),
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ith solutions m = 2 and m = -+
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. A general solution of the associated

homogeneous equation is
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yn(z) = Cre®® + e /2 <CQ cos Vil i \/ﬁx> )

When we substitute a particular solution y,(z) = Acos 2z + Bsin 2z + Cx + D into the nonhomo-
geneous equation, we get

(8Asin2x — 8B cos 2x) — (—4Acos2x — 4Bsin 2z) + (—2Asin 2z + 2B cos 2z + C)
— 6(Acos2z + Bsin2z + Cx + D) = cos 2z + 3z.

We equate coefficients of linear independent terms,

cos2x: — 8B +4A+2B—-64A=1
sin2z : 8A+4B —-2A—-6B =0

x : —6C=3
1 : C—-6D=0.
The solution is A = —1/20, B = —3/20, C' = —1/2, and D = —1/12. A particular solution is
1 3 1
yp(a?) = ~35 cos2x — 20 sin 2x — g -3

and a general solution of the given equation is

Vilz \/ﬁx> 1 3 x 1

y(x) = C1e%® + e~ %/2 (CQ cos 5 4+ Cs sin 5 — —cos2x — —sin2x — — — —
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4. A 3 kilogram mass hangs motionless on the end of a spring with constant 60 newtons per metre.
It is set into vertical motion by raising it 10 centimetres and giving it velocity 20 centimetres per
second downward. Assume that damping is negligible. If a vertical force F(t) = 2 coswt newtons
is applied to the mass after 2 minutes, set up, but do not solve an initial-value problem for
displacement of the mass from its equilibrium position. What positive value(s) of w, if any, cause
resonance?

The initial-value problem is

d? 1 1
3% + 60z = 2 coswt h(t — 120), z(0) = 0 2'(0) = —5

The auxiliary equation 0 = 3m? + 60 = 3(m? + 20) has roots m = +2v/5i. A general solution of
the associated homogeneous equation is xp,(t) = C cos (2v/5t) + Cy sin (21/5t). Resonance occurs
when w = 2+/5.

5. If the roots of the auxiliary equation for the linear differential equation
¢(D)y = z° + ** sinx + ze”
are
m=0,0,2+i,3+4i,3+7,

what is the form of a particular solution as predicted by undetermined coefficients?

A general solution of the associated homogeneous equation is

yn(z) = C1 + Cyx + **(C3 cosz 4 Cysinz) + 32 (Cs cos 4z + Cg sin 4x)
076(3+ﬁ)x + 086(3_\/7)I-

A particular solution takess the form

yp(z) = Az’ + Ba* + C2® + Da? + Exe** sinx + Fre® cosx + Gre” + He®.



6. Find Laplace transforms for the following functions:

(8) F() = e ™ cos (2t + B)h(t - 2) (b) f<t>={t2, 2oros S+ =

You need not simplify your answers.
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7. Find inverse Laplace transforms for the following functions:
s+1 s+1
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8. Consider the following initial-value problem:

d*x dx ,
@+4E+3x—2h(t—l)+35(t—2), z(0) =0, 2'(0)=0.

(a) Describe a physical situation that would give rise to this problem.

(b) Find z(t).

(a) The problem could arise from a mass of 1 kilogram suspended from a spring with constant 3
newtons per metre with damping 4 times velocity. It is orignally at rest at equilibrium. A force
of 2 newtons acts upward for all time greater than or equal to 1 second, and it is struck with an
impulse force of 3 newtons at time ¢t = 2 seconds.

(b) When we take Laplace transforms,

2 2e7° —2s
X +4sX +3X = + 3e™ 4%,
s

from which

X(s) = 2e7°/s+3e" % 2e~* N 3e 28
 s2+4s+3  s(s+3)(s+1)  (s+3)(s+1)

—263<1—/3+ 1/6 _ 1/2>+3623<i/2+ 1/2>.
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9. Find an integral representation for the solution of the initial-value problem

Py | dy
_— 4— = t == / :1'
gz TAg toy =10, 5(0)=0 4(0)

When we take Laplace transforms,
(Y — 1) + 4sY +6Y = F(s),

from which

Y (s) 1+ F(s) 1 F(s)
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