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Short Answer

1. (a)[3] Write the following expression using sigma notation with an index starting at 1:

1

2
+

2

3
+

3

4
+ · · ·+ n

n + 1
.

(b)[3] Write out the first three and last three terms of the sum
12∑

k=−2

k3(k − 2).

2. Answer, and give a reason for your answer, for each of the following:

(a)[2] Must a polynomial of degree 2010 have a real zero?

(b)[2] Must a polynomial of degree 2011 have a real zero?

(c)[3] Does the polynomial 1 + x2 + x4 + x6 + · · ·+ x100 have a real zero?
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3. Let A =

(
0 1

0 1

)
, B =

(
1 2 5

3 −4 −1

)
. Compute each of the following or state why it

cannot be done.

(a)[2] BAT

(b)[2] BT A2

(c)[2] (2A + 3I2)B

(d)[2] B3 −B2

4.[4] The augmented matrix of a system of equations in variables x1, x2, x3, x4 has the Row-
Echelon form given below. Write down its solution. 1 1 0 1 3 1

0 0 1 1 2 2

0 0 0 1 1 −3

 .
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5. Give all possibilities in each case, and briefly justify each answer.

(a)[4] How many solutions can a system of n equations in n variables have if its coefficient
matrix is nonsingular?

(b)[6] How many solutions can the system have if it is homogeneous and its coefficient matrix
is singular?

(c)[4] How many solutions can the system have if it is nonhomogeneous and its coefficient
matrix is singular?
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Long Answer

6.[12] Prove using mathematical induction that for every n ≥ 1,(
1 1

0 2

)n

=

(
1 2n − 1

0 2n

)
.
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7.[8] Find all rational zeros of the polynomial f(x) = 2x3 − 5x2 − 4x + 3. Show all essential steps
in your derivation of the answer.

8.[10] Express z =
(

1+
√

3i
1−
√

3i

)10

in Cartesian form.
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9.[8] Solve the system of equations

x + 8z = 1

x + y + 6z = 2

−2y + 4z = 3,

by putting its augmented matrix into reduced row echelon form.
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10. (a)[8] Find the adjoint of the matrix A =

 2 2 2

4 6 5

6 3 3

.

(b)[2] Given that det A = −6, how do we know that A is invertible?

(c)[2] Find A−1.

(d)[3] Use your answer to (b) above to solve the system of equations

2x + 2y + 2z = 0

4x + 6y + 5z = 2

6x + 3y + 3z = −6
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11.[8] Determine if the following vectors are linearly dependent or independent:

[1, 1, 1, 1], [1, 2, 0,−2], [0, 1, 1, 3], [1,−1, 2, 0].
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12. (a)[6] Find parametric equations for the line in E3 passing through the points X(1, 2,−3) and
Y (2, 2, 0).

(b)[6] Find an equation, in standard form, for the plane passing through the points A(1, 1, 0)

and perpendicular to the line obtained in part (a), in E3.
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13.[10] Find all the eigenpairs of the linear transformation on E3 defined by

T [x, y, z] = [y + z,−x + 2y + 3z, 3z].
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