Midterm Examination for Math 1210 60 minutes

INSTRUCTIONS:
. No aids permitted.
. Attempt all questions.

. If insufficient space is provided for a solution to a problem, continue your work on the blank
page at end of the examination. Clearly indicate that you have done so. Do not remove this page.

. Check that your examination booklet contains ten questions.
. Fill in the information requested below.

Student Name (Print):

Student Signature:

Student Number:

Circle your instructor’s name: D. Kalajdzievska S. Kalajdzievski D. Trim
Question Maximum Assigned Question Maximum Assigned
Mark Mark Mark Mark
1 10 6 4
2 6 7 4
3 5 8 4
4 6 9 3
5 3 10 3
Total 30 Total 18

Examination Total /48



10 1. Use mathematical induction to prove that

1+2(2)+3(2%) +42) +---+n@2" H =14+ n+ 12" —2"T1 n>1.

When n =1, L.S. = 1 and the R.S. = 1 + (2)2! — 22 = 1. Thus, the formula is correct for n = 1.
Suppose that the formula is valid for some integer k; that is,
14+2(2) +3(22) +4(2%) + -+ k2" 1) = 1+ (k + 1)2F — 2FL,
We must now prove that the formula is valid for £ + 1, that is, we must prove that
14+2(2)+3(2%) +4(2%) + -+ (k+1)(2%) = 1 + (k + 2)2Ft! — 2F+2,

The left side of this equation is

LS. = [14+2(2)+3(2%) +4(2%) + -+ k2" Y + (k+1)(2")
= [1+ (k+1)2F —2F1) 4 (k +1)(27)
=14 2(k+ 1)2F — 2~ +!
= 14 (k+1)2FF — okt!
=1+ (k+ 2)2k+1 _ gk+1l _ gk+1
=14 (k+2)2Ft! — oF 2

Since the formula has been proved for k + 1, it follows by the principle of mathematical induction,
that is valid for all n > 1.



6 2. Evaluate the summation
45

> (i —1).

i=20
Do not simplify your answer. You may use any of the following formulas,

n

oonn+1 2 n+1 2n+1 n+1
)] Z Jen 1) Z‘”’ 2

i=1

We write that

45 45 19
> (i*—1) —2(41'2—1) =) -1
=20 =1
19
[4212—45] [42#—19]
[445(4(; 45] B [419(2%)(39) B 19] ‘

5 3. Find the imaginary part of the complex number

simplified as much as possible.

Since 1 — /317 = 26_”/3,
(1- \/gz-)lo _ [2€—m‘/3]10 _ 910,—10mi/3

The imaginary part of this complex number is

-1 2 3
210gin < 307T> = 204in <§> =210 (%) = 29\/3.




6 4. Find all solutions of the equation
zt+1=0.

Express any complex solutions in Cartesian form, simplified as much as possible.

We write

$4 - 1= 1eﬂ'i — eﬂ'i—|—2k7ri (2k+1)ﬂ'i‘

=e
When we take fourth roots, we obtain

e(2k—|—1)ﬂ'i]1/4 _ (2k+1)mi/4

x =
For k£ =0,1, 2,3, we obtain
e™/* = cos <7T + sin <W>z 1 + !
€T — — S —_ S —_ = — —,
0 4 4 2 V2
T eﬂ'3i/4 — oS 3_7T + sin 3_7T j = _L + L
1 - 4 4 - B \/5’
. o 5T 1 )
_ ,7hif4 N o )= =
o e cos<4>+sln<4>z 5 \/5,
. T 7w 1 7
TF7’L/4: N . o -
T3 =e€ cos<4>+sln<4>z 5 \/5
3 5. If A and B are the matrices
3 2 0 1 -2 3
A= -1 4 2|, B=14 6 7],
0O 1 5 2 1 5

what is the (2,3) entry of A2 4 2B7; that is, the entry in the second row and third column.

If we write

3 20 3 20 1 4 2
A242BT = -1 4 2 -1 4 2|+2(-2 6 1],
0 15 0 15 3 75

we see that the (2, 3) entry is
[—1(0) +4(2) + 2(5)] + 2(1) = 20.



4

6. Find a vector of length 3 that is perpendicular to both the y-axis and the vector (3, —1,2).

Since a vector along the y-axis is j = (0,1,0), a vector perpendicular to the y-axis and (3, —1, 2) is

) i j k
Jx <3a_1a2>: 0 1 0 :<2a0a _3>
3 -1 2
A unit vector in this direction is
2,0,—3 1
(2,0,.-3)  _ (2,0, —3).

2)2+(-3)2 V13

A vector of length 3 in this direction is

3
\/—1,3<2, 0, —3).

. Find the equation of the plane that passes through the point (—1,2,4) and is parallel to the plane

8xr — 4y + 2z = 11. Simplify the equation as much as possible.

A vector normal to the given plane is (8, —4,2). Since the required plane is parallel to this plane,
this must also be a normal vector to the required plane. The equation of the required plane is
therefore

8(x+1)—4(y—2)+2(z—4) =0

8r —4y + 2z = -8
dr —2y+2z=—-4



4 8. What do Descartes’ rules of sign predict for the number of positive and negative roots of the
equation

22° — 322 — by = —17

Since P(z) = 22® — 32® — 52 + 1 has 2 sign changes, there is either 2 positive roots or no positive
roots. Since P(—x) = —2z° + 323 + 52 + 1 has one sign change, there is exactly 1 negative root.

3 9. If z is a complex number that satisfies the equation
32° + 2% — 1022 + 5 =0,

what does the bounds theorem predict about the modulus of 7

Since M = 10, the bounds theorem says that

||<10+1 13
T < — = —.
3 3

3 10. According to the rational root theorem, what are the possible rational numbers that can satisfy
the equation

423 — 422 + 52 + 10 = 0?

Since divisors of 10 are +1,+2,+5, +10, and divisors of 4 are +1,+2, £4, possible rational roots
are

1 5 1 5
+1, £2, 45, 10, &=, £=, -, £
2772 T4 4



