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[30] 1. Evaluate and simplify to Cartesian form:
(a) (70 — 3)

Solution: *(7i — 3) = i*® - i3(=7i — 3) = (i")"?(—i)(~7i — 3) = —7 + 3i

31+ 4

(b) 2+ 5i

J3i+4 3i+4 2—-5i 6:+8+15-200 23 14,

Solution: - = - . - = = 7
2451 245 2-—5 22 + 52 29 29

9
' 219
: 14+ \° ﬂ(% x/%l> 2ex’ 1 =]
Solution: — ) = = | /| =|—=e 1"
z—\/g ;
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[10] 2. Express the sum

1 2+4
9

5 7

§ 16 32 64 128 256 512 1024

11+ 13 15 17 19 21 23 * 25

in sigma notation.

10 k 11 1
2 b1 2

. ) k : ) -
Solution 1: %(—1) T Solution 2: ;(_D %13

Other solutions are possible.

[18] 3. Evaluate the sum
22

>[5k —4)* +7]

k=11

using any of the following identities that you may find relevant:

po 2 p 6 4

ijzw ij.Q:n(n—i—l)(Zn—l—l), ij3:n2(n+l)2

Solution 1: Using the change of variables, j =k —4,

22 18 18 18
D Bk-4P+7=> (6 +7)=5) F+7Y 1
k=11 Jj=7 Jj=7 J=7

18 6
182.19%2 62-72
_ -3 -3 _
_5<§j—§j>+7~12_5( TR >+84
j=1 j=1

62
:5-1(32-192—72)+84:5-9-(3-19—7)(3-19+7)+84
=5-9-50-64+84 =1000-9-16 + 84 = 144084

22 22
Solution 2: Y "[5(k —4)* + 7] = Y [5(k* — 12k* + 48k — 64) + 7]
k=11 k=11

22 22 22 22 22
=) (5k® — 60k> + 240k —313) =5 Y k*—60 Y k*+240) k—313) 1

k=11 k=11 k=11 k=11 k=11

22 10 22 10 22 10
5 (Zk3 —Zkf”) — 60 (Z!& —Zk2> + 240 (Zk—Zk) —313-12
k=1 k=1 k=1 k=1 k=1 k=1

222.232 102112 22-23-45 10-11-21 22-23 10-11
=5 ( - ) -oo( - ) o (220 o

4 4 6 6 2 2
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[22] 4. Find all solutions of the equation
2 4+324+9=0.

Express your answers in exponential form.

Solution: Set y = z*. Then 3?4+ 3y + 9 = 0. Hence

—3+v32-4-9 =3+£/-27 3
y: —= =

2 2 2

This leads to:

3v/3
ini.

2m 11/3 2w | 2km ),
2= [3@(7+2kﬂ)z] P B (k=0,1,2).

Therefore the first three solutions are:

3 27 . 3 87 3 1dn 3 _ 4w,
2=+/3e3", z=+3e5", andz = V3e 9" =3 3"

This leads to:

s 11/3 s T\,
z= [36(_%”’”)2] / = \s/ge(_%jL%)Z’ (k=0,1,2).

Therefore there are three more solutions:

3 _ 27 3 4, 3 107 » 3 _8m,
z=V3e 9, z=v3e5",andz=V3e 9 =3 5",

In total, there are six solutions: z = v/3eT5%, 2 = v/3e* 9, and z = V/3eT5°.
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20] 5. Use mathematical induction to prove that
p
>
3"
for every integer n > 3.
Solution: First, we show that the given inequality holds for n = 3:

>!

J=1

<

.| =
OOII\D

Equivalently,

11
14241 co
t3T3

11
This inequality holds since its left-hand side is equal to e

Next, suppose that the given inequality holds for n = k£, where k > 3:

>!

J=1

< Zk. (1)

=
wl N

We will show that the given inequality must hold for n =k + 1:

i 2(k+1). )

Starting from the left-hand side of (2), in view of the inductive hypothesis (1),

U 53]_ L2
j i) T kvl T3 Tk

Jj=1 J=1

17

Therefore, in order to prove (2), it suffices to show that

9 !
Skt < =k
+k+1<3(+) (3)

2
By subtracting gkz from both sides, the last inequality is simplified, and is equivalent

to:
1 2

_— < .
k+1 3
3
Since this is equivalent to k£ + 1 > 5 the inequality (3) obviously holds for £ > 3. Thus
(2) is proved.

Therefore, by the principle of mathematical induction, the given inequality holds for
every integer n > 3.



