On Deuber’s partition theorem for (m, p, c)-sets

Dedicated to the memory of Walter Deuber [1942–1999]

David S. Gunderson^∗

Abstract

In 1973, Deuber published his famous proof of Rado’s conjecture regarding partition regular sets. In his proof, he invented structures called (m, p, c)-sets and gave a partition theorem for them based on repeated applications of van der Waerden’s theorem on arithmetic progressions. In this paper, we give the complete proof of Deuber’s, however with the more recent parameter set proof of his partition result for (m, p, c)-sets. We then adapt this parameter set proof to show that for any k, m, p, c, every Kk-free graph on the positive integers contains an (m, p, c)-set, each of whose rows are independent sets.

1 Introduction

Deuber’s proof of Rado’s conjecture appeared first in German [3] and various forms have since appeared in surveys (see, e.g.,[4], [16], [18]). The main tool in Deuber’s proof is a structure called an (m, p, c)-set. We give a proof of Deuber’s theorem to detail the connection between (m, p, c)-sets and partition regular systems. Some parts of the proof given here can be found in the above sources, but this proof follows a slightly different outline given by Deuber [5].

We also examine a parameter set proof for Deuber’s partition result on (m, p, c)-sets. Although this proof has been outlined to various degrees in the literature, we will need to closely examine the technique for later use, and so we include the proof in complete detail for reference.

In trying to answer questions regarding independent sets in triangle-free graphs, (m, p, c)-sets arise in a very natural way. As a step in answering such questions, we prove that for any k, m, p, c, every K_k-free graph on the positive integers contains an (m, p, c)-set, each of whose rows are independent sets.

∗Mathematics and Statistics, University of Calgary, Canada, T2N 1N4; (email: triangle@math.ucalgary.ca), and, Mathematics, Physics, and Engineering, Mount Royal College, Calgary, T3E 6K6. Supported in part by NSERC grant 228064-00.

In the next section, we describe Rado’s conjecture regarding partition regular sets and Deuber’s solution. In Section 3, we give the notation and major theorems for parameter sets. The parameter set proof for Deuber’s partition theorem for (m, p, c)-sets appears in Section 4. In Section 5 we review some of the recent research done regarding arithmetic structure of independent sets in K_k-free graphs on natural numbers. Finally, in Section 6, we prove the statement in the abstract regarding independent rows of (m, p, c)-sets.

We use N, Z, and Q to denote the natural numbers (not including zero), the integers, and the rationals, respectively. We also use the notation [a, b] = {z ∈ Z : a ≤ z ≤ b} and occasionally abbreviate [1, n] by [n]. A partition of a set X into r parts can be interpreted as a colouring Δ : X −→ [r], where a subset of any one colour class Δ^{−1}(j) is called monochromatic. Both partition and colouring conventions will be used in this paper.

2 Rado’s conjecture and Deuber’s solution

Definition 2.1 Let M be an m by n matrix with integer entries. The linear system Mx = 0 is partition regular (over N) if for any finite partition N = C_1 ∪ · · · ∪ C_r, there exists i and y ∈ (C_i)^n so that My = 0. The matrix M is partition regular if and only if the linear system Mx = 0 is partition regular.

If the matrix M in the above definition were to have rational coefficients, multiplying by an appropriately large number gives an equivalent system with integer coefficients.

A solution to the equation x + y − 2z = 0 is a 3-term arithmetic progression of the form {x, (x + y)/2, y} and so the equation is partition regular by van der Waerden’s theorem [24]. Corresponding to a triple x, y, x + y is the equation x + y − z = 0, and so is also partition regular by Schur’s theorem [23]. On the other hand, the system x + y = 3z is not partition regular (see, e.g., [9], [16], or [18] for details and more examples).

In his thesis, Rado [20] gave a characterization of partition regular systems in terms of something called the “columns property”—which we now define.

Definition 2.2 Let A = [a_1 . . . a_n] be a matrix with integer entries and column vectors a_i. We say that A has the columns property if there exists a partition [n] = I_1∪· · ·∪I_m so that ∑ i∈I_1 ai = 0, and for each j = 1, 2, . . . , m−1,

there exist rational numbers α_{i,j} so that ∑ i∈I_1∪...∪I_j

α_{i,j} a_i = ∑ i∈I_{j+1}

a_i.

Theorem 2.3 (Rado [20]) If A is a matrix with integer coefficients, the system Ax = 0 is partition regular if and only if A has the columns property.

Rado extended his results in [21] to include other cases, for example, to systems Ax = b where entries from A are algebraic numbers, entries in b are complex and solutions are complex. In [16] is a short proof of how partition regularity over N is equivalent to partition regularity over Z\{0} or Q\{0}, however we continue to use only solutions in N. See, for example, [1] and [2] for other extensions of Rado’s theorem.

Definition 2.4 A set X ⊂ N is called partition regular (or large) if and only if for every partition regular matrix P , X contains a solution of P , that is, there exists x ∈ X^n so that P x = 0.

Rado conjectured that if a large set was partitioned into finitely many sets then one of these sets was again large. This conjecture remained open for forty years until Deuber [3] proved it in his PhD thesis. His main tool was a structure he invented called an “(m,p,c)-set”; we will outline Deuber’s proof of the Rado conjecture, but we invite the interested reader to see the thorough works [4], [16] and [18] for more details.

We remind the reader of the notation [−p, p] = {z ∈ Z : −p ≤ z ≤ p} which appears in the following definition.

Definition 2.5 A set of integers M is an (m, p, c)-set if each element of M is positive, and there exists positive integers x_0, x_1, . . . , x_m so that M is a union M = R_0(M) ∪ R_1(M) ∪ · · · ∪ R_m(M), where

R_0(M) = {cx_0 + λ_1x_1 + λ_2x_2 + . . . + λ_mx_m : λ_1, . . . , λ_m ∈ [−p, p]},

R_1(M) = {cx_1 + λ_2x_2 + . . . + λ_mx_m : λ_2, . . . , λ_m ∈ [−p, p]}, . . . . R_{m−1}(M) = {cx_{m−1} + λ_mx_m : λ_m ∈ [−p, p]},

R_m(M) = {cx_m}.

In this case we write M = (x_0, x_1, . . . , x_m)_{p,c} and we say that R_k(M) is the (k + 1)-th row of M.

Deuber’s original definition had the generators starting with x_1, and so, for example, his notion of an (1, p, c) set was a singleton {cx_1}, whereas we use generators starting x_0, and so the singleton {cx_0} is a (0, p, c)-set. From the definition of an (m, p, c)-set with generators x_0, x_1, . . . , x_m, the x_i’s must decrease rapidly in size in order that entire set consists of non-negative integers, and for any m, p, c, an (m, p, c)-set exists by first choosing x_m arbitrarily, then x_{m−1} large enough, and so on. The generators of an (m, p, c)-set can be chosen so that any element of the set appears in exactly one row and is determined by precisely one linear combination therein.

The key connection between solutions to partition regular systems and (m, p, c)-sets is that they are “cofinal”:

Theorem 2.6 (Deuber) (i) For every partition regular matrix A, there exists m, p, c so that every (m, p, c)-set contains a solution of Ax = 0, and (ii) for every m, p, c, there exists a partition regular matrix A (usually huge) to that every solution of Ax = 0 contains an (m, p, c)-set.

Proof of (i): By Rado’s theorem, A has the columns property, that is, there exists a partition [n] = I_1 ∪ · · · ∪ I_m so that ∑ i∈I_1 ai = 0, and for each

j = 1, 2, . . . , m − 1, there exist rationals α_{i,j} so that ∑ i∈I_1∪···∪I_j

α_{i,j} a_i = ∑ i∈I_{j+1}

a_i.

Let c be a common multiple of the denominators of the α_{i,j} ’s, and let p = max_{i,j} |cα_{i,j} |. We claim that m, p, c are as desired. For each k = 1, . . . , m, let A_k be the submatrix of A with columns indexed by I_1 ∪ · · · ∪ I_k. We will prove by induction on k that every (k, p, c)-set contains a solution of A_kx = 0.

For k = 0, the claim holds since ∑ i∈I_1 ai = 0 and so any x with all entries

identical is a solution.

Suppose that the claim is true for some k ≥ 0, and examine a (k +1, p, c)-set (x_0, x_1, . . . , x_{k+1})_{p,c}. By induction hypothesis, for each i ∈ I_1 ∪ · · · ∪ I_k there is y_i ∈ (x_0, x_1, . . . , x_k)_{p,c}, so that ∑ i∈I_1∪···∪I_k

a_iy_i = 0. (1)

By the columns property of A, ∑ i∈I_1∪···∪I_k

α_{i,k}a_i = ∑ i∈I_{k+1}

a_i.

Putting β_i = −cα_{i,k} and multiplying by x_{k+1} gives ∑ i∈I_1∪···∪I_k

a_iβ_ix_{k+1} + ∑ i∈I_{k+1}

a_icx_{k+1} = 0. (2)

Adding equations (1) and (2) yields ∑ i∈I_1∪···∪I_k

a_i(y_i + β_ix_{k+1}) + ∑ i∈I_{k+1}

a_icx_{k+1} = 0.

Each y_i ∈ (x_0, x_1, . . . , x_k)_{p,c} and since β_{i,j} ∈ [−p, p] we have each y_i + β_ix_{k+1} ∈ (x_0, x_1, . . . , x_{k+1})_{p,c}. Also cx_{k+1} ∈ (x_0, x_1, . . . , x_{k+1})_{p,c}. So we have exhibited a solution of A_{k+1}x = 0 contained in (x_0, x_1, . . . , x_{k+1})_{p,c}, completing the inductive step and hence the proof of (i).

Proof of (ii): The proof is by induction on m. For m = 0, the system

cy_1 − cy_2 − y_3 = 0 is partition regular and its solution contains an element of

the form cb, and {cb} is a (0, p, c)-set.

Now supppose that Ay = 0 is a partition regular system whose every so-

lution contains an (m, p, c)-set. Let A = (a_{ij} ) be r × n with integer entries,

and let [n] = I_1 ∪ · · · ∪ I_ℓ be the partition guaranteed by the columns property.

Examine the (r + (2p + 1)n) × (2n + 1) matrix

A^′ = a_{11} a_{12} . . . a_{1n} 0 . . . . . . 0 0 . . . . . . . . . . . . a_{r1} a_{r2} . . . a_{rn} 0 . . . . . . 0 0

c 0 . . . 0 −c 0 . . . 0 p

c 0 . . . 0 −c 0 . . . 0 p − 1 . . . . . . . . . . . . . . c 0 . . . 0 −c 0 . . . 0 −p

0 c . . . 0 0 −c . . . 0 p

0 c . . . 0 0 −c . . . 0 p − 1 . . . . . . . . . . . . . . 0 c . . . 0 0 −c . . . 0 −p . . . . 0 0 . . . c 0 0 . . . −c p

0 0 . . . c 0 0 . . . −c p − 1 . . . . . . . . . . . . . . 0 0 . . . c 0 0 . . . −c −p

.

For each j = 1, . . . , ℓ, put I^′_j = I_j ∪ {i + n : i ∈ I_j } and put I^′_{ℓ+1} = {2n + 1}.

With the partition [2n + 1] = I^′_1 ∪ · · · ∪ I^′_{ℓ+1}, A^′ satisfies the columns property

and so is partition regular.

Let (y^′_1, . . . , y^′_{2n+1}) ∈ N^{2n+1} be a solution to A^′y = 0 and put Y =

{y^′_1, . . . , y^′_{2n+1}}. Then by induction hypothesis, {y^′_1, . . . , y^′_n} ⊂ Y contains an

(m, p, c)-set X = (x_0, . . . , x_m)_{p,c} (looking at the first r equations in Ay = 0).

Setting y^′_{2n+1} = x_{m+1}, it is not too difficult to verify that the (m + 1, p, c)-set

(x_0, . . . , x_m, x_{m+1})_{p,c} = {x + λx_{m+1} : x ∈ X, λ ∈ [−p, p]} ∪ {cx_{m+1}}

is contained in Y . �

Deuber’s classic characterization of partition regular sets now follows directly from definitions and Theorem 2.6.

Corollary 2.7 (Deuber) X ⊂ N is partition regular if and only if for every m, p, c, there is an (m, p, c)-set contained in X.

Proof: Let X be partition regular, and let m, p, c be given. By (ii), find P so that every solution of P x = 0 contains an (m, p, c)-set. By Definition 2.4, there exists y ∈ X^n so that P y = 0, and so y ‘contains’ an (m, p, c) set. Now suppose that for every m, p, c, X contains an (m, p, c)-set. Let P be partition regular, and by (i), fix m, p, c so that every (m, p, c)-set contains a solution of P x = 0. By assumption, X contains an (m, p, c)-set and hence a solution of P x = 0. �

Partitioning large sets is thus tantamount to partitioning (m, p, c)-sets, and Deuber found a partition theorem for these, completing the last major link in the proof of Rado’s conjecture.

Theorem 2.8 (Deuber) For every m, p, c, r, there exists n, q, d so that for every (n, q, d)-set X and for every finite partition X = X_1 ∪· · ·∪X_r, there exists i and an (m, p, c)-set Y so that Y ⊂ X_i.

We defer the proof of Theorem 2.8 to the next section; we will not follow the original but instead give a parameter set version. We first conclude how Theorem 2.8 proves Rado’s conjecture.

Theorem 2.9 (Deuber) For every large X and every finite partition X = X_1 ∪ · · · ∪ X_r, some X_i is large.

Proof: Without loss, assume that r = 2. In hopes of a contradiction, assume that the theorem is false, that is, there exists a partition X = X_1 ∪ X_2 so that neither X_1 nor X_2 is large. By Corollary 2.7, there exist m_1, p_1, c_1, m_2, p_2, c_2 so that for every (m_1, p_1, c_1)-set M_1 and (m_2, p_2, c_2)-set M_2 both M_1 ⊈ X_1 and M_2 ⊈ X_2. Let m, p, c be large enough so that any (m, p, c)-set contains both an (m_1, p_1, c_1)-set and an (m_2, p_2, c_2)-set (we leave this as an exercise to find such m, p, c). By Theorem 2.8 there exists n, q, d and so that for every partition of an (n, q, d)-set N = N_1 ∪ N_2 one of N_1 or N_2 contains an (m, p, c)-set. Since X is large, it contains an (n, q, d)-set N^′. Putting X^′_1 = N ∩ X_1 and X^′_2 = N ∩ X_2, one of X^′_1 or X^′_2 contains a (m, p, c)-set M^′. Supposing X^′_1 contains M^′, this contradicts M_1 ⊄ X_1. �

Added remarks: If for each m, p, c an (m, p, c)-set is fixed, the set of sums using at most one element from each (m, p, c)-set was found to be partition regular in [13]. One of Deuber’s students, Meike Schröder [22], used a generalized columns property and (m, p, c)-sets to characterize partition regular systems of linear inequalities. Also, Prömel (another student of Deuber) has written a very poignant note [17] in memory of Deuber.

In the next section, we give the necessary information about parameter sets to prove Theorem 2.8 in Section 4 and an adaptation thereof in Section 6.

3 Parameter words

See [19] for a recent survey of results, applications, and notation for parameter words. Let A be a finite alphabet and ξ_1, ξ_2, . . . , ξ_m be symbols not in A, called parameters. As usual, we use A^n = {f : n → A}. For 0 ≤ m ≤ n, define the set of m-parameter words of length n over A by [A] ( n m ) = { f : n → (A∪ {ξ_1, ξ_2, . . . , ξ_m}) : ∀j ≤ m, f^{−1}(ξ_j ) ≠ ∅,

and, ∀i < j, minf^{−1}(ξ_i) < minf^{−1}(ξ_j ) } . So [A]

(_n m ) can be viewed as a set of ordered n-tuples containing each of ξ_1, . . . , ξ_m at least once, and if i < j, the first occurrence of ξ_i must precede the first occurrence of ξ_j . Observe that A^n = [A]

(_n 0 ) . For f ∈ [A]

(_n m ) and g ∈ [A]

(_m k ) we define the composition f ∘ g ∈ [A]

(_n k ) by f ∘ g = { f(i) if f(i) ∈ A, g(j) if f(i) = ξ_j .

It is straightforward to check that composition of parameter words is associative. The shorthand notation f ∘ [A]

(_m k ) = {f ∘ g : g ∈ [A]

(_m k ) } is often useful.

For f ∈ [A]

(_n m ) , define the space of f, sp(f) = f ∘ [A]

(_m 0 ) , to be the set of (0-parameter) words from [A]

(_n 0 ) which are formed by replacing all occurrences of any one parameter with the same element from A throughout the word. The space of a parameter word is often referred to as a parameter set. An mdimensional (combinatorial) subspace of A^n (or simply, m-space) is the space of some word in [A]

(_n m ) . If f ∈ [A]

(_n 1 ) then we say sp(f) is a combinatorial line in A^n. For example, for some alphabet A, if f ∈ [A]

(_4 2 ) is given by f = (a, ξ_1, ξ_2, ξ_1), then sp(f) = {(a, x_1, x_2, x_1) : x_1, x_2 ∈ A} is a 2-dimensional subspace of A^4, and for g = (ξ_1, b), sp(f ∘ g) = {(a, x, b, x) : x ∈ A} is a one-dimensional subspace of sp(f).

There are two main theorems regarding parameter sets which we require.

Theorem 3.1 (Hales-Jewett [12]) For each finite alphabet A and positive integers m and r, there exists n = HJ(|A|, m, r) so that for any r-colouring Δ : [A]

(_n 0 ) −→ [r] there exists f ∈ [A]

(_n m ) so that f ∘ [A]

(_m 0 ) is monochromatic.

The Hales-Jewett theorem was generalized from colouring of points (0- spaces) to colouring of k-spaces.

Theorem 3.2 (Graham-Rothschild [11]) Let m ≥ k ≥ 0, r ≥ 1 and a finite alphabet A be given. Then there exists n = GR(|A|, k, m, r) so that for every r-colouring Δ : [A]

(_n k ) −→ [r], there exists f ∈ [A]

(_n m ) so that f ∘ [A]

(_m k ) is monochromatic.

4 Proof of partition theorem for (m, p, c)-sets

Leeb [14] first suggested a parameter set proof (which repeatedly invokes the Hales-Jewett theorem) for Deuber’s partition theorem for (m, p, c)-sets (Theorem 2.8). Prömel [16] developed Leeb’s idea and wrote a very elegant parameter set proof for Deuber’s theorem. For reference, we repeat it here (with kind permission). The proof is non-trivial, so we give it complete with all details; the technique will be repeated in the next section.

We repeat the statement of Deuber’s partition theorem for (m, p, c)-sets, however with colouring notation:

Theorem 2.8 For every m, p, c, and r, there exists n, q, d so that for any (n, q, d)-set X and any colouring Δ : X −→ [r], there exists an (m, p, c)-set Y which is monochromatic.

Proof: Throughout the proof, r is fixed (in fact, it suffices to prove the theorem for r = 2, but the extra generality comes at no extra cost). Assume, also with loss of generality, that p > c, since if p is smaller, we carry out the proof for a larger p^′, then restrict the alphabet of coefficients for the found (m, p^′, c)-set to find an (m, p, c)-set contained within.

For each k = 0, 1, . . . , rm, let q_k = c^{2rm−k−1}p, d_k = c^{2rm−k} , and A_k = [−q_k, q_k]. Note that d_{k−1} = d^2_k and that q_{k−1} = q_kd_k. Now let rm + 1 = n_{rm} < n_{rm−1} < . . . < n_1 < n_0, satisfy the recursion

n_k − k = HJ(|A_{k+1}|, n_{k+1} − k, r)

for each k = 0, 1, . . . , rm − 1. Put n = n_0, q = q_0, d = d_0, let X = N_0 be an (n, q, d)-set, and fix an r-colouring Δ : N_0 −→ [r].

The first idea in the proof is to examine the colouring Δ restricted to the first row of X = N_0, and in this row, find a monochromatic first row of some (n_1, q_1, d_1)-set N_1 ⊂ N_0. We then look at the second row of N_1, and find a monochromatic second row of some (n_2, q_2, d_2)-set N_2 ⊂ N_1. The first row of N_2 will be contained in the first row of N_1, and hence is also monochromatic (though perhaps of a different colour than the second row). We iterate this procedure recursively until we find a sequence N_1, N_2, . . . , N_{rm} where X = N_0 ⊃ N_1 ⊃ . . . ⊃ N_{rm} and each N_k is an (n_k, q_k, d_k)-set so that for each i = 0, . . . , k − 1, R_i(N_k) is monochromatic. We now give the details to the recursion.

Recursion step: For some k ≥ 0, assume we have found an (n_k, q_k, d_k)-set

N_k = N_k(w_0, w_1, . . . , w_{nk} )_{qk,dk} ⊂ N_0

where for each i < k, R_i(N_k) is monochromatic with respect to Δ (note that for k = 0, this is a vacuous assumption). Furthermore assume that for each i = 0, 1, . . . , n_k, we have w_i = ∑ j∈I_i βi,j xj where each βi,j ∈ [−q0, q0], where

the I_j ’s are disjoint, and min(I_j ) < min(I_j′ ) whenever j < j^′ (note that in the case k = 0, each I_j = {j}, and so this assumption is again trivial).

The colouring Δ restricted to R_k(N_k) induces another colouring Δ_{k+1} : [A_{k+1}]

(_{nk−k} 0 ) −→ [r] of each f = (f(k + 1), . . . , f(n_k)) ∈ [A_{k+1}]

(_{nk−k} 0 ) defined by Δ_{k+1}(f) = Δ(d_kw_k + d_{k+1}f(k + 1)w_{k+1} + . . . + d_{k+1}f(n_k)w_{nk} ),

where for each j = k + 1, . . . , n_k, f(j) ∈ [−q_{k+1}, q_{k+1}] = A_{k+1}, thus d_{k+1}f(j) ∈ [−q_k, q_k] = A_k, and so Δ_{k+1} is a partial colouring of the (k + 1)-th row of N_k. By the choice of n_k, there exists h = (h(k + 1), . . . , h(n_k)) ∈ [A_{k+1}]

(_{nk−k}

n_{k+1}−k ) , so that sp(h) is monochromatic. Fix such an h with parameters λ_{k+1}, . . . , λ_{nk+1} ; name the set of fixed coordinates C_k = {i : h(i) ∈ A_{k+1}}, and the sets of moving coordinates by C_{k+1} = {i : h(i) = λ_{k+1}}, . . ., C_{nk+1} = {i : h(i) = λ_{nk+1} }. By the notation used for parameter sets, we have k < min(C_{k+1}) < min(C_{k+2}) < . . . < min(C_{nk+1} ) and that all the C_i’s are pairwise disjoint.

Translating this, there exists S_k ⊂ R_k(N_k), of the form

S_k= d_kw_k + d_{k+1} ∑ i∈C_k

h(i)w_i + λ_{k+1} ∑ i∈C_{k+1}

d_{k+1}w_i + . . . + λ_{nk+1} ∑ i∈C_{nk+1}

d_{k+1}w_i

: λ_{k+1}, . . . , λ_{nk+1} ∈ A_{k+1}

= d_{k+1} ( d_{k+1}w_k + ∑ i∈C_k

h(i)w_i ) + λ_{k+1} ∑ i∈C_{k+1}

d_{k+1}w_i + . . . + λ_{nk+1} ∑ i∈C_{nk+1}

d_{k+1}w_i

: λ_{k+1}, . . . , λ_{nk+1} ∈A_{k+1}

which is monochromatic.

Set z_k = d_{k+1}w_k + ∑ i∈C_k h(i)wi and for each j = k + 1, . . . , nk+1, put

z_j = ∑ i∈C_j dk+1wi. Define

N_{k+1} = N_{k+1}(d_{k+1}w_0, d_{k+1}w_1, . . . , d_{k+1}w_{k−1}, z_k, . . . , z_{nk+1} )_{qk+1,dk+1} ,

which we claim is an (n_{k+1}, q_{k+1}, d_{k+1})-set. To see that N_{k+1} is indeed an (n_{k+1}, q_{k+1}, d_{k+1})-set, we need to show that N_{k+1} consists of non-negative integers. For this it suffices to show that N_{k+1} ⊂ N_k. Claim: N_{k+1} ⊂ N_k.

Proof of Claim: By construction, R_k(N_{k+1}) = S_k ⊂ R_k(N_k) and so R_k(N_{k+1}) is a (monochromatic) subset of N_k ⊂ N_0. For each j = 0, . . . , k − 1,

R_j (N_{k+1})

= R_j ( N_{k+1}(d_{k+1}w_0, d_{k+1}w_1, . . . , d_{k+1}w_{k−1}, z_k, . . . , z_{nk+1} )_{qk+1,dk+1} )

= d_{k+1}(d_{k+1}w_j ) + k−1∑

i=j+1

λ_id_{k+1}w_i +

n_{k+1}∑

i=k λ_iz_i : λ_{j+1}, . . . , λ_{nk+1} ∈ A_{k+1}

⊂ d_kw_j + k−1∑

i=j+1

λ^′_iw_i +

n_{k+1}∑

i=k λ^′_iz_i : λ^′_{j+1}, . . . , λ^′_{nk+1} ∈ A_k

= R_j (N_k(w_0, w_1, . . . , w_{nk} )_{qk,dk} ) ,

since for each i = j + 1, . . . , k − 1, λ_i ∈ A_{k+1} implies that λ_id_{k+1} = λ^′_i ∈ A_k.

To complete the proof of the claim that N_{k+1} ⊂ N_k, it remains to see that for any j > 0, we have R_{k+j} (N_{k+1}) ⊂ N_k. To check this, fix j > 0 and let x ∈ R_{k+j} (N_k) be arbitrary, given by

x = d_{k+1}z_{k+j} + ξ_{k+j+1}z_{k+j+1} + . . . + ξ_{nk+1} z_{nk+1}

where each ξ_i ∈ A_{k+1} is fixed. Then

x = d_{k+1} ∑ i∈C_{k+j}

d_{k+1}w_i + ξ_{k+j+1}d_{k+1} ∑ i∈C_{k+j+1}

w_i + . . . + ξ_{nk+1} d_{k+1} ∑ i∈C_{nk}

w_i

which is an element of R_{min(Ck+j )}(N_k) ⊂ N_k, because min(C_{k+j} ) is indeed the smallest element of ∪^{nk+1}_{i=k+j} C_i. This concludes the check that R_{k+j} (N_{k+1}) ⊂ N_k, and hence the proof of the claim that N_{k+1} ⊂ N_k.

Claim: Each of the rows R_0(N_{k+1}), . . . , R_k(N_{k+1}) are monochromatic. Proof of Claim: We have shown that for each j = 0, . . . , k − 1, R_j (N_{k+1}) ⊂ R_j (N_k) holds and since each for j < k, R_j (N_k) is monochromatic by assumption, so is each R_j (N_{k+1}). By construction, S_k = R_k(N_{k+1}) is monochromatic, finishing the proof of the claim. End of recursion step.

Observe that q_{rm} = p, d_{rm} = c. Using the above recursion, find successively N_1 ⊃ N_2 ⊃ . . . ⊃ N_{rm}, where,

N_{rm} = N_{rm}(y_0, y_1, . . . , y_{rm})_{p,c} ⊂ N_0

is an (rm, p, c)-set with each of the rows R_0(N_{rm}), R_1(N_{rm}), . . ., R_{rm−1}(N_{rm}) monochromatic under Δ. Since R_{rm}(N_{rm}) = {cy_{rm}} is a single element, it is also monochromatic. Hence all rm+1 rows of N_{rm} are monochromatic. By the pigeonhole principle, there exists a subfamily of m+1 rows R_{i0} (N_{rm}), R_{i1} (N_{rm}),

. . ., R_{im} (N_{rm}), all of which receive the same colour. In this case, since the leading generator in each R_i(N_{rm}) is y_i, then

M = M(y_{i0} , y_{i1} , . . . , y_{im} )_{p,c} ⊂ N_{rm}

is the desired monochromatic (m, p, c)-set. �

5 Independent sets in K_k-free graphs

For a set S let [S]^2 denote the set of unordered distinct pairs of elements of S. Let G = (V (G), E(G)) be a graph on vertex set V (G) with edges E(G) ⊂ [V (G)]^2. A subset X ⊂ V (G) is said to be independent in G if [X]^2 ∩E(G) = ∅. The complete graph on n vertices is denoted by K_n.

Erdős [7] and Hajnal (see [8]) inspired questions about arithmetic structure on independent sets in K_k-free graphs on N. For example, in a triangle-free graph on N, can one always find an independent set of the form x, y, x + y? Luczak, Rodl and Schoen [15] proved that in any K_k free graph on N, arbitrarily large finite sum-sets could be found independent. In [6] certain infinite analogues were discussed. In [10], arbitrarily large multiple arithmetic progressions could be found independent and arithmetic progressions together with their difference, also independent. Many, including Deuber, Leader, Prömel, Rodl, and this author have been actively pursuing the question: If G is a K_kfree graph on N, can one solve any partition regular system of equations in an independent set, that is, are there arbitrarily large independent (m, p, c)-sets? In the next section appears only one step to answering this question in the affirmative. We now look at some of the techniques in [10], since one of these is a notion central to the proof in the next section.

The following guarantees independent lines in a Hales-Jewett cube whose elements are vertices of a K_k-free graph.

Theorem 5.1 ([10]) Given k and alphabet A = {a_1, a_2, . . . , a_l}, with l ≥ 2 letters, there exists n so that for every K_k-free graph G = (A^n, E(G)), there exists h ∈ [A]

(_n 1 ) so that sp(h) is independent in G.

Just as van der Waerden’s theorem follows directly from the Hales-Jewett theorem, the following is a direct consequence of Theorem 5.1.

Corollary 5.2 ([10]) Given k and ℓ, if G is a K_k-free graph on the positive integers, then there exists a ℓ-term arithmetic progression which is independent in G.

Generalizing Theorem 5.1 from lines to spaces was done by replacing the alphabet A with A^p, however we give the direct proof here for completeness.

Theorem 5.3 ([10]) Given k, p, and alphabet A with |A| = l ≥ 2 letters, there exists n = IS(|A|, k, p) so that for every K_k-free graph G on vertex set A^n, there exists h ∈ [A]

(_n p ) so that sp(h) = h ∘ [A]

(_n 0 ) is independent in G.

Proof: Fix m ≥ k − 1 and put n = GR(|A|, p, mp,

(_lp 2 ) + 1). Suppose that G is a graph on A^n which is K_k-free. Let C = {{w, z} : w ∈ A^p, z ∈ A^p, w ≠ z} and fix some linear order ≺ on these

(_lp 2 ) pairs. Define a colouring Δ : [A]

(_n p ) −→ C ∪ {0} of each h ∈ [A]

(_n p ) according to where edges first occur in sp(h) as follows:

Δ(h) = { {w, z} if {w, z} is least in (C, ≺) so that (h ∘ w, h ∘ z) ∈ E(G), 0 if E(G) ∩ [sp(h)]^2 = ∅.

So Δ(h) = 0 means that no edge occurs in the graph induced by sp(h). Under this colouring, guaranteed by the choice of n, fix f ∈ [A]

(_n mp ) and c ∈ C ∪ {0} so that for each g ∈ [A]

(_{mp} k ) , Δ(f ∘ g) = c. We want to show that c = 0.

Seeking a contradiction, suppose that c ≠ 0. Then c = {w, z} for some fixed words w, z ∈ A^p, that is, for every h ∈ f ∘ [A]

(_{mp} p ) , Δ(h) = {w, z}. We now need to describe some particular parameter words g_{i,j} , and to do this simply, we give two local definitions. Let ξ ∈ [∅]

(_p p ) be an abbreviation for the word (ξ_1, . . . , ξ_p). We also use the notation xy to mean simple concatenation of two parameter words, x and y; for example, ww = (w(1), . . . , w(p), w(1), . . . , w(p)) and ξξ = (ξ_1, . . . , ξ_p, ξ_1, . . . , ξ_p). Now for each 0 ≤ i ≤ j ≤ m, examine the word g_{ij} = ww · · · w i copies ξξ · · · ξ j−i zz · · · z m−j .

Notice that when i ≠ j, g_{i,j} ∈ [A]

(_{mp} p ) , and for each i, g_{i,i} ∈ [A]

(_{mp} 0 ) . Put h_{i,j} = f ∘ g_{i,j} . We claim that the m + 1 vertices of the form h_{i,i}, i = 0, 1, . . . , m determine a complete graph. To see this, observe that for every i < j,

h_{i,i} = h_{i,j} ∘ z ∈ sp(h_{i,j} )

h_{j,j} = h_{i,j} ∘ w ∈ sp(h_{i,j} ),

and since Δ(h_{i,j} ) = {w, z}, (h_{i,i}, h_{j,j} ) ∈ E(G). Thus we obtain a complete graph on m + 1 vertices, a contradiction since m + 1 ≥ k.

Hence c = 0, and so there exists g ∈ [A]

(_{mp} p ) so that for h = f ∘ g, Δ(h) = 0, that is, sp(h) = h ∘ [A]

(_p 0 ) is independent. In fact, for the case p = 1, for all g ∈ [A]

(_m 1 ) , sp(f ∘ g) is an independent set. �

For integers s and ℓ, a s-fold arithmetic progression of length l is a set of integers of the form {a_0 + λ_1a_1 + λ_2a_2 + . . . + λ_sa_s : λ_1, . . . , λ_s ∈ [0, l − 1]}. Just as Corollary 5.2 was an easy consequence of Theorem 5.1, so too the next result follows from Theorem 5.3.

Corollary 5.4 ([10]) For every k, s ≥ 1, and l ≥ 2, there exists an n so that for any K_k-free graph G on [1, l^n], there is an s-fold arithmetic progression of length l which forms an independent set in G.

6 Independent rows of (m, p, c)-sets

Theorem 6.1 For every k, m, p, c there exists n, q, d so that for any (n, q, d)- set N = N(x_0, . . . , x_n)_{q,d} and any K_k-free graph G on N, there exists an (m, p, c)-set M = M(y_0, . . . , y_m)_{p,c} so that

(1) each row of M is an independent set in G, and (2) there are disjoint sets J_0, J_1, . . . , J_m with min(J_0) < min(J_1) < · · · < min(J_m) and constants β_{i,j} so that y_0 = ∑ j∈J_0 β0,j xj , . . . , ym = ∑ j∈J_m βn,j xj ;

so for i < j, R_i(M) is contained in an earlier row of N than is R_j (M).

Proof: The proof is similar to that of the parameter set proof for Deuber’s partition theorem for (m, p, c)-sets, except that rather than using the Hales- Jewett theorem at each step, we invoke Theorem 5.3.

Assume, without loss of generality, that p > c. For each s = 0, 1, . . . , m, define q_s = c^{2m−s−1}p, d_s = c^{2m−s} and let A_s = [−q_s, q_s]. Note that for each s ≥ 1, d_{s−1} = d^2_s, q_{s−1} = q_sd_s, and A_s ⊂ A_{s−1}. Using the notation in Theorem 5.3, let m + 1 = n_m < n_{m−1} < . . . < n_1 < n_0, satisfy the recursion

n_s − s = IS(|A_{s+1}|, k, n_{s+1} − s)

for each s = 0, 1, . . . , m − 1. Put n = n_0, q = q_0, d = d_0 and let N = N_0 = N_0(x_0, x_1, . . . , x_{n0} )_{q,d} be an (n, q, d)-set, and let G be a K_k-free graph with vertex set N.

Recursion step: For some s ≥ 0, assume we have found an (n_s, q_s, d_s)-set

N_s = N_s(w_0, w_1, . . . , w_{ns} )_{qs,ds} ⊂ N_0

where for each i < s, R_i(N_s) is an independent set (note that for s = 0, this is a vacuous assumption). Furthermore, assume that for each i = 0, 1, . . . , n_s, we have w_i = ∑ j∈I_i βi,j xj where each βi,j ∈ [−q0, q0], then the Ij ’s are disjoint,

and min(I_j ) < min(I_j′ ) whenever j < j^′ (note that in the case s = 0, each w_j = x_j where I_j = {j}, and so this assumption is again trivial).

Examine the function α_{s+1} : [A_{s+1}]

(_{ns−s} 0 ) −→ R_s(N_s) defined by

α_{s+1}(f(s + 1), . . . , f(n_s)) = d_sw_s + d_{s+1}f(s + 1)w_{s+1} + . . . + d_{s+1}f(n_s)w_{ns} ,

where for each j = s + 1, . . . , n_s, f(j) ∈ [−q_{s+1}, q_{s+1}] = A_{s+1}, and thus d_{s+1}f(j) ∈ [−q_s, q_s] = A_s. By choice of n_s, there exists h ∈ [A_{s+1}]

(_{ns−s}

n_{s+1}−s ) , so that sp(h) is independent. Fix such an h with parameters λ_{s+1}, . . . , λ_{ns+1} and put C_s = {i : h(i) ∈ A_{s+1}}, C_{s+1} = {i : h(i) = λ_{s+1}}, . . ., C_{ns+1} = {i : h(i) = λ_{ns+1} }. Note that min(C_{s+1}) < min(C_{s+2}) < . . . < min(C_{ns+1} ) and that the C_i’s are pairwise disjoint. This means that there exists S_s ⊂ R_s(N_s), of the form

S_s= d_sw_s + d_{s+1} ∑ i∈C_s

h(i)w_i + λ_{s+1} ∑ i∈C_{s+1}

d_{s+1}w_i + . . . + λ_{ns+1} ∑ i∈C_{ns+1}

d_{s+1}w_i

: λ_{s+1}, . . . , λ_{ns+1} ∈ A_{s+1}

= d_{s+1} ( d_{s+1}w_s + ∑ i∈C_s

h(i)w_i ) + λ_{s+1} ∑ i∈C_{s+1}

d_{s+1}w_i + . . . + λ_{ns+1} ∑ i∈C_{ns+1}

d_{s+1}w_i

: λ_{s+1}, . . . , λ_{ns+1} ∈ A_{s+1}

which is independent. Set z_s = d_{s+1}w_s + ∑ i∈C_s

h(i)w_i

and for each j = s + 1, . . . , n_{s+1}, put z_j = ∑ i∈C_j ds+1wi. Define

N_{s+1} = N_{s+1}(d_{s+1}w_0, d_{s+1}w_1, . . . , d_{s+1}w_{s−1}, z_s, z_{s+1}, . . . , z_{ns+1} )_{qs+1,ds+1} ,

To see that N_{s+1} is indeed an (n_{s+1}, q_{s+1}, d_{s+1})-set, we need to show that N_{s+1} consists of non-negative integers, for which it suffices to show that N_{s+1} ⊂ N_s. By construction, R_s(N_{s+1}) = S_s ⊂ R_s(N_s) and so R_s(N_{s+1}) is a (independent) subset of N_s. It is also easy to see that for each j = 0, . . . , s − 1, R_j (N_{s+1}) ⊆ R_j (N_s). Now for some j ≥ 1, let x ∈ R_{s+j} (N_{s+1}) be arbitrary and given by

x = d_{s+1}z_{s+j} + η_{s+j+1}z_{s+j+1} + . . . + η_{ns+1} z_{ns+1}

where each η_i ∈ A_{s+1} is fixed. Then

x = d_{s+1} ∑ i∈C_{s+j}

d_{s+1}w_i + η_{s+j+1}d_{s+1} ∑ i∈C_{s+j+1}

w_i + . . . + η_{ns+1} d_{s+1} ∑ i∈C_{ns}

w_i

and since min(C_{s+j} ) is indeed the smallest element of ∪^{ns+1}_{i=s+j} C_i, we have

x ∈ R_{min(Cs+j )}(N_s) ⊂ N_s.

Hence R_{s+j} (N_{s+1}) ⊆ N_s, and so N_{s+1} ⊂ N_s.

We have noted that for each j = 0, . . . , s−1, R_j (N_{s+1}) ⊂ R_j (N_s) holds, and since each for j < s, R_j (N_s) is an independent set by assumption, so is each R_j (N_{s+1}). By construction, S_s = R_s(N_{s+1}) is an independent set, and so each of the rows R_0(N_{s+1}), . . . , R_s(N_{s+1}) are independent sets. Lastly, since the sets of coordinates C_i were disjoint and the sets I_i were disjoint, the generators of

N_{s+1} are linear combinations over disjoint collections of x_j ’s. This completes the recursion step.

Observe that for s = m, we have q_s = p, d_s = c. Using the above recursion, find successively N_1 ⊃ N_2 ⊃ . . . ⊃ N_m = M, where M = (z_0, z_1, . . . , z_m)_{p,c} ⊂ N_0 is an (m, p, c)-set and each of the first m rows R_0(M), R_1(M), . . . , R_{m−1}(M) are independent sets. We also observe that R_m(M) consists of a single element, and so is also an independent set. Hence all m + 1 rows of M are independent sets. �

Acknowledgements While at SFB 343, Bielefeld, Walter Deuber outlined to me both a proof of Rado’s conjecture and the parameter set proof for his partition result for (m, p, c)-sets; he encouraged me to write down the details for each. He also suggested how similar techniques might prove helpful in attacking questions on independent sets in graphs on the natural numbers; he was indeed correct and I am glad that he saw an early draft.

A large debt of gratitude is owed to Hans Jürgen Prömel for allowing me to expand from his Habilitationsschrift and for many helpful comments on early drafts. Thanks also to Neil Hindman, Hanno Lefmann, Imre Leader, and Vojtech Rodl for helpful discussions. Many of the above mentioned indicated to me how Theorem 6.1 surely followed from a parameter set proof, and I thank them all for allowing me the privilege of writing it down.

References

[1] V. Bergelson, W. Deuber, and N. Hindman, Rado’s theorem for finite fields, in “Proceedings of the conference on sets, graphs, and numbers, Budapest, 1991,” Colloq. Math. Soc. Janos Bolyai 60 (1992), 77–88.

[2] V. Bergelson, W. Deuber, N. Hindman, and H. Lefmann, Rado’s theorem for commutative rings, J. Combin. Th. Ser. A 66 (1994), 68–92.

[3] W. Deuber, Partitionen und lineare Gleichungssysteme, Math. Z. 133 (1973), 109–123.

[4] W. Deuber, Developments based on Rado’s dissertation “Studien zur Kombinatorik”, in Surveys in combinatorics, 1989, L.M.S. Lecture notes series 141, Cambridge University Press, 1989.

[5] W. Deuber, personal communication, 1995, Bielefeld.

[6] W. Deuber, D. S. Gunderson, N. Hindman and D. Strauss, Independent finite sums for K_m-free graphs, J. Combin. Th. Ser. A 78 (1997), 171–198.

[7] Personal communication at CERN, Marseilles, France, 4 September 1995.

[8] P. Erdős, A. Hajnal, and J. Pach, On a metric generalization of Ramsey’s Theorem, Israel J. Math. 101 (1997), 283–295.

[9] P. Frankl, R. L. Graham, and V. Rödl, Quantitative theorems for regular systems of equations, J. Combin. Th. Ser. A 47 (1988), 246– 261.

[10] D. S. Gunderson, I. Leader, H. J. Prömel, V. Rödl, Independent arithmetic progressions in clique free graphs on the natural numbers, to appear in J. Combin. Th. Ser. A.

[11] R. L. Graham and B. L. Rothschild, Ramsey’s theorem for nparameter sets, Trans. Amer. Math. Soc. 159 (1971), 257–292.

[12] A. W. Hales and R. I. Jewett, Regularity and positional games, Trans.

Amer. Math. Soc. 106 (1963), 222–229.

[13] N. Hindman and H. Lefmann, Partition regularity of (M, P, C)- systems, J. Combin. Th. Ser. A 64 (1993), 1–9.

[14] K. Leeb, A full Ramsey theorem for the Deuber category, in Infinite and finite sets II (A. Hajnal, R. Rado, V. Sós, eds.) (Colloq. Math. Soc. János Bolyai 10), North Holland, Amsterdam, 1975, 1043–1049.

[15] T. Luczak, V. Rödl, and T. Shoen, Independent sums in graphs defined on the natural numbers, Discrete Math. 181 (1998), 289–294.

[16] H. J. Prömel, Ramsey theory for discrete structures, Habilitationsschrift, Bonn, 1987.

[17] H. J. Prömel, Walter Deuber 1942–1999, to appear in European J.

Combin.

[18] H. J. Prómel and B. Voigt, Aspects of Ramsey-theory II: Arithmetic progressions, Report No. 87497-OR, Forschungsinstitut für Diskrete Mathematik, Universität Bonn, Germany, March 1989.

[19] H. J. Prömel and B. Voigt, Graham-Rothschild parameter sets, in Mathematics of Ramsey Theory, (J. Nesetril, V. Rödl, eds.) Springer- Verlag, 1990, 113–149.

[20] R. Rado, Studien zur Kombinatorik, Math. Z. 36 (1933), 424–480.

[21] R. Rado, Note on combinatorial analysis, Proc. London Math. Soc.

48 (1943), 122–160.

[22] M. Schröder, Partition regular systems of linear inequalities, PhD Dissertation, Universität Bielefeld, Germany, December 1996.

[23] I. Schur, Uber die Kongruenz x^m+y^m ≡ z^m (mod p), Jber. Deutsch.

Math. Verein 25 (1916), 114–116.

[24] B. L. van der Waerden, Beweis einer Baudetschen Vermutung, Nieiw.

Arch. Wisk. 15 (1927), 212–216.