MATH 1210 Assignment 3 Solutions Fall 2012

1. Given the vectors u = (3,1), v = (2,—4), and w = (5,—2), find scalars a and b such that
w = au + bv.

If we substitute components for the three vectors, we obtain
(5,-2) = a(3,1) + b(2,—4).
We now equate z- and y-components of these vectors,
5=3a+2b, —2=a—4b.
The solution of these equations is a = 8/7 and b= 11/14.

2. Show that the lines

r=1-—1, x =34 5s/2,
y=—3+3t, and y=2+417s/2,
z =2+ 4t, z =05+ s,

intersect, and find the acute angle between them.

When we equate x and y-values, we obtain
l—t:3+%, —3+3t:2+%.

The solution of these equations is ¢ = 1/2 and s = —1. These give z = 1/2 and y = —3/2. Both
equations for z gives z = 4 and the point of intersection of the lines is therefore (1/2,—-3/2,4).
Vectors along the lines are (—1,3,4) and (5,7,2). If 6 is the angle between the lines, we can write
that

(—1,3,4) - (5,7,2) = |(—1,3,4)[[(5,7,2)| cos .

—1(5) + 3(7) + 4(2) 24 12 )
= = — 0 = Cos” "———= = 1.01 radians.
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3. Find the components of all vectors v which have length 2 and are perpendicular to both the lines
r=44+3t,y=2—t,z=14+5tandz—y+2=2, 3z + 2y —4z=6.

A vector along the second line is

i j Kk
v=_[1 -1 1 |=(27,5).
3 2 —4
Since a vector along the first line is u = (3, —1,5), a vector perpendicular to both lines is
i j k
uxv=|3 —1 5|=(-40,-5,23).
2 7 5
A unit vector in this direction is
(—40,-5,23)  (—40,-5,23)
/1600 + 25 + 529 V2154
There are two vectors of length 2 perpendicular to both lines, namely,
2(—40, -5, 23
i—< — >

V2154

4. Find the equation of the plane, simplified as much as possible, that contains the point where the
line x = —1+4 2t, y = —4 + 2t, z = 1 — 4t intersects the xz-plane, and is perpendicular to the line
zr+1 3y+1 1-2z
36 4

To find where the line intersects the zz-plane, we set
O=y=—-4+2t = t=2.

This gives the point (3,0, —7). When we write the symmetric equations of the second line in the
form
r+1 y+1/3 2z-1/2
32 =2
we see that a vector along the line is (3,2,—2). Since this vector is normal to the plane, the
equation of the plane is

3(x—3)+2(y)—2(2z+7)=0 = 3x + 2y — 2z = 23.



5. Find, if possible, the equation of a plane containing the two lines

rT—y+22=09, d 20 +y — 4z = —12,
an
20 +y — 3z = -9, T+ 3y + 5z = 10.

For the lines to determine a plane, they must either be parallel or intersect. Since vectors along
the lines are

i j k ij k
u=|1 -1 2 |=(1,73), v=1|2 1 —4|=(17,-14,5),
2 1 -3 1 3 5

and these vectors are not multiples of each other, the lines are not parallel. To determine whether
the lines intersect, we solve all four equations simultaneously. The augmented matrix is

1 -1 2 9 1 -1 2 9
2 1 3| -9 | Re— —2R1+ Ry N 0 3 —7|-27
2 1 —4|-12 | R3 — —2R; + R3 0 3 —-8]|-30
1 3 5 10 R4 — —R1 + R4 0 4 3 1 R4 — —R2 + R4
1 -1 2 9 1 -1 2 9 Ry —- Ry + Ry
. 0 3 —7|-27| Rs — Ry 0 1 10| 28
0 3 -=-8]-30 0 3 —-8]-30| Rz — —3R2+ R3
0 1 10 28 R4 - R2 0 3 =7 | =27 R4 — —3R2 + R4
1 0 12 37 1 0 12|37\ Ry — —12R3+ R
. 0 1 10 28 . 0 1 10|28 | Ry — —10R3 + R»
0 0 —38|—114 | R3 — —R3/38 00 1|3
0 0 =37|-111/ Ry — —Ry4/37 00 1|3 Ry — —Rs+ Ry
1 0 0| 1
N 0 1 0f-2
0 0 1] 3
0 0 0| O
The lines therefore intersect at the point (1,—2,3). A vector normal to the plane is

17 —14

The equation of the plane is therefore

T7(x—1)+46(y+2)—133(z—3) =0 = 77z +46y — 1332 = —414.



6. (a) Prove that if A, B, and C are three points in space, then the area of triangle ABC can be
calculated with the formula

Area of AABC = %|AB x AC].

(b) Use the formula in part (a) to find the area of the triangle with vertices (2,0, —-3), (1,5,6), and
(—1,3,4).

(a) From the figure below, we can say that

1 1 1
Area of AABC = §|AB|h = §|AB||AC|sin9 = §|AB x AC].

y

(b) If we denote the vertices by A(2,0,—3), B(1,5,6) and C(—1,3,4), then the area of the triangle
is

1 1|1
JIAB x AC| = < || -1
2 2

1 1
= 51(8,-20,12)| = 2614400 + 144 = VI5L.
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