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2n
1. [15 points] Prove by induction that foralln > 1, Z 3i —2 = n(6n — 1). Show all your work, use complete
i=1
sentences, and use the style done in class.

Solution: For any integer n > 1, let P, denote the statement, 1 + 447+ 10+ ... + (6n — 2) = n(6n — 1)
2n

which is an equivalent equation to, > 3i — 2 = n(6n — 1).
i=1

Base Case. The statement P, says that, 1 +4 = 5 and 1(6(1) — 1) = 5 are equivalent, which is true.
Inductive Step. Fix £ > 1 and suppose that P, holds, thatis, 1 +4 + 7+ ... 4+ (6k — 2) = k(6k — 1).

It remains to show that P, holds, thatis, 1 +4+7+ ...+ (6(k+1) —2) = (k+1)(6(k+ 1) — 1).

1+44+7+ ..+ 6k+1)—2)=1444+7+ ...+ (6k+4)
=14+4+7+ ..+ (6k—2)+ (6k+1)+ (6k+4)
= k(6k — 1) + (6k + 1) + (6k + 4)
=6k> — k+ 12k +5
=6k + 11k +5
= (k+1)(6k + 5)
= (k+1)(6(k+1)—1).

2n
Thus Py, holds and therefore, by PMI, > 3i — 2 = n(6n — 1) holds for any integer, n > 1.
i=1
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2. (a) [3 points] For any integer k, we introduce the notation k! = k- (k — 1)(k — 2) - - -2, which we call
“factorial k£”. Using this, write
iy Loy !
2 73.2 4-3-2 n-(n—1)--2

in sigma notation (do not evaluate).

Solution:

"1

3. Write the following sums using sigma notation with indexes starting at 1 (do not evaluate):

(@) [3 points] 1—|—1+2—|—4—|—8+ +64
p 6 '3 '3 ' 3"3 3
8 i—1 2 '— 2i—2
Solution: = =
olution Z Z Z 3
=1 =1 =1
1'2 fL‘g 2’54 ZL‘5
b) [4 points] — —_——_—— - - —
(b) [4 points] —x + 5 5 +24 120

Solution: Z

=1
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4. Let f(x) = 2° — 22° + 22° — 3z + 2. Then f(—z) = —2° + 22° + 22° + 3z + 2.

(a) [4 points] Given that ¢ is a root of f(z), write f(x) in the form f(z) = P(x)Qs(x), where P»(z) is an

irreducible quadratic form and );(z) is a cubic polynomial.

Solution: Since i is a zero of f(z), and all the coefficients of f are real, we know that —i is also a

zero. Thus (z — i)(z + i) = 2* + 1 is a factor. Dividing out we get

f(z) = (2* + 1)(2® — 32 + 2).

(b) [4 points] What do Descartes” Rules of Signs say about f(xz)? Be specific, and use complete sentences.

Solution: Since f(z) has 4 sign changes, we know that f(z) has either 4, 2, or 0 positive zeros.

Since f(—z) has 1 sign change, we know that f(x) has 1 negative zero.

(c) [3 points] What does the Bounds Theorem say about f(z)? Be specific, and use complete sentences.

Solution: If z is a zero of f(x), then

|as] 1 '

2] <

(d) [6 points] Taking the results of (a), (b) and (c) into account, use the rational root theorem to list all

possible rational zeros of f(z). Finish by listing all the zeros of f(x) together with their multiplicity if
it is not equal to 1.

Solution: If p/q is a rational root of f(z) = 0 (in lowest terms), then p | 2 and ¢ | 1, and thus
P re1,49).
q

By inspection, Q3(1) = 0, and dividing out we get Q3(z) = 2° — 324+ 2 = (x — 1)(a®* + . — 2) =
(x — 1)(z — 1)(z + 2). Therefore f(x) = (2* + 1)(x — 1)*(z + 2) and so the zeros of f(z) are:

i, —i, 1 (multiplicity 2),and = — 2.
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5. [3 points] Let g(z) = 52° + 42* + kx3 + 222 + x + 1. For what value(s) of k will g(z) have remainder 15

when divided by = — 1?

Solution: 15=¢(1) =5+4+k+2+ 1+ 1=k + 13 and therefore k£ = 2.

6. (a) [3 points] Express z; = v/2 4+ V/2i in exponential form:

Solution: 7 = /2 +2 =4 =2, cos = 2 = § = =. Thus

g
zZ1 = 2e4”’,

(b) [3 points] Express z; =6 (cos (5%) + i sin (%)) in Cartesian form.

Solution:
5m . (5w V3 (1 —V/3+i ,
29 =06 (cos (F) + i sin (F)) =6 (—7 +1 (§>> =6 (T) = —3v3+ 3i.
(c) [3 points] Express z3 = —7 e5tin polar form.
Solution:

23 = —Te3" = —T(cosm/3 +isinm/3) = T(cos4n /3 + isindn/3).
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7. Consider the complex number z = 27(1 — i).

(a) [3 points] Write z in polar and exponential forms.

Solution:
z =27 — 271

r? =277 4 (=272 =2(27)? = r=27V2
0 =—m/4

z = 27v2(cos (%) + isin (%)) — 97V2e(F)1 = 97 /2e(FH2T)i _ 97, /5, FTPT

(b) [6 points] Find all cube roots of z. You can leave your answers in exponential form.

(8k—1)m
4

Solution: Let 23 = 2z = 27/2¢ ‘. Then

1/3

x = (27\/56 MZI)”) = 3(21/6)6(%1_21)”

5w ;-




UNIVERSITY OF MANITOBA\ yyrppyt EXAMINATION SOLU-

TIONS

PAGE: 6 of 8

TIME: 60 minutes
EXAMINER: Borgersen/Arino

DATE: October 20, 2015

DEPARTMENT & COURSE NO: MATH 1210
EXAMINATION: Techniques of Classical and Linear Algebra

8. Consider the following matrices:

9 —1 0 4 -2 =5
A=| -4 -1 -5 |, B = ; c=1|7 8 2|,
0 6 -5
8 =5 —3
6 0 -3 4 4
-4 =5
4 2 =5 -4 -1
D = , E = , F=1 -4 8
3 =1 —6 0 -8
—10
5 1 =2 -2 7

(a) [8 points] For each expression below, indicate with an ”X” in the appropriate column if it is undefined
or defined, and if it is defined, indicate the size of the resulting matrix. Do not compute the resulting

matrix.
Expression | Undefined || Defined Size
ACF X 1x2
FTF+ I, X 2% 2
DTE — B
AAT — AT A
DCT — D X 4 %3

(b) [2 points] Evaluate the (2, 3) entry of BT F' — (' if it is defined. If it is not defined, explain why.

Solution: The (2,3) entry of B F* = (FB)” is the (3,2) entry of F'B:

[—10 1] [_61]:10+6:16.

Therefore the (2, 3) entry of BTFT — C'is 16 — Cy3 = 16 — 2 = 14.
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