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CHAPTER 6
EXERCISES 6.1

| |
1. c{t3—2t2+1}:c{t3}—2c{t2}+c{1}=%—2(3>+1=£—i+1
S

1 1
2. L{t+e't =L+ L} = 5+ —
3. E{5e4t} = 5E{e4t} = 3T54
2
4 L{e™ 42} = Ll 4 2£{el} = 5+ —
5. L{sin4t + 3cosdt} = L{sin4t} + 3L{cos4t} = =2 j_ 632 :—31-516 = 5325—:_146
s 12

6. {cos2t —3sindt} = L{cos2t} — 3L{sindt} = — 1 2116
s s

5(s% —4)
(s2 + 4)2

2(4)s 24s
(2 + 16)2} T (21 16)2

7. L{btcos2t} =5L{tcos2t} =

8. L£{3tsindt} =3L{tsin4t} =3 {

. . s2—1 2s 5s% —4s—5
9. L{5tcost — 2tsint} = 5L{tcost} — 2L{tsint} =5 [m} - [(52 n 1)2} ERECEEE
. . 2s s 55 — 83
10. L{3tsint — cost} = 3L{tsint} — L{cost} =3 [(32 i 1)2] e i GZE1)°

7 1 2 7t?
-1 _— = -1 _ = _— = —
e {3} ca (L) e (8) T
12, 0223 g PN g L =2(1)-3 r —2—ﬁ
’ s st s s 31 ) 2

1 4 1 1
-1 _ -1 -1 _ =5t
13. £ {S+5+52} L {S+5}+4£ {32} e + 4t
{ 3

14. £}

S 3 S 1 1
15. £7! — =L 1= 1 _ 3,71 =cos2t —3( =sin2t
2 +4 s2+4} {52+4} 2+daf =" 2™

3
= cos 2t — 3 sin 2t

2s ) s 1 1
-1 _ — -1 — -1 = — — si
16. L {—52+2 82+9} 2L {52+2} 5L {52+9} 2 cos V2t 5<3sm3t>

5
= 2cos V2t — gsin3t

17. £ {(522%2)2} Y {ﬁ} _2 (%ﬁsin\/ﬁt) — %Siﬁ\/ﬁt

18. £71 782 = 1(sin 3t + 3tcos3t) = lSin 3t + ECOS 3t
' (s2+92f " 6 6 2

3s — 52 S 2 . 1
19. 1) 2275 | _qp-1)__ > \_p-1)__ 5 | _ b inor) — Xisin2t + 9t o
9. L {(52 T 4)2} 3L { 2+ 4)2} L {(52 n 4)2} 3 (4 sin ) 4(mn + 2t cos 2t)

t
(3t — 1)sin2t — 5 cos 2t

R
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L f -2 _ s° _ 1

e R e 1{<s2+3>2}
7(51n\/_t+\/_tcosx/_t) —— (sin v/3t — /3t cos V/3t)
6—\/§s1n\/_t+gcosx/_t

o 0 —st ) —3s
F(s) = / e f(t) dt = / e *tdt = {e } = e—, provided s > 0
0 3 —S 3 S

\/_
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0 4 0 —st\4 —st )
F(s) :/ e‘”f(t)dtz/ e_Stdt—i—/ 2e st dt = {e } +2{e }
0 0 4 —$Jo -5 Jy4
—4s 1 2 —4s 1 —4s
= (—e —l——) + ¢ 1t , provided s >0
s s s s
9] 2 0o t 1 2 e—st oo
F(s) = / e St f(t)dt = / te” st dt +/ 2e St dt = ¢ ——e St — —e L 42
0 0 2 S 82 0 —S 9
2e725 728 1 e 28 1 9 .
_<— - —?—1—5—2)4—2( . )—5—2(1—6 ), provided s >0
e’} 1 2 1
t 2t 2
F(s) = / e St f(t)dt = / t2e s dt = {——e_St - Se - —36_5t}
0 0 S S S 0
2 e, .
=33 (s*+2s+2), provided s >0
> > t2 2t 2 >
F(s) = / e St f(t)dt = / t2e st dt = {——e_St — —Qe_St — —36_St}
0 1 S S S 1
= ¢ 3 (s +2s+2), provided s >0
s
_ > —st _ > 2 —st _ (t_ 1)2 —st 2(t_ 1) —st 2 —st >
F(s)—/o e f(t)alt—/1 (t—1)% dt—{— e e T e 1
2 .
= —e 7, provided s >0
s
2 7st 2 e—S — 6725
F(s) = / e S f(t)dt = e Stdt = { } = , provided s >0
0 1 —S )3 S
0o 1 2
F(s) = / e S f(t)dt = / te st dt +/ (2 —t)e tdt
0 0 1
t 1 Yo(t—2 1 P 1-2e e
= {——eSt - —2€St} + { e st ¢ —2€St} =—————, provided s >0
s s 0 s s 1 s
00 1 0o
F(s) = / “SE(t) dt = / 2te™ ! dt +/ te st dt
0 0 1
t 1 ! t 1 © 2 1)e*
— {——G_St——Qe_St} +{__e—5t__26—8t} — _2_%, prov1deds>0
s s 0 s s 1 s s
00 1
F(s) = / e St f(t)dt = / (1+tHe st dt +/ ote 5t dt
0 0 1

— 1 o
_{e st _ﬁest_zsest_%est} +2{_Eest_i2est}
—S S S S 0 S S 1

,  provided s > 0
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S oo —st )y ® 1
F(s) = / e f(t)dt = / et dt = {e } = ~e¢ *, provided s >0
0 a

—S a S
oo b et b e—as _ efbs
F(s) = / e f(t)dt = / e *tdt = { } = ,  provided s > 0.
0 a =S J. S

According to equation 6.2, the Laplace transform of sin at is

F(s) :/ e *'sinat dt.
0

Integration by parts with u = sinat, du = acosat dt, dv = e~ dt, and v = —(1/s)e™ 5, gives
1 > <1 a [
F(s) = {——e_St sinat} —/ —~e *'acosatdt = —/ e *' cosat dt,
S 0 0 S S Jo

provided s > 0. A second integration by parts with u = cosat, du = —asinat dt, dv = e~%* dt, and
v=—(1/s)e" % yields

a 1 a1 a a® [*
F(s)=- {——e_St cosat} - —/ ——e *(—asinat) dt = = — —2/ e *'sinat dt,
s s o sto s 2 s2 Jy

provided once again that s > 0. We can therefore write that

F(s) = = — L F(s),

52 g2

and when this equation is solved for F(s), the result is F(s) = a/(s*> + a?). A similar derivation
gives the transform of cosat.

An unpalatable thing to do would be to use the definition of the transform as an improper integral.
Better would be to consider the integral

o0 oo
/ te®e Stdt = / tel—stait gy
0 0

Integration by parts with u = t, du = dt, dv = e(=5+®)tdt, and v = (=519t /(s + ai), gives

/Oo te®tie—st gt — te(—stait _ /OO e(iera_i)t dt
0 —s+ai J, o —S+at

Now,

- te(—s-i-ai?t . te 5(cos at + 'isin at) _o,

t—oo | —s+ ai t—00 —Ss+ar
provided s > 0. Hence,

/°° potip—st gy — elmstant % _ 1 _ (s 4 ai)? _ s?—a’+2asi
0 (=s+ai)?}, (=s+ai)2 (s—ai)?(s+ai)? (s? +a?)?
When we take real and imaginary parts,
o0 2 _ 2 o0 2
/ tcosate Stdt = %, / tsinat e Stdt = %;
0 (s2 4 a?) 0 s24a
that is,
s? —a? . 2as
E{tCOSG/t} = 72)2, E{t Slna/t} = m

(s?

2_a
+a
1
If we set u = /%, or, t = u? in F(s) / —e ! dt, we find
0o Vi
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F(s) :/ l —su? (2udu) = / e du.
0 0

We now set v = y/su, in which case

s f e (8) - - ()

Yes, they are of exponential order O(e%).

No. The function e’ is continuous, but not of exponential order.

When we take the Laplace transform of both sides of the equation and take the transform of the
series term-by-term, we get

o0

. —1)"a? ontl (=D [ (2n +1)! = a a?\"
L{Sm“t}_;((;fl)ﬁ{t " }—Z((zgﬂ)! [(SQL)}—Z;(—;) :

n=0 n=0

This is a geometric series with common ratio —a?/s?, and therefore the sum is

a/s?  a
1+a%2/s2  s2+a?

L{sinat} =

The Maclaurin series for cos at is

— (=" 2n
cosat = Z ((273! (at)“"™.

n=0

When we take the Laplace transform of both sides of the equation and take the transform of the
series term-by-term, we get

L (—1)"a?m = (=1 [ (2n =1/ a2\"
cfeosar) = 3 et = 3 S [ - 20 ()

n=0 n=0 n=0

This is a geometric series with common ratio —a?/s?, and therefore the sum is
9

. 1/s s
L{sinat} = T+ a2/ =S ra

When we take the Laplace transform of both sides of the equation and take the transform of the
series term-by-term, we get

S on o —1)" o 1
CORO) =D gl = 3 s || = 3 S ()

n=0 n=0

We can use the binomial expansion to write

1 1 1 1\ V2
V1+ 82 _s\/1+1/s2 _§(1+5_2)
L o2 (F1/2)(=3/2) (—1/2)(—3/2)(—5/2)+_,_]

52 21s4 3156
[ 1 n 1-3 1-3-5
252 222154 233146

> (—1)"[1-3-5---(271—1)]]

® = ®» |

Il
® | =
—
+
(]

21 nls2n

L n=1
= _1+n:1 2npl[2-4-6---(2n)]s2" ]—;W.
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1
V142

When we expand sin at in its Maclaurin series, and take Laplace transforms term-by-term

Hence, L{Jo(t)} =

o (_1)na2n+1 o (_1)na2n+l o ( 1)na2n+1

E{Sir;at} :E{th%} :nz @n 1 1) {gﬁl] :gm

n=0 =0

If we expand 1/(a? + s?) in a geometric series, we obtain

1 1 n o n2n
ar e (w) =X G

n=0

Term-by-term integration with respect to a gives
1 1)77, 2n-+1
L (&) o= 30 LU
s on + Z (2n + 1)s2n+2"
Substitution of a = 0 gives C' = 0, and therefore

(_1)na2n+l

Tan (%) =3
an 3 1;) (2TL =+ 1)S2n+1

Thus, £ { s1r;at} = Tanfl(g).
S

When the exponentials are expanded in Maclaurin series,

ebt — et b —a 0" —a” [(n—1)! o b — a™
e e B L B sE

n=1 n=1

Expansion of 1/(s — a) in a geometric series leads to
. 1/s _lian_i a”
s—a l—als s s sntl’
n=0 n=0

Term-by-term integration with respect to a gives

n+1

—In|s—a|+C = Z

(n+1)snt+1’

Evaluation at @ = 0 implies that C' = In|s|. It now follows that for s > b > a,

s—a & qnt1 & pntl
i ($57) =ints-a -nte-0) - lln's";ml - lln's"ﬁm
0 bn+1_an+1 o b — g™
_;—(n+1)sn+1 _; ns"

bt _ _at _
Hence,ﬁ{u}zln(S a)'
t s—b

(a) To prove this recursive formula, we use integration by parts, and to facilitate this we change
the variable of integration,

Lt+1) :/ e “xldr.
0

If we set u = 2!, dv = e %dx, du = tz'~!, nd v = —e7 7,
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45.
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Lit+1)= {—xte_w};o — / —ta' e dx = t/ ezt ldr =t ().
0 0
When t is an integer n, and we iterate the recursive formula,
'n+1)=nTn)=---=nn-1)n-2)---(1I'(1) = n!/ e~ dxr =n! {—e_””}zo =nl
0

(b) If we set u = st in the definition of L£{t"},

™ Oo—str _ OO—u ET d_u _ 1 Oo—ur _F(T+1)
E{t}—/o e tdt—/o e (s) (S>——ST+1/O e udu—isrﬂ.

If et is O(e®") for some «, there must exist constants M and T such that for all ¢ > T, the
function e!” would have to be less than Me® = 1M This would mean that 2 would have to
be less that at +1n M for all t > T. But this is impossible. No matter what the value of «, t? will
eventually be larger than at 4+ In M.

(a) Since f(t) is bounded, it is of exponential order (Exercise 36).

(b) £'(t) = 2tet’ cos(e!’) For any value T, there are values of ¢ > T for which cos (e!") = 1, and

for these values of ¢, the values of f/(t) are equal to 2tet”. Since €'’ is not of exponential order, it
follows that f’(¢) cannot be of exponential order.
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6735

L. Since f(t) = h(t — 3), F(s) = L{h(t —3)} = .
2. Since f(t) = [h(t) — h(t —4)] + 2h(t —4) = 1+ h(t — 4),

e—4s 1+ 6—45

S S

F(s)= L0+ bt~} =+ +

3. Since f(t) =t[h(t) — h(t — 2)] +2h(t —2) =t + (2 — t)h(t — 2),

6_28 1— 6_28

F(s)=L{t+ (2 —t)h(t —2)} = S% +e B L{2—(t+2)} = S% +e 3 L{—t} = S% - =

4. Since f(t) = t2[h(t) — h(t — 1)] = > — t2h(t — 1),

F(s) = L{t* = t*h(t — 1)} = 833 — e L{(t+1)%} = 3 —e S L{ 420+ 1}

2 S<2 2 1> 2 em5(s? +2$+2)
-2 _. L2t v Tesra
83 53

5. Since f(t) = t?h(t — 1),

F(s)={?h(t - 1)} = e L{(t+1)2} = e L{P + 2t + 1} =¢° (5_3 +o 4

2 2 1) (P 425 42)

s s 53

6. Since f(t) = (t — 1)%h(t — 1),

—S

2e

F(s)=L{(t—1)*ht -1} =eL{(t+1—-1)?} = e *L{t*} =

7. Since f(t) = h(t — 1) — h(t — 2),

e~ % 6_28 e s — 6—25

F(s) = L{h(t—1) = h(t—2)} = — - S— =

S S S

8. Since f(t) = t{h(t) — h(t — 1)] + (2 = )[h(t — 1) — h(t — 2)] = t + (2 — 20h(t — 1) + (t — 2)h(t — 2),

Fs)=L{t+2-20)ht—1)+ (t—2)h(t—2)} = S% +eSL{2-2(t+ 1)} +e > L{(t+2) -2}

1 o 102 . 1 ., 1-2%+4¢2
:S—2+€ E{—2t}+62£{t}25—2—8—2€ +S—2€2:S—2.

9. Since f(t) = 2t[h(t) —h(t — 1) +th(t —1) =2t —th(t — 1),

F(s) = £{2t—th(t—1)}*%—e’sﬁ{t+1}_3_e*5 (i+1> 2 (st1)e

52 s 52 52

10. Since f(t) = (L +t?)[h(t) — h(t —1)] +2th(t —1) =1+ * + (2t — 1 — t*)h(t — 1),

F(s)=L{1+t*+ (2t —1—t)h(t—1)} = % + 533 +e S L{2(t+1) -1 — (t+1)%}

1 2 1 2 2 1 21-—e)
=4 = SL{— 2= o - e t= 4
s+s3+e (=t s+s3 336 s+ 83

—as

e

11. Since f(t) = h(t —a), F(s) = L{h(t —a)} =

—as —bs —as —bs

12. Since f(t) = h(t —a) — h(t—b),F(s):ﬁ{h(t—a)—h(t—b)}:es =
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13. Since f(t) = 2(1 — t)[h(t) — h(t — 1)] = 2 — 2t + (2t — 2)h(t — 1),

F(s) = £{2 — 2t + (2t — 2)h(t — 1)} = % - 832 FeSL{2(t+1) -2} = % - 832 e L{2t)

2 2 2 2 2 -1
:;‘§+:T:;+izTJ-
14. Since f(t) =2[h(t) —h(t—1)]+ [h(t—1)—h(t—=2)]+ (t —=2)h(t—2) =2—h(t— 1)+ (t —3)h(t — 2),

Fls)= L2~ h(t = 1)+ (¢ = 3)h(t~2)} = 2~ T 4o L{(t4+2) =3} = 2~ -y e Lfr - 1)

2 e 11\ 2-e®  (1—s)e®
" L 2 <_ 3 _) B e, ( 52)6 .
s s

S S

s2 s

15. Since f(t) = 4(1 — t2)[h(t) — h(t — 1)] = 4 — 4t% + 4(t? — 1)h(t — 1),

4 4

F(s)=L{4 — 4> +4(t* - Dh(t — 1)} = <~ S% +de S L{(t+1)> -1} = <~ S% +de S L{t* + 2t}
4 8 (2 2 4(s2=2)  8(s+1)e*
=T st (§+§>— ST s

16. Since f(t) = (1=t)[h(t)—h(t—1)]+(t—1)*[h(t—1)—h(t—2)] = 1=t+(#2—t)h(t—1)—(t—1)2h(t—2),
F(s)=L{1 —t+ (#* —t)h(t —1) — (t — 1)*n(t — 2)}

11
==t e SL{t+ 12— (t+ 1)} —e 2 L{(t+2-1)%}
11

=s-=7 e L{tP +t}y —e L+ 2t + 1}

Lol (2,1 e (22 1
=—-——+e —+—=]—e€ —+ =+ -

s 82 3 52 $3  s2 s

s—1 (s+2)e % (s2+2s5+2)e 2
T 3 o 3 '
s s s

17. Since f(t) = sint[h(t) — h(t — 27)] = sint — sint h(t — 27),

1 —27s : 1
231 ¢ £{51n(t+27r)}252+1
B 1 67271'5 1— 672775

_s2+1_s2+1: s2+1

— e 2™ L{sint}

F(s) = L{sint —sinth(t —27)} =

18. Since f(t) =sinth(t — 27),

—27s

s241°

F(s) = L{sinth(t —2n)} = e 2™ L{sin (t + 27)} = e 2™ L{sint} =

19. Since f(t) = [h(t) — h(t — )] +sinth(t —7) =1 —h(t — ) +sint h(t — ),

1 —TS
F(s) = L{L = h(t =) +sinth(t = m)} = — = — + e ™ L{sin (¢ + )}
1 6771-5 rs . _ 1 _ 6771-5 6771-5
= - ——+e L{—sint} = . i1

20. Since f(t) =2e¢ ![h(t) — h(t —In2)] + h(t —In2) = 27"+ (1 — 2¢*)h(t — In2),

2
F(s) = E{2e*t +(1- 2eft)h(t —In2)} = — + e*sanE{l _ 267(t+1n2)}
S

2 » 2 . (1 1 2 eshn2
— sln2ppq — sin N = .
s—i—1+6 1=} s—i—1+6 s s+1 s+1+s(s+1)
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3! 6
21. L{t3e™ P} = L{t3} s = | — =
L{t°e™"} = L{t"}|s—s45 <S4>s—>s+5 (5 +5)
22. L{t*e*} = L{t*} ~(2 -
. |s—s—3 83 losar3 (S — 3)3
1 2 4 2
23. L{dte ' — 273 =AL{t} o1 —2L{e 3 =4 = — = —
{dte e} Bamais e ) jean 53 (5+1)?  s+3

5 5 10a
24. L{5e™ —5e ) = - =
{oe e s—a s+a s2—a?

25. E{et sin2t +e tCOSt} = ﬁ{SlH 2t}‘5"571 + E{COS t}‘SHSJrl B ($2 + 4> |s—s—1 - <52 + 1) |s—s+1
B 2 n s+1
T (s—1)244 7 (s+1)2+1

26. L£{2¢ % sin3t+4e* cos3t} = 2L{sin3t}|s_ 15 + 4L{cos3t} 55 3

5 3 +4 s B 6 N 4(s —3)
-7\ s249 553 249 ‘S_}s_3_(s+3)2+9 (s —3)2+9
24 (s—1)2—4 s2—25s—3
27. L{te' cos2t} = L{tcos2Y s e q = | —— - -
(1t cos2ty = Llteos2oos = G| = o = e
o . 25 2(s + 2) 2(s + 2)
28. L{te *'sint} = L{tsint}|y rsio = | ——— = —
{6 S } { S }|S 5+2 |:(S2+1)2:|s—>s+2 [(S+2)2+1]2 (S2+4S+5)2

1
29. L{2e'(cost +sint)} = 2L{cost + sint}js_s_1 =2 ( 4 >
|s—s—1

s24+1  s24+1
s—1)+1 2s
LT )
ST (s—-1)2+1 §2—2s5+2

8s 4 ]
(s*+16)*  s*+16],_13

30. L{(t—1)e* *sindt} = e*L{tsindt —sindt} ;s 43 = € [

_ [85 — 452 — 64 _ [8(s+3)—4(s+3)? —64] —4e?(s® 45+ 19)

(52 4+ 16)2 ] sosts [(s 4 3)2 + 16]2 (52 465+ 25)2

31. We calculate
) 2 2
EtQatz =£t2 s = = - =
{ € } { }|s s—ai 53 — (S — ai)3

We display real and imaginary parts of both sides of the equation,

. 2(s + ai)? 2(s® + 3as?i — 3a%s — a®i)
{t*(cos at +-isinat)} (s — ai)3(s + ai)? (52 +a?)3
2 3 _ 3 2
When we take real parts, £{t* cosat} = w.

32. We calculate
) 2 2
£t2atz :£t2 e = | = -
{ € } { }|s s—ai 53 — (S — ai)3

We display real and imaginary parts of both sides of the equation,

. 2(s + ai)? 2(s® + 3as?i — 3a%s — a®i)
2 _ —
L{t*(cosat + isinat)} = G aPGral EFYEE

2(3as? — o
When we take imaginary parts, £{t*sinat} = %.
s2+a
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46.
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28—25

L{(t—2)2h(t—2)} =e ZL{(t+2—2)*} =e 2L{t*} =

36—45

s24+9

) 85+1 —3s
2

8
_ _ 2
LU +2h(t — 1)} = e L{(t+1)2 +2} = L{2 +2 43} = ¢ (_ +2 _)

53 S

L{sin3(t —4)h(t —4)} = e L{sin3(t + 4~ 4)} = e"*L{sin3t} =
L{R(t—1)} = e Lft+1} = (i . 1) _ o De

L{t+5)h(t—3)=eL{(t+3+5}=e > L{t+8}=¢" <si2+

(2425 +3s%)e®

s3

L{costh(t —m)} =e ™ L{cos(t+m)} = e ™ L{—cost} =

=TS
oy
L{costh(t —2)} = e 2 L{cos (t +2)} = e ?*L{cos2cost — sin2sint}
_9s [ 8COS2 sin2 \ e~ 2%(scos2 — sin 2)
<52+1_52+1)_ s2+1

4—4s
L{e'h(t — 4)} = e~ 4L} = ete o L{e!} = 6_1
5

L{t?e'h(t —3)} = e > L{(t +3)%' T} = e P L{(t> + 6t + 9)e'} = > P L{t* + 6t + I} 551

— e3735 3 4 E 4 9 _ 83735 2 4 6 + 9
N s3 8% s ) s N (s—=1)3  (s—=1)2 s-1

(9s* — 125 + 5)e3 3¢
(s —1)°
L{e'cos2th(t —1)} = e *L{e" cos2(t + 1)} = e *eL{cos2(t + 1)} 551
scos2 2sin2)
ls—s—1

= e L{cos2cos 2t — sin2sin 2t} 1 = el™s (

s2+4  s2+4
1—s [(s —1)cos2 2sin2 el=%[scos2 — (cos2 + 2sin 2)]
= e —_ =
(s—1)24+4 (s—1)2+4 s2—-2s4+5
1 1 1 1,
F(S) = mﬁ{t[h(t) — h(t — a)]} = Tﬁ{t — th(f — a)} m |:$_2 — € E{t + (l}:|
1 1 _as (1 @ 1 1—e™  ae™? 1 ae”*
= — — — € _— + —_ = —_ = ———
1—e25 |52 sz s 1—e-as s2 s 2 s(l—em9s)
F(s) = ﬁﬁ{[h(f) —h(t—a)] —[h(t —a) — h(t —2a)]} = T L{1 —2h(t —a) + h(t — 2a)}
—e —e
B 1 1 3 2e—as N e*Qas B (1 _ efas)Q B 1 — e a8
1 —e2as \ 5 s s Cos(l+eas)(1—eas)  s(1+ea9)
F(s) = ﬁﬁ{sin atlh(t) — h(t — w/a)]} = l%s/a,c{sm at — sinat h(t — 7/a)}
—e —e
1 a 1 a
= _ o Ts/a i — _—mslapf
pp— [52 e L{sina(t + w/a)}] = [52 il L{—sinat}
B 1 LI ae~"s/a B a(l 4 e~ ™5/%)
S l—e /e [$2+a2 0 s24a? ] (s24a2)(1— e m/a)
1
F(S) = mﬁ{t[h(f) — h(t — a)] + (2@ — t)[h(t — a) — h(t — 2&)]}

= ﬁﬁ{t + (2a — 2t)h(t — a) + (t — 2a)h(t — 2a)}
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47. F(s)

48. Ll{

49. Ll{

50. £7!

52. L1

53. £! {(

54. L1 {

55. L1 {
56. £}
(s

57. z—l{
58. L—l{

EXERCISES 6.2

1 1
=1 _ec-2as L_g +e % L{2a —2(t+a)} +e 2 L{t +2a — 2a}}

1 1 2e 93 " 672‘15 B (1 _ 87a5)2 1 _ g—as
T 1 —e2as |42 52 52 - 82(1 +e—as)(1 _ e—as) - 82(1 +€_a5)

S S

1 1 1 1 e @
T L) — h(t — @)} = T—= {1 = h(t — )} = ——— (- - >

1—e79% 1

{
oo
{

 s(1+emas)(1 — ema9) - s(1+e99)

1 1 1
- :Lfl - U _ tﬁfl N i
32—25+5} {(3—1)2+4} c 244 g€ S

S

a5 42) -2 g [ 52
52+4s+1}_£ {(S+2)2—3 ek 52 -3

e [(V342/2V3) | (VB-2)/(28)
s+1/3 s—/3

() ()

1 1 1 1
— (4= e~ (2+V3)t + <_ _ _> e(—2+V3)t
O R G

—r-1 {%} h(t —2) = {t},_, o h(t —2) = (t = 2)h(t - 2)
87 ) |t—t—2

—1 1 — 1 — si
-~ {ﬁ}ﬁ h(t = 3) = {sint} s sh(t = 3) =sin (t = 3) h(t - 3)

s2+2

}
}:L—l{ ; }H5h(f-5):{cosx/§t}tﬂt5h(t—5):cosﬁ(t—5)h(t—5)

(t—1)sin2(t — 1) h(t — 1)

m} - %El{m} - iﬁl{(s—3/4)12—29/16}

5631:/45—1{ _ 1 }:16315/45—1 _2/\/E + 2/\/E
4 s2-29/16) 4 s+v/29/4 ' s—+/29/4

=L ra_o—vaua g vasray - V290 aevma _ a- Vs
2729

58

2 1
:Efl _ :2 2t_ t
32—3s—|—2} { -2 5—1} € €

4s+1
24 5) (4% — 1>}

1{ 4s+1 }
s(s+1)(s+1/2)(s—1/2)

4 4 4 4
1)z _ 4 t_ e t/2 L pt/2
{ s+s—|—1 s+1/2+s—1/2} te ¢ te

S
1
4
1
4

V)
+
ot

} =Lt { ! } ht=3)={e ™}, jh(t—3)= e Pt — 3)
[t—t—3

—2s 1 1 1
e S R b —— h(t—2)=L"" -— h(t —2)
s24+3s+2 s?+3s+2) 0 s+1 s+2)




59.

60.

61.

62.

63.

64.

65.

66.

EXERCISES 6.2 359

— {e—t —2t}|tﬂt Qh(t ) [ (t—2) _ —2(t—2)]h(t _ 2)
— [62—15 2(2 t)] 2)

B 1 ~ 13 2/3—s/3
1 _ -1 -1
£ {s3+1} £ {s—i—l —s—i—l} {s+1+32—s+1}
1. (51D 43/2) 1, L [3/2-s
3 s+1 (s —1/2)2+3/4 3 3 s24+3/4
1
3

t/Q (\/_ \/_ — cos @)

= 55— 2 _lg—l 55— 2 _ 1 5(s+2/3) —16/3
3524+4s+8f 3 s2+4s/3+8/3) (s+2/3)2+20/9

1
3
_ Lo 5s —16/3 _ Lo 5CO82\/515 8 . 2V5i
3 s2+20/9 3 3

sin
V5 3
1 1 S
1 -1 - — -1 - - — —
Since L {8(52+1>} L {s 52+1} 1 — cost,

3 e—s(l _ e—s) o e~5 — 6_28 B
L1 {W} =Lt {W} =[1—cos(t —1)]h(t—1) —[1 —cos (t — 2)]h(t — 2).

1 s N ACE VS R B 1 3 1
£ {(s+1)5}_£ { (s+1)° =t (s+1)* (s+1)°
11 3t t3(4 —t)e ?
_ —tp—1 - — —t _ — — =
ek {54 35} ‘ (3! 4!) 24
= s24+2s+3 _ 1/3 n 2/3
(2 4+25+2)(s2+25+5) ) s242s+2  $24+2s+5

1{(s+11)2+1+(s+12)2+4}

1 2 1
—tp—1 . —ty . .
e ﬁ {m‘i‘m}—ge (smt—l—sm2t)

™ {ﬁ} - {81182 * (s 1—/2)2 B 514/—82 " (s 14'/42)2}

1 2t p—1 1 2 1 —2t p—1 2 1 1 2t 1 —2t

s 8 52

We use geometric series to write F(s) in the form

oo oo —ns

Fls)=- Y (=%

n=0 n=0

We can now take inverse transforms,

t)=> h(t—n).
n=0

Except for values at the integers, this is the floor function [¢].

We use geometric series to write F(s) in the form

We can now take inverse transforms,



67.

68.

69.

70.
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F() = (Z1)"h(t —n).
n=0
We use geometric series to write F(s) in the form
1 > Caem X p—3ns
() = 32+4;(8 ) _;524—4'

We can now take inverse transforms,
1 oo
ft) = 3 Z sin2(t — 3n)h(t — 3n).
n=0
We use geometric series to write F(s) in the form

n=0 n=0

We can now take inverse transforms,

i [1 — cosv/B(t — 2n)} h(t — 2n).

n=0

O‘l|’—‘

We use geometric series to write F(s) in the form

1/2 1/2 9 > 1 1 B
F _ (2= s _ - (n+2)s'
(s) <52+52+2>e HZO 27;) (2 82+2>e

We can now take inverse transforms,

f&y=3s>(-1" [(t—n—2)+isin\/§(t—n—2)} h(t —n—2).

1
5 n=0 \/§

(a) Using property 6.8b,

e SCE 2 VRS 1 ey SEE D I I l
foy==L {7(3—1—1)24—4 =e 'L ol Gl cos2t+2s1n2t.

-2+ /4
(b) Since s? 4+ 2s +5 = 0 has roots s = — 5 = —1 4 2¢, the quadratic factors into
(s +1—2i)(s+ 1+ 2i), and the partial fraction decomposition of F'(s) is of the form
s+2 A B

212515 st1-2i stit2
Constants A and B can be obtained with the “cover up” method in Appendix D,

A 1+4§2+2:24z, B 1_2;4—2:21-2'
Thus,
s+2 1 2—1 241
m21<s+1—2i+s+1+2¢)’
and

ft) = i (2= i) 4 (24 i>6’(”w}

—t —t

= S [(2 —i)(cos 2t + isin 2t) + (2 + )(cos 2t — isin 2t)] = %(4 cos 2t + 2sin 2t).
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71. The given property can also be written in terms of inverse transforms as

et {Fe = F).

When we apply this to

i 1 _ —2ns
- (52 4 a2)n+1’

To prove the second formula, we begin with

we get

Thus,

d s B 1 2ns? B 1 2n(s? + a?) — 2na?
ds (52 _|_a2)n - (82+a2)n (82+a2)n+1 - (82+a2)n (52 _|_a2)n+1
1 2n 2na?

(82 +a2)n o (82 +a2)n + (82 +a2)n+1'

If we now take inverse transforms,

e e = - g et e )

1 —t S 2n—1 1
1 _ —1 -1
£ { (s2 4 a2)ntl } B 2na2£ { (s2 4 a2)n } + 2na? £ { (s + aQ)"} '

72. For line 5 in the table,

2as t 1 1
-1 _ -1 o . .
£ { (s2 + az)z} =2a [55 {732 i H =at <E s1nat) = tsinat.
For line 6,

-1 s? —a? _ (s2 +a?) — 2a? _ 1 _9g2p-1 1
(2 + a?)? (52 + a2)? 2+ a2 (s2 1 a?)?
1 . 9| =t .1 s 1 . 1
:asmat—2a {ﬁﬁ {7‘92+a2}+ﬁ£ {T—l—cﬂ

1 1
= —sinat + tcosat — — sinat = t cos at.
a a

Thus,

For line 7,

2a® —t s
PO e VS [y tS ) S
{(52+a2)2} a [2(12 JOR)

For line 8,

2as? (s +a?) —a? 1 1
—1)_ 4asT | _ —p)sTrat)—at | 1)+ \_98p1)_ L
. { (s* +a?)? } 2k { (s* +a?)? } 2k {52 + a? } 2k { (s* +a?)? }
t

1 . 3| —t .4 s 1 . 1
—2a<asmat)—2a [ﬁﬁ {m}—i—ﬁﬁ e

= 2sinat + at cos at — sin at = sin at + at cos at.

1 o 1 .
—+ —L m = —CLtCOSCLt—FSlHCLt,
S
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73. Using the second reduction of order formula in Exercise 71,

1 —t s 3 1
—1 _ —1 —1
. {<52+a2>3} " {<52+a2>2}+4a2£ {<82+a2>2}'

We can now use Table 6.2,

£t SN G isinat —l—i L(sinat—atcosat)
(s2+a2)3 )  4a2? |2a 4a? | 2a3

2
— 3
=33 sin at + ﬁ(sin at — at cos at).
a a

74. Using the first reduction of order formula and Table 6.2,
S0 BRI QU SS SRS S G NN _ (sinat —
L {(32 +a2)3} = 4£ {(52 n a2)2} + 1 [2@3 (sinat — atcosat) | = e (sinat — at cos at).
75. When we complete the square,
1 1 1
L A=t Al
{ (52— 25+ 5)3 } { (s — )2 + 4P } ‘ (52 + 4)3
We now use the second reduction of order formula and Table 6.2,
1 [—t S 3 1
L_l . —L_l _L_l I
{(52—2s+5)3} “ |16 EE T (s + 4)2
[—t [t 3 (-t s 1 1
=e'|— [ -sin2t iy —L1
¢ _16<4Sln )+16<8 214/ "3 214

[—t? 3t 3
=e' | ——sin2t — — 2t + —sin2t
e 61 sin 198 cos 2t + 256 sin

= 555 [(3 — 4t%) sin 2t — 6t cos 2t] .

76. When we complete the square,

(et B (e ) S (5w 1

We now use the reduction of order formulas and Table 6.2,

e B L (e e T e B S e
=e* E (5—14> (sin 3t — 3t cos 3t) — % (%) tsin 3t

1/1 .
+ 3 (ﬁ) (sin 3t — 3cos3t)}

e2t

= @[(4 + 3t — 12t?) sin 3t — (12t + 9t2) cos 3t].

77. If F(s) = L{f(t)} for s > o, then presumably, f(t)is O(e®"). This means that e f(t) is O(e(@ o)),
Thus, F(s — a) is the transform of e f(¢) if s > a + a.

78. F(s) = ﬁc{g[h(t) _h(t—1)] - i(ﬁ 4+ )t —1) = h(t —3)]

+=(t —4)?[h(t — 3) — h(t — 4)]}

RNy -

= ﬁﬁ{% - %(tQ —2t+1)h(t—1)+ %(t2 —6t+9)h(t—3) — %(t—4)2h(t—4)}
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Til—e®) _16_45) [533 —2eL{(t+1)" —2(t+1) + 1} + 2 *L{(t +3)* — 6(t +3) + 9}

et 4— 4)2}}

_ 1 3 _ —s 2 —3s 2\ —4s 2
R [53 2eL{t7} + 27 L{t7} — e” T L{t}
1 2 2 1
= | — Z (=278 42738 _ —4sy| 1 —2e 54235 _ g—4s
4(1 — e=49) [33 + 33( ¢ tee € )] 253(1 — 6—45)( e~ +ze e ™)
(1—e1—e)  (1-e)?

- 253(1+e725)(1 —e25)  2s3(1 +e25)

79. If we set u = at in L{f(at)} = / flat)e st dt, we get
0

L{f(at)} = /000 f(u)es/® (%) = é/ooo f(u)e= /0w gy = 2F (2) .

Since F(s) is valid for s > a, it follows that £{f(at)} is valid for s/a > «, which implies that
s> aa.
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. Assuming that the solution satisfies the conditions of Corollary 6.6.1, we take Laplace transforms
of both sides of the differential equation and use the initial conditions,

1 3
[s°Y — (1) — 0] + 3[sY — 1] —4Y = — + °.
s s
We solve this for the transform Y (s),

3s+1 s+3

Yis) = s2(s2+35—4) s2+3s—4°

The inverse transform of this function is the solution of the initial-value problem

B 3s+1 s+3 . 15/16 1/4  27/80  8/5
t :E L :E 1 _—_ _
y(t) {52(52+3s—4)+32+3s—4} { s 52 +s+4+s—1
15t 2, 8,
6 1 %° T3

. Assuming that the solution satisfies the conditions of Corollary 6.6.1, we take Laplace transforms
of both sides of the differential equation and use the initial conditions,

1
s—1°

[sY —s(1) — 2] +2[sY — 1] - YV =

We solve this for the transform Y (s),

1 n s+4
(s—1)(s2+2s—1) s2+25—1"

Y(s) =

The inverse transform of this function is the solution of the initial-value problem

_ 1 s+4 [ 1/2 s/2+5/2
1 _ -1
£ {(3—1)(524—23—1)+52—|—25—1}_£ {s—1+52—|—25—1

y(t)

f]‘ t —1 S+5 71 t -1 (S+1)+4
_2[8 L {s2+2s—1H_2[6 +L (s+1)2—2
M AN L L [ V22 V212
2 s2—2 2 2 s+/2 s—2
e (g ey (Lo a) eve
2 2 2 2
1o (Lo V2Y arvae (L V2Y aivan
—§€+<1—7>6 + 1—1-7 e .

. Assuming that the solution satisfies the conditions of Corollary 6.6.1, we take Laplace transforms
of both sides of the differential equation and use the initial conditions,

2
2

Y] +Y=—"—.
[Y]+Y = —+

We solve this for the transform Y (s),

Y(s) = 2

(s+1)(s2+1)

The inverse transform of this function is the solution of the initial-value problem

2 1 1—s
=gty = L_p-l — bt =et—cost+sint.
y(t) = £ {(s+1)(82+1)} £ {s+1+s2+1} ¢ Tcostsi
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4. Assuming that the solution satisfies the conditions of Corollary 6.6.1, we take Laplace transforms
of both sides of the differential equation and use the initial conditions,

1
[s°Y —5(0) — 1] +2[sY] +Y = =
We solve this for the transform Y'(s),
1 1 1 1
Y(s) = = .
O P S -y § Bl PO s AT P N

The inverse transform of this function is the solution of the initial-value problem

1 1 2 2 1 2

ty=L""1 =L T

y(®) {($+1)2+52(s+1)2} {(5—0—1)2 S+82+S+1}

2
=—924+t4+2 ttetL! {—2
S

}—t—2+2et—|—2tet.

5. Assuming that the solution satisfies the conditions of Corollary 6.6.1, we take Laplace transforms
of both sides of the differential equation and use the initial conditions,

2
2 _
[s*Y —s(1)] = 2[sY — 1]+ Y = Go1)F
We solve this for the transform Y'(s),
5—2 2 §—2 2

YO = e i T oz ) GoIR  Go T

The inverse transform of this function is the solution of the initial-value problem

Y P Sy
_'C_l{sil - (s—ll)2 " (8—21)5}_etﬁ_1{§_8i2+5%}

t1 t+2t4 1 t+t4
=e — — | =e — — .
41 12

6. Assuming that the solution satisfies the conditions of Corollary 6.6.1, we take Laplace transforms
of both sides of the differential equation and use the initial conditions,

1
[s?Y —s(1) +2]+Y = =
We solve this for the transform Y(s),

Y(S):s—2 1

s2+1 * s2(s24+1)

The inverse transform of this function is the solution of the initial-value problem

5—2 1 1 s—3
t)y=L"" =L+ =t t — 3sint.
y(t) {s2+1+s2(52+1)} {s2+s2+1} + cos sin

7. Assuming that the solution satisfies the conditions of Corollary 6.6.1, we take Laplace transforms
of both sides of the differential equation and use the initial conditions,
1
2
Y -1+ 2[sY]+5Y = ———.
& [ 20sY] + (s+1)2+1

We solve this for the transform Y (s),
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1 1
s2+25+5+(82—1—25—1—5)(52—1—25—1—2)'

Y(s) =

The inverse transform of this function is the solution of the initial-value problem

o) £ L 1 o 2/3 1/3

' s242s+5  ($2+2s+5)(s2+25+2) $242s+5  $2+2s+2
2, 1 1., 1 2 14 1
= 3£ {(s+1)2+4}+3£ {(s+1)2+1}_38 Sl P S e

1 1
= ge*t sin 2t + ge*t sint.

8. Assuming that the solution satisfies the conditions of Corollary 6.6.1, we take Laplace transforms
of both sides of the differential equation and use the initial conditions,
3
249

[s?Y — 25— 1] +6[sY —2] +Y =

We solve this for the transform Y(s),

Y (s) = 2s+13 n 3
82465+ 1 (s249)(s2+6s+1)

The inverse transform of this function is the solution of the initial-value problem
2s+13 3
ty=L""
y(t) {32+65+1+(82+9)(32+6s+1)}
_ 1 _98/194+ 12/194 ~ 397s/194 + 2588/194
249 s2+6s+1

9 2 397 3 1397
:——cos3t——sm3t+—£ { (s +3) + }

194 97 194 (s+3)2—8
9 2 e=3t | (397s+ 1397
——mcos?)t—ﬁsm?)t—i— 94£ { o }
e—3t _
C 9 oente Lamzra (—1397 + 794v/2) /(4/2) . (794v/2 + 1397)/(4/2)
194 97 194 s+ 2v2 s—2v2
9 e 3t
— " Ccos3t— —sin3t 1397 4 794v/2)e~2V2t 1 (1397 + 794V/2)e2V2t
o7 oS3t — = sin + oo (13974 T9V)e Y+ (1397 + T94vR) e

9 2
= ———c083t — —sindt+ ——

1
194 o G [( 1307 + 794v/3)e~G2VD 4 (1397 +794\/§)e<_3+2¢§)t}.

9. Assuming that the solution satisfies the conditions of Corollary 6.6.1, we take Laplace transforms
of both sides of the differential equation and use the initial conditions,

1 s
2 J—

SV = s+ 2+ [V — 1 =6V = 5+ 57

We solve this for the transform Y (s),

s—1 1 s
s2+s—6+s2(32+3—6)+(s2+1)(s2+s—6)'

Y(s) =

The inverse transform of this function is the solution of the initial-value problem

y(t) = £ s—1 n 1 n s
$24+s5—6 $%2(s2+s—-6) (s24+1)(s2+s—6)

1 s—1 1 s
=L {(s+3)(s—2)+s2(s+3)(3—2)+ (82+1)(s+3)(s—2)}
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-1 1 4 1 - 1
_Ll{ /36 1/6 , 377/450  33/100  —7s/50+ /50}

s 52 s+3 5—2 s24+1
Lot BT Ly 38, T 1
=—— —— 4+ —¢ — et — — — sint.
36 6 450 100 50 50

Assuming that the solution satisfies the conditions of Corollary 6.6.1, we take Laplace transforms
of both sides of the differential equation and use the initial conditions,
1

[s2Y — s(—1) — 2] — 4[sY — (=1)] +5Y = I

We solve this for the transform Y(s),

Y (s) = —5+6 n 1
82 —4s+5  (s+3)2(s2—4s+5)

The inverse transform of this function is the solution of the initial-value problem

—s5+6 1
t)y=L" i
y(t) {32—4s+5+($+3)2($2—4s+5)}

1 [5/338 | 1/26  —3435/338+ 2050/338
s5+3  (s+3)? 52 —4s+5
5 4 ot _g 1 . [—343(s—2)+1364
= = —r
338°  T26°  T33s (s—2)2+1
5 o5 ot _a o €* [ —343s+1364
[ — J— _E -
338° T26° T3 2+ 1
5ty bt € auscont 1 13645
= ——¢€ —€ ol mt).
338 26 338

Assuming that the solution satisfies the conditions of Corollary 6.6.1, we take Laplace transforms
of both sides of the differential equation and use the initial conditions,

82V — 1]+ 4Y = L{h(t) — h(t — 1)} = é _e

o
We solve this for the transform Y'(s),

1 n 1—e%
s2+4  s(s2+4)

Y(s) =
The inverse transform of this function is the solution of the initial-value problem

u =L~ {521-4 + 51(8_2—61-;)} - {52:—4 T1=e™) (%/4 - 525{34>}

1. 1 1 1 1
= §s1n2t+ i Zcos2t— [Z - Zcos2(t— 1)} h(t—1).

Assuming that the solution satisfies the conditions of Corollary 6.6.1, we take Laplace transforms
of both sides of the differential equation and use the initial conditions,
1+ cos2t 1 S
2 2
Y]+ 2[sY]|—4Y =L ty=L—— ) =— 4+ ——.
[s°Y] + 2[sY] {cos® t} { 5 } 2s+2($2+4)

We solve this for the transform Y (s),

1 s
 25(s2 + 25— 4) + 2(s2 4+ 25 —4)(s2 +4)°

Y(s)

The inverse transform of this function is the solution of the initial-value problem
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y(t) = £ a— :
25(s24+2s—4)  2(s2+2s—4)(s2+4)
o [TUY8 —8/2041/20 | Ts/40 +12/40
B s 244 s242s—4

:—é—;—ocos2t+4—10$1n2t+ — L~ {%}
:_%_210C0S2t+4—1081112t+—£ {Zji_g}

= —é — % cos 2t + 4—10 sin 2t + —E { (7\/58__1_51;5(2\/5) + (7\/gs+—5i;5(2\/5)}
= —é - % cos 2t + 410 i 8;\;5[(7\/5 —5)e V5 + (7v/5 + 5)e¥™]

= —é - % cos 2t + E sin 2t + 810[(7 —VB)e VBt L (7 4 /B)e-1HVE),

13. Assuming that the solution satisfies the conditions of Corollary 6.6.1, we take Laplace transforms
of both sides of the differential equation and use the initial conditions,

16 12
2

Y —2]-3[sY]+2Y = — + ——.
[s ] [sY1+ s3 + s+1
We solve this for the transform Y'(s),

2 n 16 n 12
$2—-3s+2 s3(s2—3s5+2) (s+1)(s2—-3s+2)

Y(s) =

The inverse transform of this function is the solution of the initial-value problem

B =t 16 N 12
N —3s+2 s3(s2—3s+2) (s+1)(s2—3s+2)

, 16 12
=L {5—2 s—1) +S3(S—2)(S—1)+(S+1)(S—2)(S—1)}

B L2 8
33 s+1 s—2 s-—1

+ 12t + 4t2 +2e7t + 8¢t — 24et.

14. Assuming that the solution satisfies the conditions of Corollary 6.6.1, we take Laplace transforms
of both sides of the differential equation and use the initial conditions,
4
2
Y| +4[sY]| -2Y = ——.
[S ] + [S ] 52 + 16

We solve this for the transform Y(s),

4
(s2416)(s2 +4s—2)°

Y(s) =

The inverse transform of this function is the solution of the initial-value problem

) = 1 4 ot [ /145~ 18/145  4s/145 + 34/145
v = (s2+16)(s2+4s—2)f s? +16 s2+4s—2
1 9 . 4 [4(s+2)+26
4 cosdt — — sin4t R g
145[ cos 2s1n + L {(s+2)2—6H
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1 As+2
- [—8cos4t— 9sindt + 2e2tL~1 { 52+ 66 H
o

(2v6 - 13)/(2V6) | (2v6 +13)/(2V6) H

[\]
=}

1
= l—s cosdt — 9sindt + de 2t L1 {

+
s+6 s —6
1

13 13
= _—J —8cosdt — 9sindt + 4e % [(1 — —) e~ Vet + (1 + —) e\/gt} }
290 { 21/6 21/6

1 6
= — g (Beosdt + 9sin4t) + 8—\% [(2\/6 —13)e" VOl 4 (26 + 13)e<*2”5>t} .

[\]
s}

9

15. Assuming that the solution satisfies the conditions of Corollary 6.6.1, we take Laplace transforms
of both sides of the differential equation and use the initial conditions,

1

2 _ - -
[s2Y — 1] + 8[sY] + 41Y T

We solve this for the transform Y (s),

1 1
Y(s) = .
ey TR Py P PPN

The inverse transform of this function is the solution of the initial-value problem

v = ! )
s2+8s+41 (52 +4s+5)(s% +8s+41)
_ {—5/200+5/200 5/200+199/200}

s2+4s+5 s%+8s +41
Lﬁl{—(s+2)+7 (s+4)+195}
200 (s+2)24+1  (s+4)2+25

1 ot pq | ST a4t o1 | 8+ 195
200{6 {52+1}+e 2 +25
1

= 300 [efzt(— cost + Tsint) + e 4 (cos b5t + 39sin 5t)] )

16. Assuming that the solution satisfies the conditions of Corollary 6.6.1, we take Laplace transforms
of both sides of the differential equation and use the initial conditions,

1 1 1 1
2 _ _ -5 _ -5
[s*Y]+2[sY]+ Y = L{t[h(t) — h(t — 1)]} = =2 ¢ L{t+1} = 2 (—52 +g).
We solve this for the transform Y (s),

Y (s) = 1 e (s+1) 1 e
= s2(s24+2s+1)  s2(s2+2s+1) s2(s+1)2  s2(s+1)

The inverse transform of this function is the solution of the initial-value problem

1 e

y(t) =L {32(3 1 s?(s_+s 1)}

=1 _g_i_i_ki_k;_efs _l_i_i_i_L
B s 82 s+1 (s+1)2 s 82 s+1

= 2+t+2 tttet+[1—(t—1)—e Nt —1)
= 24t+2t+tet+[2—t—e YRt —1).

17. We set /(0) = A. Assuming that the solution satisfies the conditions of Corollary 6.6.1, we take
Laplace transforms of both sides of the differential equation and use the initial conditions,
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9 s
[s“Y —s(1) — Al +9Y = o

We solve this for the transform Y(s),

Y(s):S+A s

219 T @R )

The inverse transform of this function is the solution of the boundary-value problem

_ +A s _ s/5 4s/5+ A
=142 =
y(t) {82+9+(82+4)(82+9)} {52+4+ 5249 }

1 4 A
3 cos 2t + H cos 3t + 3 sin 3t.

Since y(m/2) = —1,

1 4 4
Thus, y(t) = £ Cos 2t + £ €08 3t + = sin 3t.

We set y'(0) = A. Assuming that the solution satisfies the conditions of Corollary 6.6.1, we take
Laplace transforms of both sides of the differential equation and use the initial conditions,
2

[s°Y —s(1) — A] + 3[sY — 1] —4Y = T

We solve this for the transform Y(s),

Y(s) = s+A+3 n 2
0 s243s5—4  (s+4)(s2+3s5—4)

The inverse transform of this function is the solution of the boundary-value problem

[ s+A+3 2 o s+A+3 2
y(t) =L {32+3s—4+ (s+4)(52+3s—4)}_£ {(3+4)(5_1) - (3+4)2(3_1)}
{5A/25+22/25+ (3—5A4)/25 _ 2/5 }
s—1 s+4 (s +4)2

-
3 A 2t
I O P
( ) (25 5)6 5¢

Since y(1) =1,

Lo (ALY, (3 AN 2 P
=|(—4+— e ———]e " ——e - =
55 25 5 5 5(eb — 1)

Thus,

25t — 22e5 4+ 7 22} . [3 25et — 22854+ 7] _, 2t _y

y(t):[ B —1) 25 25 2551 |° T 5°

_ 5et — 3 o 4 5e® — et — 2 ot %6_415
5¢> — 5 5e¢® —5 5 '

We set ¢/ (0) = A. Assuming that the solution satisfies the conditions of Corollary 6.6.1, we take
Laplace transforms of both sides of the differential equation and use the initial conditions,

1

We solve this for the transform Y (s),
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A 1
52—|—25+5+(52+25—|—5)(52+2s+2)'

Y(s) =
The inverse transform of this function is the solution of the boundary-value problem

o) — £ A 1 - 1/3 A—1/3
s24+2s+5  ($2+2s+5)(s2+25+2) $242s+2 $2+2s+5

1., 1 1 ., 1
3~ {(s+1)2+1}+<A_§>£ {(s+1)2+4}
I 1 L PR} 1
— Lo {82+1}+(A 3)e ol

1 1 1
= ge_t sint + = (A - §> e~ sin 2t.

2

Since y(m/4) =1,

1 1 1 1
1=-— /4 _~_ ZlA=-Z —m/4 A=
3¢ (ﬁ)+2< 3)6 -

1 1
Thus, y(t) = geft sint + (e”/4 - 3—\/§> e 'sin2t.

20. (a) If we let y(0) = A and y'(0) = B, and take Laplace transforms of the differential equation,

2
5 As + (B +24) +

o N _ 2 _ s2+4
(Y —As —B)+2(sY - A) =¥ = 5 = Y(s) 21253 '

V2

? + 2877/4.

w|

2
Since the partial fraction decomposition of 21 A)(s2 25 —3) is
2 _1/10 1726 4s/65+ 14/65
(s2+4)(s2+25—3) s—1 s+3 s2+4 7

we can write that

45/65 + 14/65 C D
Y(s) = — )

(s) s24+4 +s—1+s—|—3
Inverse transforms give

7 4
y(t) = 6 sin 2t — &5 08 2t + Cet + De™™.

The initial conditions require

4 14
3= &+O€W/Q+D€_3ﬂ—/2, —-1= %+Ce”/2—3De_3”/2.

The solution of these is C' = (19/10)e~™/2 and D = (27/26)e3/2. Thus,

7 4 19 27
y(t) = —% sin 2t — % cos 2t + 1—Oet_”/2 + 2_66_3(t_7r/2)'

b) If we set uw =t — 7/2, the initial-value problem for y(u) is
Y
y" + 2y — 3y =sin2(u + 7/2) = — sin 2u, y(0) =3, ' (0)=-1.

When we take Laplace transforms,

2

3s+5H— ——

(s2Y—3s+1)+2(sY—3)—3Y:_—2 = Y(s) = s> +4
s?2+4 s2+25—3



21.

22.

23.

372 EXERCISES 6.3

Partial fractions give

_19/10  27/26  14s/65 + 4/65

Y
(s) s—1 s+3 s2+4 ’
and therfore
19 27 7 4
y(u) = Ee“ + %6_3“ + o5 sin 2u + o cos 2u.

Returning now to variable ¢,

19 27 7 4
y(t) = 1—Oet_”/2 + 2—66_3(t_”/2) + oE sin2(t — w/2) + a5 o8 2(t —mw/2)

19 27 7 4
1—Oet_”/2 + 2—66_3(t_”/2) ~ 6 sin 2t — & cos 2t.

Assuming that the solution satisfies the conditions of Corollary 6.6.1, we take Laplace transforms
of both sides of the differential equation and use the initial conditions,

[s?Y — s(1)] — 4[sY — 1] +3Y = F(s).
We solve this for the transform Y(s),

. s—4 F(s) s—4 F(s)
Y(S)_s2—4s+3+32—4s+3_ (s—l)(s—3)+(s—1)(s—3)'

The inverse transform of this function is the solution of the initial-value problem

y(t) = £ { ’ _81)‘(54_ AT _117;(82_ 3)} — {53121 - 81123 . (S—i/f + 5112?’) F<s>}

— §et _ leSt + l/t [_et—u + eS(t—u)]f(u) du.
27 2 2 Jo

Assuming that the solution satisfies the conditions of Corollary 6.6.1, we take Laplace transforms
of both sides of the differential equation and use the initial conditions,

[s°Y] +4[sY] + 6Y = F(s).
We solve this for the transform Y'(s),

F(s)
s24+4s+6"

1 1 1 e2t
. —1 — —1 — —2tp—1 _— = —— i 2t
Since £ {732—1—434—6} L {7(5—1—2)2—1—2} e 'L {32—1—2} \/Qsm\/—,

_ F(s) 1t o,
=L —F = — 2(t—u) i 2(t — du.
y(t) {32+4s+6} \/i/oe sin V2(t — u) f (u) du
We set y(0) = A and y'(0) = B. Assuming that the solution satisfies the conditions of Corollary
6.6.1, we take Laplace transforms of both sides of the differential equation and use the initial
conditions,

Y(s) =

[s’Y — As — B] + 16Y = F(s).
We solve this for the transform Y'(s),

_As+B F(s)
V)= Fr6 2116

The inverse transform of this function is the solution of the initial-value problem
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t
y(t) = Acosdt + gsinélt—i— i / sind(t — u) f(u) du
0

t
= Acosdt + Csindt + i/ sind(t — u) f (u) du.
0

24. We set y(0) = A and y'(0) = B. Assuming that the solution satisfies the conditions of Corollary
6.6.1, we take Laplace transforms of both sides of the differential equation and use the initial
conditions,

[s*Y — As — B] +3[sY — A] +2Y = F(s — 1).
We solve this for the transform Y (s),

As+B+3A F(s—1)  As+B+3A F(s—1)
s24+3s+2 $2435+2  (s+1)(s+2) (s+1)(s+2)

Y(s) =

The inverse transform of this function is the solution of the initial-value problem
(t)_ﬁ_l{As—i—B—i-?)A F(s—1)
= +1)(s+2)  (s+D(5+2)

1 2A—i—B_A—i—B+ 1 _ 1 Fls—1)
s+1 s+2 s+1 s4+2

=(2A+ B)e ! — (A4 B)e ? + / t [e= (W) — 720=Web f(y) du,
0

t
_ Ce—t 4 De—2t +/ (e2u—t _ e3u—2t)f(u) du
0

25. Sinceﬁl{l}zlandﬁl{ L }Zet,
S s+1

flit)y= /Ote_“du = {—e‘“}é =1-et

26. Since £} {

w
o
—
—
[

1 1
t and £} } = —sitn21€7

w1730 e 2+4f 2
f@) 5/ in(t—u)sin2udu:1/ [cos (t — 3u) — cos (t + )] du
0
1[ 1 fo 1
Z{—gsm t—3u)—sin(t+u)}0——gsin2t+ gsint.

27. Since L™ {

} t and

o - {2 2o

it follows that

1t I

5/0 —V2u | e\/_u) A(t—u) gy, — 5/0 [e—4t+(4—\/§)u n e—4t+(4+\/§)u} du
B 1 [ e—4t+(4- V2)u N ef4t+(4+\/§)u t B 1 ei\/it e 4t N e\/it e 4t
S 2 V2 442 2 4—\2 442

Iy

442 V3t 4 -2 NoT 442 4-V2 4t
o A S A VR VI

_l’_

2

4 \/—> e V24 <74 _28\/§> eVt %e“lt.
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1/2 1/2 1
28. Since L~ 1{325 1 =L" 1{5—}—% s/ } —( “2 4 ), and
-1 6 1 6
=L —1/6 / —e73%), it follows that

29 s+ 3

_ 1 ! —2(t w) 2(t—u) —3u _ i ! 5u—2t u+2t _ —u—2t _ 2t—5u
f(t)—12 +e J[e3* ]du—12 (e +e e e ) du
0 0

1 S5u— 2t u+2t —u—2t 1 2t5u}t
= — +e + —e

12 { 5 0
:%<; + et e 3t+%e3t_%62t_62t_62t_%62t>
— % Le 3t 62t _ 872t).

29. We set y(0) = A and y'(0) = B. Assuming that the solution satisfies the conditions of Corollary
6.6.1, we take Laplace transforms of both sides of the differential equation and use the initial
conditions,

[S2Y—AS—B]—2[SY—A]+4Y:%,

s
We solve this for the transform Y(s),

As+B—2A+ 2
2 —2s+4  s3(s2—2s+4)

Y(s) =

The inverse transform of this function is the solution of the differential equation

B As+B—2A 2 L [As+B-24 1/4 1/2 1/4
yl) = £ { s2—2s+4 +s3( 2—25+4)}_£ { s2—2s+4 s? s3  s2-2s+44
:E_l{(As—i-C 1/4 1/2}25_1{A(s—1)+D+%+£}

—1)2+3+S_2+_ (s—=1)2+3 52 53

As+D t ot D .2
— otp-1 o .
=e'L {52+3}+Z+Z—e (Acosx/gt—i-%sm\/gt)-1-14_Z

2
e'(Acos V3t + EsinV/3t) + i tz

30. We set y(0) = A and 3'(0) = B. Assuming that the solution satisfies the conditions of Corollary
6.6.1, we take Laplace transforms of both sides of the differential equation and use the initial

conditions,
2
2 —
[s°Y — As — B] —2[sY — A]+Y = Go1)F
We solve this for the transform Y'(s),
Y (s) A5+B—2A+ 2 As+B—2A+ 2
5) = = .
s2—2s+1 (s —1)3(s2—2s+1) (s —1)2 (s —1)%

The inverse transform of this function is the solution of the differential equation

L [As+B-24 2 | ., [A(s—1)+B-A 2
uH) =L { CEE +<s—1>5}‘£ { G +<s—1>5}

A B-A 2 2
_ r-1 :At B_Att —t4t
L {s—1+(s—1)2+(s—1)5} e+ ( )te +qtte

t4
= Aet 4+ Cte! + —¢'.
e + e+12e
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We set y(0) = A and y'(0) = B. Assuming that the solution satisfies the conditions of Corollary
6.6.1, we take Laplace transforms of both sides of the differential equation and use the initial
conditions,

[’Y — As — B]+Y = F(s).
We solve this for the transform Y (s),

As+ B F(s)
Y(s) = .
(5) s2+1  s2+1

The inverse transform of this function is the solution of the differential equation

As+ B  F(s)
s2+1 s2+1

y(t)zcl{ }:Acost—i—Bsint—i—/tf(u)sin(t—u)du.
0

We set y(0) = A and y'(0) = B. Assuming that the solution satisfies the conditions of Corollary
6.6.1, we take Laplace transforms of both sides of the differential equation and use the initial
conditions,

2y — As— B]+2[sY — A YV=—
s s 14 2[s ]+5 CESVEE

We solve this for the transform Y(s),

Y()7A8+B+2A+ 1
T T 25+ 5 (s2 425+ 5)(s2 +25+2)

The inverse transform of this function is the solution of the differential equation

y(t)ﬁl{As—l—B—l—ZA 1 } 1{ 1/3 As+B+2A-1/3

33.

s24+2s+5 (s2+25+5)(s2+2s+2) s24+2s42 s2+2s+5

_ 1/3 A(s+1)+B+A-1/3 1 . 1 i [As+C
=1 i Lo—tp—1 tp—1
s+ + s+ + e L s2+1 te L s2+4
(s+1)2+1 (s+1)2+4 3

1 C 1
= ge_t sint + e~ (A cos 2t + 3 sin 2t> = ge_t sint + e (A cos2t + Dsin 2t).

We set y(0) = A and y'(0) = B. Assuming that the solution satisfies the conditions of Corollary
6.6.1, we take Laplace transforms of both sides of the differential equation and use the initial
conditions,

(7Y — As— Bl +4[sY — A]+Y = 5 + 2.

We solve this for the transform Y (s),

Y (s) As+ B +4A 25 +1
5) = :
s2+4s+1 s2(s24+4s+1)

The inverse transform of this function is the solution of the differential equation

(1) = £~ AS+B+4A+ 25 +1 .1 [As+B+4A 2+ 1 n 25+ 7
v = s24+4s+1 s2(s2+4s+1) ) s24+4s+1 s s s244s+1
_ Cs+D 2 1 1 [C(s+2)+D-2C
— -1 24 Vet -2+t
{$2+45—|—1 s+52} (s+2)2-3 +
Cs+FE F G
R b e S P v ]
52 -3 s+v3 s—3

=t—2+ eth(Fef\/gt + Ge‘/gt) =t— 24 Fe V31 | Ge(-24V3)t,
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We set y(0) = A and y'(0) = B. Assuming that the solution satisfies the conditions of Corollary
6.6.1, we take Laplace transforms of both sides of the differential equation and use the initial
conditions,

[s’Y — As — B] — 4Y = F(s).

We solve this for the transform Y'(s),

As+ B F(s)
= +

Y(s) s2—4 s2—4°

The inverse transform of this function is the solution of the differential equation

. fJAs+ B F(s) | _ .1 As+ B F(s)
w0 = G ) =S e e a6

- T+ (e ) Fo)

1 t
=Ce 2 4 De? + 1 / [0t — 720w £ (y) du.
0

We set y(0) = A and 3/ (0) = B. Assuming that the solution of 4" +9y = te'’ satisfies the conditions
of Corollary 6.6.1, we take Laplace transforms of both sides of the differential equation and use
the initial conditions,

[s?Y — As — B] +9Y =

(s —d)*
We solve this for the transform Y (s),

As+ B 1
Y = .
&)= Yoo

The inverse transform of this function is the solution of the differential equation

As+ B 1
t)y=L""
yl) = £ {s2+9 +(s—i)2(s2+9)}
L (As+B /32 18  —is/32—5/32
_ 1 _
=L {52—1-9 s—i+(s—i)2+ 5249
:£—1{08+D_i/32+ 1/8 }

249  s—i  (s—1i)?

D Pt
:Ccos?)t—l—gsin?)t—ée“—i—ge“.

Since C' and D can be complex, if we take imaginary parts, we get
1 t
y(t) = Ecos3t + Fsin3t — 32 cost + 3 sint.

We set y(0) = A and ¢/(0) = B. Assuming that the solution of y” — 2y’ + 3y = te?" satisfies the
conditions of Corollary 6.6.1, we take Laplace transforms of both sides of the differential equation
and use the initial conditions,
1
2

Y —As—B]|—-2[sY —A]+3Y = ——.
[s s 1 —2[s ]+ G202

We solve this for the transform Y (s),

7AS+B—2A+ 1
82— 25+3  (s—20)2(s2 —2s+3)

Y(s)

The inverse transform of this function is the solution of the differential equation
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As+ B —2A 1
ty=L"
y(t) { s2—2s+3 +(s—2i)2(52—2s+3)}
Ll{As+B—2A ~62/280+ 44i/289 | —1/1744i/17 = Cs+D }

s2—25+43 s—2i (s — 2i)? s2—2s+43
_ [ Bs+ P —62/280+ 44i/289 | —1/17+4i/17
N 52 —25+3 s—2i (s — 2i)2
62 44i\ o 1 4\, 9y .4 [BE(s—1)+F+E
= — ) (= + = |t 4 L
( 289+289>e +( 17+17> o F (s—1)2+2

62 441 ot 1 41 oti g | Es+G
:<—2—89+@>6 +<—ﬁ+ﬁ>t€ +e'L 212
62 441 ot 1 41 ot ‘ G .
=4+ — * —— 4+ — | te™ E 2t + — 2t .
< 289+289>8 —I—( + >e +e COS\/_ —I—\/ism\/_

Constants EF and G could be complex, but if we take real parts, we get

44 t 4t
y(t) = ~5g9 O 2t — 280 sin 2t — 17 ¢os 2t — T sin 2t + e'(H cos V2t + J sin V/2t).

37. Assuming that the solution satisfies the conditions of Corollary 6.6.2, we take Laplace transforms
of both sides of the differential equation and use the initial conditions,

2
[%Y — s%(1) + 2] — 3[s*Y — s(1)] +3[sY —1] - Y = GO
We solve this for the transform Y (s),
s2—3s+1 2 52 —3s+1 2

Y(S):83—382+3S—1+(5—1)3(53—382+3S—1) R +(5—1)6'

The inverse transform of this function is the solution of the initial-value problem

L [s2=3s+1 2 _ 1 1 1 2
y(t) = £ 1{ (s—1)3 +(s—1)6}:£ l{s—l_(s—1)2_(s—1>3+(s—1)6}

38. We set y(0) = A, y'(0) = B, and y”(0) = C. Assuming that the solution satisfies the conditions of
Corollary 6.6.2, we take Laplace transforms of both sides of the differential equation and use the
initial conditions,

2
[s°Y — As® = Bs — C] = 3[s*Y — As — B] + 3[sY — A] - Y = TR
s —
We solve this for the transform Y(s),
Y(S)_As2+(B—3A)s+(C—3B+3A)+ 2
B 3 —3s2+3s—1 (s —1)3(s3 —3s2+3s—1)
_ As*+ (B —3A)s+ (C — 3B+ 34) N 2
N (s—1)° (s —1)¢°

The inverse transform of this function is the solution of the differential equation

, [As®’ +(B-3A)s+ (C —-3B+3A 2
R e )
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D FE F 2
. —1
=t {s—1+<s—1>2+<s—1>3+<s—1>6}

D E F 2 Ft?2
tp—1 t
—elL 2 o 4 S = (D Bt + — + —
‘ {s sz s 56} ‘ ( 2 60>

t5
e (D+Et+Gt?+ — ).
e< + £t + +60

39. The initial-value problem is

1 d%x / ,
BW—Fle:O = 2" +50zx=0, z(0) = —0.03, 2'(0) =0.

Assuming that the solution satisfies the conditions of Corollary 6.6.1, we take Laplace transforms
of both sides of the differential equation and use the initial conditions,

[s2X 4 0.03s] + 50X = 0.

We solve this for the transform X (s),
_0.03s
s2 450

The inverse transform of this function is the solution of the initial-value problem

0.03s
_ pr—1 _
z(t) =L {_52 n 50} = —0.03 cos 5v/2t m.

X(s) =

40. The initial-value problem is

22T 162 =0 0)=0.1, 2/(0)=0
2 =0, z(0)=0.1, =z =0.

Assuming that the solution satisfies the conditions of Corollary 6.6.1, we take Laplace transforms
of both sides of the differential equation and use the initial conditions,

2[s2X —0.1s] + 16X = 0.
We solve this for the transform X (s),

_ 0.2s _ 0.1s
T 282416 s2+8°

The inverse transform of this function is the solution of the initial-value problem

x(t) = L1 { 0.Ls } =0.1cos2V/2¢t m.

X(s)

s2+8
41. The initial-value problem is

1d?z  3d
g£+§d—i+10x=0 — 22" 4152’ +100z2 =0,  x(0) = —0.03, '(0)=0.

Assuming that the solution satisfies the conditions of Corollary 6.6.1, we take Laplace transforms
of both sides of the differential equation and use the initial conditions,

252X 4 0.03s] + 15[sX + 0.03] + 100X = 0.

We solve this for the transform X (s),

_0.06s +0.45
252 4+ 155+ 100

The inverse transform of this function is the solution of the initial-value problem

X(s) =
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)= 0.06s+0.45 | _ . 0.035+0.225
B 252 +15s+100 | 52+ 155/2 + 50
_ 0.03(s + 15/4) 4+ 0.1125 _ st 0.03s +0.1125
(s +15/4)2 4+ 575/16 s2 +575/16
5v/23t 4 5v/23t
= —e 154 10.03 cos = +0.1125 i
e l cos 1 + 5\/% Sin 1

= —(.03¢~19t/4 cos5\/ﬁt+ 3 sin5mt m
4 V23 4

42. The initial-value problem is

1d2$+3d$+10 4sin10t = 22" + 152’ +100 40sin 10t (0)=0 "(0)=0
-+ —— x = 4sin x x x = in z(0) = x =0.
5dt?2  2dt ’ ’
Assuming that the solution satisfies the conditions of Corollary 6.6.1, we take Laplace transforms
of both sides of the differential equation and use the initial conditions,

400

2[s2X] + 15[sX] + 100X = ————.
[s“°X] 4+ 15[sX] + 100 2100

We solve this for the transform X (s),
400
(s% 4+ 100)(2s% + 155 + 100)

X(s) =

The inverse transform of this function is the solution of the initial-value problem
400 _ o1 [ ~125/65—80/65 | 245/65 + 340/65
(52 +100)(2s2 + 155 + 100) | s2 + 100 252 4 155 + 100
1254170
52 4+ 15s/2 + 50
1 , 1 . 12(s+15/4) +125
= ——(12cos 10t + 8sin 10t) + — L *
g5 (12 cos 100+ 8sin 101) + = { (s + 15/4)2 + 575/16}

1 e~ 15t/4 1254125
= ——(12cos 10t in10¢ -1
65( cos 10t + 8sin 10¢) + 6F {32—1—575/16}

e~ 15t/4 523t 100 . 5v/23t
12 cos n m

x(t)=L71

1 1
= —%(12 cos 10t + 8sin 10t) + @c—l {

1
=—-——(12 10t 4 8sin 10t
65( cos 10t + 8sin 10t) + oF : + \/%51 1

43. The initial-value problem is
L& Ldr o0 o+ 10020 0) = ——. 2/(0)=2
0d2 " 20dt T v e AT Ty PEES
Assuming that the solution satisfies the conditions of Corollary 6.6.1, we take Laplace transforms
of both sides of the differential equation and use the initial conditions,

s 1
22X + o= = 2] + |sX + o | +100X =0.
s +20 +{S -‘1-20]4-00 0
We solve this for the transform X (s),
—5/10 +79/20
252 +s+100 °

The inverse transform of this function is the solution of the initial-value problem

X(s) =
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L (—s/10479/20) 1 [ —25+79
p oot [ZSA0ET/0N Ly [ Z25 4T
#(t) { 252 +5+100 /40 s2+5/2+ 50

_ 1 [2(s+1/4) +159/2] e*t/‘*ﬁ,1 —25 +159/2
40 (s+1/4)2+799/16 40 s2+799/16
et/ V799t 159 < 4 > V799t
e —2cos —— + — sin
40 4 2 \ V799 4

_e (189 VAO0E o VTO0E
20 \ /799 4 4

44. The initial-value problem is

1 d?
EWZ +4000x = 3c0s200t = z” + 40000z = 30 cos 200t, z(0) =0, 2'(0)=10.

Assuming that the solution satisfies the conditions of Corollary 6.6.1, we take Laplace transforms
of both sides of the differential equation and use the initial conditions,

30s
2
X —10]+40000X = 5¥————.
s I+ 52 + 40000
We solve this for the transform X (s),
10 30s

X(s) = .
(%)= 510000 T (32 T 40000)2

The inverse transform of this function is the solution of the initial-value problem

10 305 10 30t
ty=L"" = —— sin 200t + —— sin 200t
z(t) {52 40000 (52 + 40 000)2} 200 "™V 40 o

1 3t
= 20 sin 200t + 10 sin 200t m.

45. The initial-value problem is

d?z . /

el + 64z = 25sin 8t, z(0) =0, 2a'(0)=0.
Assuming that the solution satisfies the conditions of Corollary 6.6.1, we take Laplace transforms
of both sides of the differential equation and use the initial conditions,

16
X]+64X = ——.
X+ 52+ 64
We solve this for the transform X (s),
16
X(s)=—5—+5.
() = Zr 602

The inverse transform of this function is the solution of the initial-value problem

16 16 1
= -1 = 1 — — — (<] —
x(t)=L { = 64)2} = 38y (sin 8t — 8t cos 8t) 1 (sin 8t — 8t cos 8t) m.

46. (a) Since sin® at = (1 — cos 2at)/2,

1/1 s 2a?
ﬁ in? t - = - — = .
{sin”at} 2 <s s 4+ 4a2) s(s? + 4a?)




47.

48.

49.
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(b) The derivative of f(t) = sin®at is f'(t) = 2asinat cosat = asin2at, and we know the Laplace

transform of sin 2at. We therefore take transforms of both sides of the equation and use equation
6.17 on the left,
. 24> 242
SF(S)—OZE{Gsln2Gt}:m F(S):m

The first and second derivatives of f(t) = t cosat are
f'(t) = cosat — atsin at, f"(t) = —a*t cosat — 2asinat.

Since the second of these involves sin at, whose transform we know, and the original function, we
take Laplace transforms of this equation and use equation 6.18,
2a? 2a? 52 —a?

2 2 _ _
~ara = (s +a)F(s)—1—S2+a2—S2+a2.

s*F(s) — 1 = —a*F(s)

2 _ 42

(s2 +a2)2’
When n =0, t° =1, and

Thus, L{tcosat} =

[e7e] —st )y ® 1
L{1} = / et dt = {e } = —, provided s > 0.
0 -5 J, s
The formula £{t"} = n!/s"*1 is therefore valid for n = 0. Assume that it is valid for some integer
k; that is, assume that

k!
SktL’

L{t"} =

If we take Laplace transforms of

d

—(tF) = (k+ 1)tk

S = (h+ D,
and use equation 6.17, we get

k! (k+1)!
|
Since this is the formula for k + 1, we have proved that £{t"} = n—‘;—l for all n > 0.
S’ﬂ

d 1
(a) If we take Laplace transforms of —+/t = ——, and use equation 6.17, we obtain

dt 2V/t

sﬁ{\/z}—ﬁ{%\/i} - %\/g — LV} = %\/g_ i

d
b) If we take Laplace transforms of —t%/2 = §\/Z, and use equation 6.17, we obtain
dt 2
3 3 VT
/20 _ )2 _2
sLAt }_£{2\/Z} 5353/3"

Thus, £{t3/?} = 3\5/7_2 If we now repeat this with t°/2,
s

ot
w
S

5
5/27 _ 932 9
sLAt }—E{Zt }—2455/2.
3-5y7

Hence, E{t5/2} = W
S

. The pattern emerging is



50.

51.
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cpeninzy L35 @ni Dym e+ DVE

on+1g(2n+3)/2 T 92n+1y16(2n+3)/2°

This could be proved by mathematical induction.

(a) The proof is fashioned after that in Theorem 6.6. Suppose that t;, j = 1,...,n denote the
discontinuities of f’ in 0 < ¢t < T. To ease notation, we shall assume that tg < ¢;. Then,

/OT et f(t)dt = /Oto et () dt + /to et F1(t) dt + Z/ttj —_—

Since f’ is continuous on each subinterval, we may integrate by parts on these subintervals,
T t1
/ —stf |:{e—stf / stf :| |:{e—stf / G_Stf(t) dt:|
0 0 to
- —st L+t fre —st
+ 0 |[{e @}, +s/ et f(t) dt|.
j=1

tj
Because f is continuous at ¢; for j > 0, it follows that f(¢;4+) = f(t;—), 7 = 1,...,n, and therefore

/OT e S (t) dt = {e““f(to—) — f(0) +s/0t0 e S f(t) dt] + [—estOf(t0+) +S/t:l e S f(t) dt]

Thus,
T

LifY = /0 e = Jim [0

T—o0

= $F(s) = J(0) = ¢~ [ (to+) — f(to—)] + lim =T F(T),

T
~ lim [—f(O)—eSt“[f(to+)—f(to—)]+eSTf(T)JrS / esff@)dt]

provided the limit on the right exists. Since f is O(e®?), there exists M and T such that for t > T,
|f(t)] < Me“t. Thus, for T > T,

675T|f(T)| < efsTMeaT _ Me(afs)T
which approaches 0 as T — oo (provided s > «). Consequently,

L{f"} = sF(s) = f(0) — e [f(to+) — f(to—)]-
(b) When ¢y = 0, the result becomes

L{f'} = sF(s) = f(tot).
(c) When f(t) has discontinuities at t,,

L{f(t)} Z — f(tn—)]-

(a) Instead of using the definition for the convolution of t™ and ¢™, we note that

el sy = (e £y = () () =




52.

53.

54.
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When we take inverse transforms, we get
tn * tm — n' m' thrnJrl
(n+m+1)! '
(b) When m and n are not positive integers, we use the result of Exercise 44 in Section 6.1,

I'(n+ 1)} {F(m + 1)} Fin+1)I'(m+1)
Sn-i—l Sm—i—l - Sn+m+2 :

Ly« ™) = L{t") L{t™) = [

When we take inverse transforms, we get

F(TL + I)F(m + 1) tm+n+1
I'(n+m+2) '

th ot =

When f(t) satisfies the conditions of Theorem 6.6, the Laplace transform of f/(t) exists for s > a,
and it is given by L{f'(t)} = sF(s) — f(0). According to Theorem 53 of Section 6.1, the limit of
L{f'(t)} must be zero as s — oo. This yields the required result.

If we take limits as s — 0 on terms in equation 6.17,
lim L{f(£)} = lim [s F(s)] = f(0).

Thus,

+ £(0).

s—0

lim [ F ()] = lim [ / T et dt] + £(0) = lim [ lim /0 o F(t)dt

0 T—o00

If we interchange the order of limits, we get

T T
lim [s F(s)] = lim llim/ e f'(t)dt| + £(0) = lim / I'(t)dt + £(0)
s—0 T—oo |s—0 J T—oo Jg
= Jim [J(T)] = £(0) + f(0) = Jim f(0)
The function f(t) = sin (etQ) is continous and of exponential order zero. Since its derivative

@) = 2te!” cos (et2) is continuous, Theorem 6.17 guarantees that the Laplace transform of f'(¢)

exists.
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EXERCISES 6.4

. (a) On the interval 0 < t < 1, the differential equation dy/dt + 3y = t has integraing factor €3, so
that

d t 1
—(ye*) =t =  yett = e — §€3t +C = yit)=

—3t
7 3 + Ce™".

Wl =+
Nl

t

1 10
st o3t
For t > 1, a general solution of the differential equation is y(t) = 1/3 + De 3. For the solution to
be continuous at t = 1, we must have

The initial condition requires 1 = y(0) = —1/9+ C. Hence, for 0 <t < 1, y(t) =

1 1 10 1 1
lim y(t) = lim y(t S -4 et =24 D D = 5(10—¢?).
dmoyt) = lmyt) = g-gtge =gthe = g0 =)
Thus,
t 1 10
s — o+ —e 0<t<1
_J)J3 9 9
3+ §(10 —e3e 3 > 1.
(b) When we write f(¢t) = t[h(t) — h(t — 1)] + h(t — 1) = t + (1 — t)h(t — 1), and take Laplace

transforms of the differential equation,

1 s 1 e s
SY—1+3Y=S—2+e L{1—(t+1)} = 53
Thus,
1 1 e ®
Y(s) = 14— —
(s) 5+3(+82 52)
Consequently,

y(t) 25_1{S+3 L Trn sQ(es_Ji?»)}

t 1 1 11
—3t —3t —3(t=1)

- et | S(t—1)— -+~ h(t—1
e 43 +3¢ [3( ) 5T g¢ ] ( )
t 110 Eo4 1 gy

St A h(t—1).
3797 9°¢ J{ 3757 9° (t=1)

. When we take Laplace transforms of both sides of the differential equation and use the initial
conditions,

—4s

[2Y — s(1) — 2| + 9Y = L{h(t — 4)} = <
We solve this for the transform Y'(s),

s+2 e s

Y(s) = .
() s249 + s(s?2+9)

The inverse transform of this function is the solution of the initial-value problem

a1 s+2 e 4s a1 s+2 1/9 | —=s/9\ _4
y(t) = £ {32+9+3(s2+9)}_£ {s2+97L s Tei)e

2 1
= cos 3t + 3 sin 3t + 5[1 —cos3(t — 4)|h(t —4).
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3. When we take Laplace transforms of both sides of the differential equation and use the initial
conditions,

1 —4s
[s2Y — s(1) — 2] + 9Y = L{2[h(t) — h(t — 4)]} = 2 <g ¢ - ) .
We solve this for the transform Y (s),

s+2 21— e )
s2+9  s(s2+49)

Y(s) =

The inverse transform of this function is the solution of the initial-value problem

y(t)=£‘1{ o2 +2(1_6_45)}=£—1{ i +2<%+ _8/9)(1—6_45)}

s2+9 s(s?2+9) s2+9 249

2 2 2
= cos 3t + 3 sin 3t + 5(1 — cos 3t) — 5[1 —cos3(t — 4)|h(t — 4).

2 7 2 2
=3 + §cos?>t—|— gsin?)t— 5[1 —cos3(t — 4)|h(t —4).

4. When we take Laplace transforms of both sides of the differential equation and use the initial
conditions,

(2 4+ 1] + [sY] + 4Y = L{R(E) — h(t — D] + h(t — 1)} = L{t+ (1 — OA(t — 1)} = ~ 4+ e=*L{—t}

52
e—S
T e
We solve this for the transform Y'(s),
-1 1—e7% -1 1—e7°
Y(s) = = .
O By P R -y ey Bl PO AT P
The inverse transform of this function is the solution of the initial-value problem
-1 1—e7°
ty=L""
y(®) {(S+2)2+82(8+2)2}
_ -1 —1/4 1/4  1/4 1/4 _
! /= I
{(s+2)2+{ s +32+s+2+(s+2)2 (1=e™)
1 1
= —te™ (1t e M bt M) o [_1 F(t—1) e 2D L - 1)e*2<H>} h(t—1)

1
(—14t+e 2 —3te™ ) + F2-t- te?=On(t — 1).

FNgr.

5. When we take Laplace transforms of both sides of the differential equation and use the initial
conditions,

[s2Y — s(—1)] + 4[sY + 1] +4Y = L{(2 — )[A(t) — h(t — 2)] + (t — 2)h(t — 2)}

= L{2—t+2(t—2)h(t—2)} = g = SiQ 2072 L{t)

21 n 2e~2¢
s 82 s?
We solve this for the transform Y (s),
s+4 2 1—2e% s5+4 2 1—2e%

Y(s)=— - - .
(s) s24+4s+4 + s(s2+4s+4)  s2(s?2+4s+4) (s +2)2 + s(s+2)%2  s2(s+2)?

The inverse transform of this function is the solution of the initial-value problem
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y(t) =L {_ (;:;)2 + s(s —?— 2)2 512(_32—1?_22)52}
=L {1?/2 B 83-{-22 (s —32)2 B {_‘19/4 + 15_/24 * 81-{—42 * (81—:2)2] (1= 2825)}
= % - %e—zt —3te™H 4 %(1 —t—e 2 —tem?)
+ %[—1 +(t—2) 4+ e 2072 4 (t — 2)e 2Dt — 2)
= % - i - 26_2’5 - %e—% + %[—3 1 — 20 L 1220t — 2).

. When we take Laplace transforms of both sides of the differential equation and use the initial
conditions,

[s2Y — s(1) — 2] + 4[sY — 1] + 3Y = L{sinth(t —m)} = e ™ L{sin (t + 1)} = e ™ L{—sint}

8771'8

GRS
We solve this for the transform Y(s),

s+6 e~ s+6 e~

V(o) =5 +4s+3 (2+1)(2+4s+3) (s+1)(s+3) (2+1)(s+1)(s+3)

The inverse transform of this function is the solution of the initial-value problem

yt) = £ {(s+ D(s+3) (s2+1)(s+ 1)(s+3)}
i [5/2 32 1/4  1/20 —s/54+1/10\ __,
—C {s+1_s+3_<8+1_8+3+ 41 >e }

1

= ge*t - ge*:”t + 20 [—587(“7’) + e300 4 4 cos (t — m) — 2sin (¢ — w)} h(t — )
1

= ge*t - ge*:”t + 20 |:—58777t + 3™t _ 4cost 4 2 sint} h(t — ).

. When we take Laplace transforms of both sides of the differential equation and use the initial
conditions,

1
[s?Y — s(1) — 2] +4[sY — 1] + 3Y = L{sint[h(t) — h(t — )]} = R e” ™ L{sin (t + m)}
s

1 1 e e
= —-=— — 771'8,6 —si t —_ Y5 5 L -

2+1 © {=sint} 32+1+s2+1

We solve this for the transform Y(s),

5+6 14+e™m® 5+6 14+e7m*

Y(s)= 214513 " (2+1)(s>+45+3) (s+1)(5+3)  (L+D(s+1)(5+3)

The inverse transform of this function is the solution of the initial-value problem

y(t) = Ll{ s¥6 Lte ™ }
(s+1)(s+3) (s2+1)(s+1)(s+3)
(52 32 1/4  1/20 —s/5+1/10 _
= 1 _ _ 1 s
{s—l—l s+3+<s+1 s+3+ s24+1 (14e)
5 3 a1 —t _ -3t .
=3¢ 5¢ + %0 [56 e 4cost+2smt}
1
+ 20 [Se*(t*“) — e300 _ 4cos (t — ) + 2sin (t — W)} h(t — )
11 1 1 1 1
- T3t —cost + — sint + — [567’4—63(“*t)+4cost—2sint] h(t — ).

e ——e
4 20 5 10 20
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When we take Laplace transforms of both sides of the differential equation and use the initial
conditions,

[$2Y] + 2[sY] +5Y = L{3[h(t) — h(t — 1)] = 3h(t — 1)} = g —6L{h(t—1)} = g - 6687 .
We solve this for the transform Y (s),
_3(1—2e79)
Y(s) = s(s2+2s+5)

The inverse transform of this function is the solution of the initial-value problem
_ 3(1—2e%) _ 1/5 s/5+2/5 _
1 1 s
—— 0 =3L _— ) (1-2
{5(32+2s+5)} {<s s24+2s+5 ( )

o {[- o)

o

y(t) =

ol ot w

[1 —e ! (cos2t + %sin%)] - g {1 —e (7D [cos2(t -1+ %sinQ(t - 1)} } h(t —1).

When we take Laplace transforms of both sides of the differential equation and use the initial
conditions,

[S2Y] +2[sY]+5Y = L{4[h(t) — h(t = 1)] —4[h(t — 1) — h(t — 2)]} = L{4 — 8h(t — 1) + 4h(t — 2)}
4 8e™® 4e %
i + .

S S S

We solve this for the transform Y(s),

4

Y(s) = s(s2 +2s+5)

(1 —2e 4 e 2%).

The inverse transform of this function is the solution of the initial-value problem

y(t) =L {%(1 — 27 + e—25)} =4r7! { (1_/5 _ M) (1—2¢ 4 e_zs)}

5242545 s s24+2s5+5

o[- e se)
% {1 —et (cos2t+ %sin%)] - g {1 —e (7D {cosZ(t -1+ %sin2(t - 1)] } h(t—1)

+ g {1 — e~ (72 [cos2(t -2)+ %sinQ(t - 2)} } h(t —2)

2 4
== [2—e " (2cos2t +sin2t)] + = {—2+4e"""[2cos2(t — 1) +sin2(t — 1)]} h(t — 1)

+ % {2— e [2cos2(t — 2) +sin2(t — 2)]} At — 2).

When we take Laplace transforms of both sides of the differential equation and use the initial
conditions,

7Y — 5(2)] + 16 = ﬁﬁ{t[h(t} -1} ﬁ [S% e Lt 1}]
= [iz e (iz " %)] - A= [iz (1=em) - 6_] |

We solve this for the transform Y (s),
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2s 1 e’
2416 $2(s24+16)(1+e=)  s(s2+16)(1 —e25)"

The inverse transform of this function is the solution of the initial-value problem

Y(s) =

y(t) 1 2s n 1 _ e ®
2416 s2(s24+16)(1+e%)  s(s2+16)(1 —e29)
N 2s 1/16  1/16 \ N /16 s/16 \ _ = _
_ 1 _ ~-1 n ns __ _ S 2ns
£ {s2+16+<32 32+16>Z( e ( @i e

n=0 n=0
25 1 /1 1 - 1 /1 s >
_ pr-1 (= _ - Qe s (2% —(2n+1)s
£ {32+16+16 <s2 s2+16)nz_%( e 16 (s s2+16>nz_:06
— 2cosdl 4 — i( D7 | (t = n) — S sind(t —n)| bt —n)
= 2cos 6 2 n) — 7 sin n n
1 oo
~ 16 [1—cosd(t—2n—1)]h(t—2n—1)
n=0
1 oo
= 2cosdt + o Z (=1)"[4(t — n) —sind(t —n)] h(t — n)
n=0
1 oo
~ % [1—cosd(t —2n—1)]h(t—2n—1).
n=0

11. When we take Laplace transforms of both sides of the differential equation and use the initial
conditions,

7Y — 5(2)] + 16Y — 17167255{t[h(t) = 1)+ (2= Ot 1) = h(t —2)]}

- ﬁﬁ{t +(2 = 20)h(t = 1) + (t — 2)h(t - 2)}

1
1 1 —s —2s
:m{S—Q‘FG L{2-2(t+1)}+e L]t}
B 1 1 2% e 2] (1—e*)2 _l—e?
S l—e2s L_Q 82 + s2 | s2(l—e5)(1+es) s2(1+e %)

We solve this for the transform Y(s),

2s 1—e*
Y(s) = .
)= F 6 T FEr AT

The inverse transform of this function is the solution of the initial-value problem

2s 1—¢e7°
t)y=L""
ylt) = £ {s2+16+s2(s2+16)(1+e—5)}
_ 2s /16 1/16 e _
— 1 _ _ s _1\n,—ns
=L {$2+16+( 52 82+16>(1 ¢ )Z( 1)e }

n=0
2s 1 1 1 >0 o
=L71 — == — _1)\ne—ns _1\yn+l,—(n+1)s
o G [ o)
— 9cosdt + — i( D7 | (t = n) — S sind(t —n)| h(t—n)
= S 16n:0 n 4sm n n

oo

S e [(t—n—l)—isinél(t—n—l)] ht—n—1)

n=0
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oo

1 . .
= 2cosdt + o nzzo (=1)" [4(t — n) — sind(t —n)] h(t — n)
1 — n+1 :
+ 6 HZ:O( D4t —n—1) —sind(t—n—1)]h(t —n —1).
12. When we take Laplace transforms of both sides of the differential equation and use the initial
conditions,
1
s*Y +sY = mz{[h(t) —h(t—1)] = [h(t — 1) = h(t —2)]}

B 1 1 2 n e 2\ (1—e%)2 _l—e7?

S l—e2 \s s s ) s(l—e)(1+e ) s(l+es)
Thus,

l—e® 11 1 I e
Y(S)252(5+1)(1+e5):<s_2_§+ﬁ)(1_e )Z(_e )

n=0
= n 1 1 1 —ns n S
=2 () <s—2‘;+s+1> o7 —etre].
Inverse transforms now give
y(t) = i (—1)" { [(t —n—1)+ e-<f—”>} h(t —n) — [(t —n—2)+ e-<f—”-1>] h(t—n — 1)}.
n=0

13. The initial-value problem for the number of grams g(t) of salt in the tank as a function of time ¢
in seconds is

dg g 1
7 T ox1es = 100 9(0) = 5000.

When we take Laplace transforms,
G 1
G-5000+ —— = —.
° T9x105  10s
We solve this for G(s),
5000 1
_l’_

T
§ T 3x15  10s (s+ﬁ)

G(s) =

5000 +i<2x105_ 2 x 10° )20000_ 15000

s+ —2X1105 10 s

1 i
§ s+ 33105 5+ 3050000

Inverse transforms now give
g(t) = 20000 — 15 000e /200000,
14. Laplace transforms cannot handle the quotient S(t)/(10° + 5t).

15. The initial-value problem for the number of grams g(t) of salt in the tank as a function of time ¢
in seconds is

dg g 1 1
7t 3105 = 190 — hlt — 600] + Z5h(t — 600),  g(0) = 5000

When we take Laplace transforms,

676005

20s

1 1 —600s
SG—5000+L_—<——e )+

2x10° 10 \'s s
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We solve this for G(s),

1 2 676003
5000 20 (; - )
+

G(s) =
s+ 2><1105 s+ 2><1105
5000 1 Ce00sy [(2x10° 2% 105
e e () -
5+ 5x05 20 § s+ 35708
20000 15000 1 1
= - — — 10000e 0% <— - 71) :
§ 5+ 350000 5 5+ 350000

Inverse transforms now give
g(t) = 20000 — 15000e /200000 _ 10,000 [1 _ ¢~ (t-600)/200 000} h(t — 600).

16. The initial-value problem for the number of grams g(¢) of salt in the tank is

dg 1000t
—=——1-h(t-T 0)=0.
0 - he =T, 9(0)
When we take Laplace transforms,
1000 1000 G 1000 1000 1 T G
G = ———e Lt + T} - — = - e sS4 =) - —.
=gz~ HAT -T2z "7 ¢ (s2+s> 100
Thus,
1 1 1 T
Gls) = 000 B 000 1 TN s
Ts?(s+1/100) T(s+1/100) \s? s

With partial fractions, we can invert this transform,

o) = 1000, 10,100 10° 1000,y f( 10* 100 10° e
= — _—— _— _ —_—— _— _— (&
g T s 52 s+1/100 T s 2 s+1/100

100 100
—1 -1 T —Ts
000£ {< s s+1/1oo>e }

10° —/100 10° —(t—T)/100
= [t +100(e —1)] = [t = T) + 100(e — 1At - T)

—10°[1 — e~ &=T/100) (¢ — ).

17. The initial-value problem for the number of grams g(¢) of salt in the tank is

dgi

5g -
=10 g(0) = 5000,

1087

where

o= {3 S 120 = s

When we take Laplace transforms,

5G

1 1

B 1 1 e 60s 5G
©10(1 — e~ 120s) \ s s 106"

Solving for G(s) gives
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1— e 60s 5000
~ 10s(s +5/106)(1 — e—120s) L 5/106
7 1 5000
~ 10s(s 4+ 5/106)(1 + e—60s) A 5/106

10° /1 1 > 5000
- (- - 1" —60ns -
5 <s s+5/106)nz_%( Ve S e

Thus,
g(t) = 20000 3" (=1)"[1 — =60/ (¢ — 60n) + 5000e5/10",
n=0

18. The initial-value problem for the number of grams g(t) of glucose in the bloodstream is

dg _
dt

where k£ > 0 is a constant. When we take Laplace transforms,

R[h(t) — h(t —240)] — kg,  g(0) = go,

sG —go = g(l — e 208 kG

We now solve for G(s),

R _ Jgo R 1 1 _ go
G = " (1 — ¢ 240s 90 _ (= _ 1 — ¢—240s '
(®) 5(5+k)( ‘ )+S—|—k kE\s s+k (1-e )+s—|—k
Inverse transforms give
g(t) = %(1 —e7kty — %[1 — e 2001 (¢ — 240) + goe M.

After 6 hours, the number of grams of glucose in the bloodstream is

R _ R _ _ R, _ _ _
9(360) = E(l — 360k _ E(l _ 120k | g0 =360k E(e 120k _ o=360kY 4 g0 o—360k.

19. The initial-value problem for the number of grams g(¢) of glucose in the bloodstream is

dg

p = Rf(t) — kg, 9(0) = go,

where k > 0 is a constant, and f(t) is the periodic function
f@)=h(t)—h(t—60)=1—h(t—60), 0<t<120, f(t+120)= f(t).
When we take Laplace transforms,

R

£{1=h(t = 60)} kG = —7— 5y

sG —go = (1—e79) —kG.

1 — ¢—120s

We now solve for G(s),

oo

R 9o R (1 1 —60 90
G — (= _ —1)" ns U
() s(s—i—k)(l—i—e*ﬁos)—'—s—i—k k(s s+k>n¥0( )e +S+k

Inverse transforms give

g(t) = % S (1)1 — e HEOM It - 60n) + goe .
n=0
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20. (a) If time ¢ is measured in months, the initial-value problem for m(t) is
d
d—”; = km — H[h(t) — h(t —1)], m(0) = my.

If we replace h(t) with 1, and take Laplace transforms,

1 —S
sM—mO_kM—H<——e )
S S

When we solve for M(s),

s s—k
Inverse transforms give
H
m(t) = moet" + — [(1 —ekt) (1 — Dyt — 1)] kg.

(b) For m(12) = my,

kmg(et?t —1)

H
mo = moel% + E[(l - euk) - (1 - euk)] = H = el2k _ ollk -~

21. The initial-value problem for displacement of the mass from its equilibrium position is

LT 0w = 100[h(t) — h(t — 4] 0)= =, 2/(0)=—2
w0adz T A TR
We write the differential equation in the form
d’z
— +400z = 1000[1 - A(t - 4)],

and take Laplace transforms,

e_4s> ~1000(1 — e~ %)

9 s
X - =
[S 1 S

0
We solve this for the transform X (s),

(s) = s/10 =2  1000(1 — e=*°)
524400 s(s? + 400)

1
T 2} + 400X = 1000 (— _
S S

The inverse transform of this function is the solution of the initial-value problem

L (s/10—2  1000(1 — e~*)
£ = [ s/
() = £ {52 200 T Ts(s? £ 400) }

10-2 5/(1 s
=1 8/7 e B
{52+400+2 s " wram) )

1 1
= —cos 20t — — sin 20t + g(l — cos 20t) — g[l —c0s20(t — 4)|h(t — 4)

10 10
12 1
= g — 5 cos 20t — 0 sin 20t — g[l —c0s20(t — 4)]h(t — 4) m.
22. The initial-value problem for displacement of the mass from its equilibrium position is
1 d%x 1
— —— + 402 = 100h(t — 4 0)=— "(0) = —2.
10az -4, =20)=3 =0
We write the differential equation in the form

d?z
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and take Laplace transforms,

1000e~4¢
S .

9 s
X——+2 400X =
S 10+ +

We solve this for the transform X (s),

s/10—2  1000e~%s

X(s) = .
()= 25100 T 52 + 400)

The inverse transform of this function is the solution of the initial-value problem

10-2  1000e~%
e i
z(t) {52 400 | 5(s2 + 400)

10-2 5/(1 s
=1 5’/7 B e
{s2+400+2 s s2+400)°

1 1 5
= 1g s 20t — 7o 5t 20t + 5[1 —cos20(t — 4)|h(t — 4) m.

23. The initial-value problem for displacement of the mass from its equilibrium position is

1 d%x dx 1 ,
102 + 5E + 40x = 100[h(t) — h(t — 4)], z(0) = 10’ 2'(0) = —2.
We write the differential equation in the form
d?z dx
— — +4 =1 1—h(t—4
72 + 50 7 + 400z 000] ( )],

and take Laplace transforms,

—4s
[SQX—%+2}+5O |:SX—11—O:| + 400X = 1000 (1—6 )

0 s S
We solve this for the transform X (s),

() = 81043 1000(1— %) s/10+3 1000(1 — e=4%)
524505 +400  s(s2+50s+400) (s 4 10)(s +40) = s(s+ 10)(s +40)

The inverse transform of this function is the solution of the initial-value problem
10+ 3 1000(1 — e=4s
(E(f) _ £71 S/ + ( € )
(s +10)(s+40) = s(s+10)(s+ 40)

L[ 1/15 1730 1/400  1/300 1/1200 _
=L 11000 — 1—e®
{s+10+s+40+ ( s s+10  s+40 (1=e)

1 —10t 1 —40t 5 10 —10t 5 —40t 5 10 —10(t—4) 5 —40(t—4)

- — — o Dot _ |2 7 2 h(t — 4
B¢ Ttz taTme Tt 2 3¢ t5e (t=4)
5 49 40 13 4o 5 { 10(4— -

=2 = 200t _ 2 3 el0(4=t) 4 (40(4 t>}ht—4 .

5 156 156 5 e +e ( ) m

24. The initial-value problem for displacement of the mass from its equilibrium position is

1 d?z dx 1

_— —_— fr— _ = — 4 = —
10 32 +5dt + 40z = 100h(t — 4), x(0) T (0) 2.
We write the differential equation in the form
d’z dx
— — +4 = 1000h(t — 4
72 +50dt + 400z 000A( ),

and take Laplace transforms,
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9 s } 1 B 1000e4¢
X—-——+42 X - — 400X = —.
s 0 + 2| +50 [S 10} + 400 p
We solve this for the transform X (s),
s/10+ 3 1000e 4 s/10+ 3 1000e 4

X = = .
() = 75057400 T 524505+ 400) (s 10) (s 10) | 3(s 3 10)(s 7 10)

The inverse transform of this function is the solution of the initial-value problem

o 5/10 + 3 100045
=(t) = { (s+10)(s +40) ' s(s+10)(s + 40) }
zﬁ_l{ 1/15 1/30 41000 (1/400 _ 1/300 1/1200) _6_45}

s+10 s+40 S s+ 10 s+ 40

Lovoe . 1 —g0e |9 10 _yop—a) | O _s0(t—a)

- = °o_ ° h(t — 4
3¢ T3¢ T3 *5e (t=4)
1 1 5

_ Ee—IOt + %6—4015 + - {3 _ 4et00—t) 640(4—1:)} h(t — 4) m.

25. The initial-value problem for displacement of the mass from its equilibrium position is

1 d?z  dx 1
——— + — +40x = 100[h(t) — h(t — 4 = — "(0) = -2
e 400 = 100[() At = ), #(0) = 75, #(0)
We write the differential equation in the form
d*x dz
Tz + 10% + 400z = 1000[1 — h(t — 4)],

and take Laplace transforms,

[SQX— i+2} +10[sx — L] + 400x = 1000 (£ -
10 10 B s s )
We solve this for the transform X (s),

s/10 — 1 1000(1 — e~4%)
s2 +10s+400  s(s2 4 10s + 400)°

X(s) =

The inverse transform of this function is the solution of the initial-value problem
() = £ s/10—1 1000(1 — e=4%)
N s2+10s +400 = s(s%+ 10s + 400)

e s —10 1/400 /400 + 1/40 _
== (=2 ) 41000 - 14
{10 <s2+103+400) * ( s s2+103+400) (1—e )}

[ 1] (s+5)—-15 51 (s+5)+5 _
— L 1 i R S e D S e 1— 4s
{10 {(s+5)2+375]+2 L Grorgam 1)
—5t V15 5 1
= ¢ cos bV 15t — ——sinbV15t | + = |1 — e % | cos 5V 15t + ——sin 5V 15t
10 5 2 V15
5 1
D N e ) {cos5\/15 t—4)+ ——sin5V15(t — 4 } } h(t —4
5 { =9+ 7= (t=4)| pht=4)
= g - %e*& cos 5V 15t — 147— ”5158*5’5 sin 5v/15¢

— g {1 — eold-t) |:cos 5V15(t —4) + \/% sin 5v/15(t — 4)} } h(t —4) m.

26. The initial-value problem for displacement of the mass from its equilibrium position is
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1 d’z dzx 1
— — + — +40x = 100h(t — 4 0)=— "0) = —2.
We write the differential equation in the form
d’z dz
Tl + 10% -+ 400z = 1000A(t — 4),
and take Laplace transforms,
1 1000e~4#
2X = =42 410 [sX - | +400X = ——.
s 0 +2|4+10|s 10 + 400
We solve this for the transform X (s),
s/10 — 1 1000e—48

X(s)=
The inverse transform of this function is the solution of the initial-value problem

o(t) = £ s/10—1 N 1000e—4*
B 52+ 105 +400 = s(s2 + 10s + 400)

(1 s —10 1/400  $/400+1/40 \ _
=t (2" ) 1000 - 1s
{10 ($2+108+400) + ( s 82+1O$+400) ¢ }

s2 +10s+400  s(s? 4 10s + 400)°

—5t

610 <cos 5\/Et — @ sin 5\/Et>

+ g {1 — 50 [cos 5vV15(t — 4) + ! sin 5v/15(t — 4)] } h(t — 4)

V15
—5t

= 61—0 <cos 5v/15t — g sin 5\/Et>

+ g {1 — Pt [cos 5vV15(t —4) + L sin 5v/15(t — 4)} } h(t —4) m.

V15

27. When p = 47/ M/k, the displacements of Example 6.33 become

=X
n
NE

(10" |1 = cos 20— )| e =

3
Il
=]

(—1)" [1 - cos%} h(t — np)

3
Il
o

o0

(1 — cos @> > (=1)"h(t — np).

p n=0

[
el ST B Sl e
e

A graph of this funtion is shown below.

395
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2F/k

P 2p 3¢

28. When p = 374/ M/k, the displacements of Example 6.33 become

F& " 3
w(t) = - ;(_1) [1 - cos?(t —pn)} h(t — pn)
F& " W 3wt
_E;(_l) [1_(_1) cos?} h(t — np)
F& n 3t
= E; [(—1) — cos ?> h(t — np).

A graph of this funtion is shown below. There is resonance.

X

S

AV

29. Since the force can be written algebraically as

20t —1)[h(t—1) —h(t —2)]+20h(t —2) =20(t — 1)h(t — 1) + (40 — 20¢)h(t — 2),
the initial-value problem for displacements of the mass is

(cl;Tf + 162 = 20(t — D)A(t — 1) + (40 — 200)h(t — 2),  2(0) =0, 2'(0) = 0.

When we take Laplace transforms,

200 20e%  20(e~* — e
$2X + 16X = 200 Lt} + e 2°L{40 — 20(t + 2)} = —=— — = (e —e™)

2 52 2
Solving for X (s) gives

L 20(er—e®) o, (1/16  1/16
X(s) = s2(s% + 16) =20 —e™™) 52 s2416)°

Inverse transforms now yield

(t) = Z (t—1)— %sinél(t— 1)] h(t —1) — Z [(t— 2) — isinél(t— 2)} h(t—2)
- % [4(t — 1) —sind(t — D] h(t — 1) — 1_56 [4(t — 2) — sind(t — 2)] h(t — 2) m.
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A plot of this function is shown
to the right. X
1.5

0.5
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EXERCISES 6.5

. The initial-value problem governing the number of grams g(t) of salt in the tank is

dg Z 5005 (¢ — 60n) — 9(0) = 5000.

59
106

When we take Laplace transforms,

= 5G
_ —60ns
sG — 5000 = 321 500e ~ 105
from which
5000 760715

G = 3500 T 5002 s+ 5/106°

Inverse transforms give

g(t) = 5000e /10" 4500 Y " e72=60m/10" (1 — Gop)

n=1

= 500519 110+ > &3/ h(t — 60n)

n=1
. The initial-value problem governing the number of grams g(t) of salt in the tank is

dg

1
-1 Z 5008(t — 60n) —

59
0) = 5000.
o 90

When we take Laplace transforms,

10 - —60ns 5G
5G — 5000 = — + ; 500e ~ 156"
from which

10 5000 g~ 060ns
/S + 50 Z

Gl = =5 108 15/106°

Inverse transforms give

5000s + 10 > ;
g(t) = £ {L} +500 ) e 200N k(¢ 6on)

6
s(s + 5/106) —
107/5  399(10%) 6 "
_ -1 —5t/10 3n/10
=L { P YT +500e /107y " e/ (¢ — 60n)

n=1

= 200000 — 1995 000e~5/1%" 4 500e~54/10" § ™ 30/ 0%t — 60n).
n=1
. The initial-value problem for displacement of the mass from its equilibrium position is
d2
2W—|—512x—6( ), z(0) =0, 2'(0)=0.

When we take Laplace transforms,

2[s*X] + 512X = 1.
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We solve this for the transform X (s),

1 1

X(s) = - .
()= 375512 ~ 22+ 250)

The inverse transform of this function is the solution of the initial-value problem

1
z(t) = == sin 16¢ m.

32
. The initial-value problem for displacement of the mass from its equilibrium position is
d?z dx
pro) + 8OE + 512z = §(¢t), z(0) =0, 2'(0)=0.

When we take Laplace transforms,
2[s2X] +80[sX] + 512X = 1.
We solve this for the transform X (s),

1 1
2524805+ 512 2(s2 4+ 40s + 256)

X(s)

The inverse transform of this function is the solution of the initial-value problem

x(t) =L {2(52 ¥ 4(1)5 n 256)} N éﬁ_l {m}

_(3_20755_1 1 _(3_20755_1 —1/24+ 1/24
) s2—144( 2 s+12  s—12

e—20t 1
= TIR (—e‘m + el2t) T (e_St - e‘32t) m.

. The initial-value problem for displacement of the mass from its equilibrium position is
d?z dx
QWJFSEJFMMZM)’ z(0) =0, 2'(0)=0.
When we take Laplace transforms,
2[s2X] + 8[sX] + 512X = 1.
We solve this for the transform X (s),

- 1 B 1
252 +8s+512  2(s2 445+ 256)

X(s)

The inverse transform of this function is the solution of the initial-value problem

R b S T e

e—2t ’ 1 1 e—2t \/_
= - = in 6v/ 7t m.
2 { 2 + 252} TEN A
. The initial-value problem for displacement of the mass from its equilibrium position is
d*x ,
2W—|—512x:6(t—t0), xz(0) =z, 2'(0)=0.

When we take Laplace transforms,
2[s2X — 28] + 512X = e 05,

We solve this for the transform X (s),

399
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—tos —tos

_ 2xgs e _ ®Tes + e
2524512 2524512 524256 2(s? 4+ 256)

X(s)

The inverse transform of this function is the solution of the initial-value problem

—t()s
P 20S e
#(t) {52 1256 | 2(s2 + 256)

1
} = x( cos 16t + 3 sin 16(t — to) h(t — to) m.

7. The initial-value problem for displacement of the mass from its equilibrium position is

d’x ’
2W+512x:5(t_t0), z(0) =0, z'(0)=wvp.

When we take Laplace transforms,
2[s2X — wo] + 512X = e o5,

We solve this for the transform X (s),

—tos —tos

_ 2v9 n e . Vo n €
2524512 2524512 524256 2(s2 4 256)

X(s)

The inverse transform of this function is the solution of the initial-value problem
—t()s

_ Vo e Vo . L.

t)y=L"" = — sin 16t + — sin 16(t — to) h(t — to) m.

() =L {52+256+2(32+256)} 6 S 166+ 55 s 16(t = fo) At = fo) m

8. The initial-value problem for displacement of the mass from its equilibrium position is
d*x ,
2W—|—512x:6(t—t0), z(0) = zg, 2'(0) = vp.

When we take Laplace transforms,

2[s2X — 95 — vo] + 512X = e~ 0%,
We solve this for the transform X (s),

X(s) = 2208 + 200 e tos oS + Vo e~ tos

252+ 512 ' 2524512  s24256  2(s2 + 256)

The inverse transform of this function is the solution of the initial-value problem

_ oS + Vg e
t)y=L""1
#(t) {32 256 | 2(s? + 256)

—tos

1
} = x( cos 16t + 11)—% sin 16t + 3 sin 16(t — to) h(t — to) m.

9. The initial-value problem for displacement of the mass from its equilibrium position is
d’x ,
W—l—lOOxzé(t)—i—é(t—l), z(0)=0, z'(0)=0.

When we take Laplace transforms,
[$X] 4+ 100X =1 +e %
We solve this for the transform X (s),

1+e %
52 4+100°

The inverse transform of this function is the solution of the initial-value problem

X(s) =

1+e™° 1 1
— -1 S = —si — si — -
x(t)=L {52+100} 10s1nlOl€—|— 10 sin10(t — 1) h(t — 1) m.

10. When we take Laplace transforms,
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Ms*X + kX =1 = X(s)
The inverse transform is

siny/—t

2(t) = %5_1 {52 +1k/M} = \/;1—M M-

This function satisfies the initial displacement condition z(0) = 0. The velocity of the mass is

’U(t)—L\/ECOS\/it_LCOS\/it
- VEM VM M M M~

The limit of this as t — 0 is 1/M. We have seen that an impulse force of size F' causes a velocity
change of F'//M. To apply a unit impulse force at time ¢ = 0 implies an instantaneous change of
velocity 1/M, and this is in conflict with the initial condition 2’(0) = 0.

. The initial-value problem for displacement of the mass from its equilibrium position is

&Pz >
— + 100z = > 6(t—n),  x(0)=0, 2'(0)=0.

n=0

When we take Laplace transforms,

[s°X]+100X =) e

n=0
We solve this for the transform X (s),
0 e~ s
X(s) = -
(#) ; 52+ 100

The inverse transform of this function is the solution of the initial-value problem

_ X, ens 1 = .
z(t) =L 1{Zm}:1—0251n10(t—n)h(t—n) m.
n=0

n=0
. The initial-value problem for displacement of the mass from its equilibrium position is

2z >
7 100z = > 6(t—nm/5),  @(0)=0, 2'(0)=0.

n=0

When we take Laplace transforms,

[s°X] + 100X = Y e /5,
n=0
We solve this for the transform X (s),

oo _
e nws/5

X6 =2 o op

n=0
The inverse transform of this function is the solution of the initial-value problem
7‘671 o0 efnﬂ's/S 7 1 s 1 L
x(t) = Zm = E;sm 0(t —nm/5) h(t — nw/5) m.

n=0

To show that resonance occurs we rewrite the displacement in the form
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x(t) = 10 Z sin (10t — 2n7) h(t — nw/5) = o 50 1Otn¥0h(t —nm/5).

This shows that x(t) becomes unbounded for large ¢.

The initial-value problem for displacement of the mass is
d2
M— Tz kx = Fé(t —ty), x(0)=mz9, 2'(0)=p.
When we apply Laplace transforms,
M[s*X — 295 — vo] + kX = Fe 0%,

from which

M (s + vo) Fe~tos oS + Vg F ( e tos )

_X = = JE— - @
)= stk TR R kM M \E R

The inverse Laplace transform is

0 -om oo -
BN BN U Y S

For the mass to come to an instantaneous stop at time ¢t = ty, we require

0= lim ' t) = lim —x\/ \/ t—l—v cos {/ t+ \/ cosy/ h(t —t
t—td ( tﬁﬁl 0 0 Vk 0)
= A/ kg A/ kt + vp COS 4/ kt + r
= —X MSIH MO Vg COS Mo Vi

We can solve this for F,
F=xyVk smw —chosq/—kt

(a) The initial-value problem for motion of the mass is

=

2

MCCZITZ +kz = F§(t) — uMg, z(0)=0, 2'(0)=0.

When we take Laplace transforms, we get

puMg
S )

Ms?X +kX =F —
from which

F uMg F 1 1/k s/k
X(s) = - R R e V7 ] /L
v By G y P M<s2+k/M> K g( s S+k/M

Inverse transforms now give

_F ]k uMg [k
:C(t)—\/msm Mt - (1 cos Mt).
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F

the initial velocity of imparted to the mass is lim Z'(t) = I
t—0

(b) The mass comes to a stop when its velocity is zero. This will be the smallest positive solution

of the equation

0 r CcoS i t Ms' i t — ta kt F/M EVE
= — \ a7t~ HI\) s s n\/_: = :

Solutions of this equation are

pgM3/2

Tan1< FVE )—i—nﬂ'

M Fvk
where 7 is an integer. The smallest positive solution is tg = ?Tan1<7\/—>.

(¢c) The position of the mass at this time is

F . |k uMg k
ty) = —tg——= | 1— —to | .
x(to) \/Wsm 27t . < cos i 0)

Since tan 4/ %to = Fvk it follows that

IugMB/z’
[k FVk k g M3/2
sin{/ —tg = , cos\/ —1pg = .
M /F2k—|—,u292M3 M /F2k+u292M3
With these,
F FVk uMg pg M3/
,T(to) = — 1—
VEM \/F?k + p?g? M3 k VF?k+ p2g?M3
uMg 1 F? M292M5/2
k /sz—l—pﬂgzM?’ v/ M k
M 1 M \/ F2k 2g2M3
_ KMy, (F2k+u292M3):—u 9. +ptg '
k k/MA/F2k + 12g2 M3 k kv M
The spring force at this displacement is
M 2k 4+ p2g? M3 VE?k + p2g? M3
z(tg) =k N et 9 =—uMg—+ P9 .
k kv M vM
Since the force of static friction is usM g, the mass moves to the left if
/F2k + 12g2 M3
—pMg+ LY > pusMg

vM
F2k+‘LL292M3 > M392(‘us +,Uz)2
F2k > Mg (1 + 2pps)

e \/92M3us(us + 241)
k

15. If we write z(t) in the form

F k k : k : k k
x(t) = 7o |cos M(t — tg) cos s + sin M(t — tg) sin 27 s M(t —to)
(s o1 eomt it s s [ —
=2 || cosy/ 3¢ cos\/ 77 0) +siny/rasing /- o)l
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the amplitude of the simple harmonic motion is

2
_F |k .o |k F |k
A_ka <cos Ma 1) + sin Ma_ka 2 — 2 cos Ma
V2F s |k oa 2F k a
= 1—|[1—2si <5 | == |siny/ 5]
ka N2 ) T ke PV 2

[k
sin M% can be less than one for some values of a@ and greater than

[ k
one for other values of a. This is certainly possible. If a is such that M% is close to m/2, then

9 | k a . k a
s1n\/M2 s1ru/]w2

be less than one.

(a) With v = 20 km/hr or 50/9 m/s, the initial-value problem for displacement of the front end of
the car is

It is a question of whether 2

will

[ k
will be greater than one, whereas if M% is close to zero, then 2

d2
200% +1000y = £(50t/9), y(0) =0, ¢'(0)=0,

where

3 (50t 501
(=) (1-22), 0<t<9/50

0, t>9/50
_ %(9_ 50t) [h(t) —h <t_ 5_90” '

When we take Laplace transforms,

f(50t/9)

107/9 100 9 9
200s%Y +1000Y = — || = — — | —e /502 (t+ =) [9-50(t+ —
Y 27 _<52 5 ) ¢ 350 50
107/9 100 0s/50 )
1079 100 osss0 (9, 100
27 _<s2 s3>+e 273 )|

We now solve for Y(s),

10 9 100 9 100
Vis) = 2 100 —9s/50 [ 2 UV
(%) = 2720052 + 1000) [(52 53 ) te 23

1 95 =100\ | _g,/50 (95 + 100
= +e =)
540(s? + 5) s3 53

Partial fractions give

49 20 20497 gsof 4. 9 20 20s—9
s  bs?2  s3  B(s2+ 5)] te + + )

s bs? s_3+5(52+5

Inverse transforms now yield

2
ot 9v/5 9 9
y(t):4+g—10t2_4cosx/5t—%sin\/5t+ [—4+g (t——>+10 (t__)

9 VGRS 9 9
+4cosx/§<t—%)—¥s1n 5<t—%)]h<t—%).
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(b) After the speed bump (when ¢ > 9/50), the displacement of the car is
2
9v5 9 9 9
=4+ ——10¢ cos VOt — ——sinvVdl+ -4+ - [t — + —
451024\/5 \f'\/S 4 =) T (==

5
+4cosf(t—%)—% \/_(t—%)]

— —4cos /5t — f81nft+4005\f<t‘%)_ﬂ f<t_%)

= —4cos V5t —

9? sin v/5t + 4 <cos V5t cos 95—\{)5 + sin /5t sin 95\?)

W5 [ . 95 . 95
- o5 (sm \/gt cos 0 cos \/gt sin 50 )

95 9vV5 . 95
= (—4+4cos 50 + 5% sin 50 )cosx/gt

9v5 9v5 9v5  9VE)\ |
+<——+4 50 op cos 0 sin V/5t.

This is simple harmonic motion with amplitude

(—4+4COS95\/5 05 9\/5> —l—( 9v5 9\/3—9\/5 9\/5> = 0.022.

_VO L g
0 T 25 M50 + 50 25 “°Tho

The amplitude is 2.2 centimetres.

When we take Laplace transforms of the differential equation, and use the initial conditions,
s—5 F(s)

s2—-35s—4 s2—-3s—4

(Y —s42)—=3(sY —1) —4Y = F(s) =  Y(s)=

The transfer function is H(s) = 1/(s* — 3s — 4), and the unit impulse response function is its

A general solution of the associated homogeneous problem is

yn(t) = L7 {#@il)} =L {S_l_/i + 86151} = é(6e*t —e'h.

Equation 6.38 gives the solution of the initial-value problem in the form

1

1t
y(t) = 3(68715 — et 4 £ / flw) [687“7“) + 84(““)] du.
0

When we take Laplace transforms of the differential equation, and use the initial conditions,

As+ (B +24) F(s)
s24+25+3 s24+25+3°

(Y —As — B) +2(sY — A)+3Y = F(s) =  Y(s)=

The transfer function is H(s) = 1/(s?> + 2s + 3), and the unit impulse response function is its

inverse,
1 1 1
Ety=£"1¢—— % —etig! = —etsi 2t.
() =L {(s+1)2+2} ¢k {s2+2} Noh sinv/2
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A general solution of the associated homogeneous problem is
1 [As+(B+24 4 [A(s+1)+(A+B
yh(t):£1 2( ) :El ( ) 2( )
s24+2s+3 (s+1)2+2

=efL! {W} =e ! [Acos V2t + (A—FWB) sin \/it} :

Equation 6.38 gives the solution of the initial-value problem in the form

A+ B I
t)=e t|Acos V2t ——— | sinV2t —/ w)e” "% sin v2(t — ) du.
i) = [acosvar (A5 Y sivar] + o [ ) V3t )
The unit impulse response function %(t) is the inverse transform of 1/P(s) which we would find by
factoring P(s). A real zero s = a of P(s) leads to a term e in h(¢). It is bounded if, and only if,
a < 0. Complex conjugate zeros a & bi lead to terms e* cosbt and e sinat. These are bounded
if, and only if, a < 0.

The unit impulse response function #(t) is the inverse transform of 1/P(s) which we would find
by factoring P(s). A real zero s = a of P(s) leads to a term e in h(t). It approaches zero if,
and only if, a < 0. Complex conjugate zeros a & bi lead to terms e cosbt and e sinat. These
approach zero if, and only if, a < 0.




