MATH 1210 Assignment 1 Fall 2016 Due date: October 3

1. Use mathematical induction on positive integer n to prove each of the following:

(a)  1(4)+2(7)+3(10)+ -+ (n—1)(3n—2) = n*(n— 1), for n > 2;
(b) n!+2"< (2n)! for n>2;

(€) (1 +4%)+ (25 +8) + (3 +12%) + - + [n® + (4n)?] = %Tﬂ(m 1)? forn> 1.

(d) (n+1)*+2n+5 is divisible by 3, for n >0.

Solution:

(a) Let P(n) be the statement 1(4) 4+ 2(7) + 3(10) +--- + (n — 1)(3n — 2) = n?(n — 1).
If n = 2, then P(2) is true because 1(4) = 4 and 22(2 — 1) = 4.
We assume that for n = k, P(k) is valid that is

1(4) +2(7) +3(10) + -+ (k= 1Bk —2) = k*(k—1) (%)
We need to prove that for n =k + 1, P(k+ 1) is valid that is
1(4) +2(7) +3(10) + -+ (k)(Bk + 1) = (k+ 1)*(k).
But

1(4) +2(7) +3(10) + -+ (K)(Bk + 1) = [1(4) + 2(7) + 3(10) + - - - + (k — 1)(3k — 2)] + (k)(3k + 1)
= k2(k—1)+ (k)(3k+1) by (+)
=k (k(k—1)+3k+1)
= k(k* +2k + 1)
=k(k+1).

Hence 1(4) +2(7) + 3(10) + - + (k)(3k + 1) = (k + 1)%(k).
Therefore by the principle of mathematical induction P(n) is valid for all n > 2.

(b) Let P(n) be the statement n!+ 2™ < (2n)!.
If n = 2, then P(2) is true because 2! + 2% = 6 < 4! = 24. We assume that for n = k,
P(k) is valid that is k! + 2¥ < (2k)! We need to prove that for n =k +1, P(k+1) is
valid that is (k +1)! + 2" < (2k + 2)!. But

(4D + 28 = (k+ 1)k + 2870 — (b +1)2% + (k+1)2%
Kl +28) — 2F((k+1) —2)

2k ) 2%(k —1) by the induction hypothesis

Hence (k + 1)! + 2F+1 < (2k + 2).
Therefore by the principle of mathematical induction P(n) is valid for all n > 2.




65
(c) Let P(n) be the statement « (13+43)+(2348%)+(32+123)+- - -+ [n3+(4n)3] = Zn2(n+1)2
b

If n = 1, then P(1) is true because 1% + 43 = 65 and %12(1 +1)? = 65. We assume

that for n =k, P(k) is valid that is
65
(1% 4+ 4%) + (28 +8%) + (3% +12%) + - + [k + (4k)°] = Z1<:2(l~c +1)2.

‘We need to prove that for n =k + 1, P(k+ 1) is valid that is

65

(B +43)+ (22 4+8)+ (B +12%) + -+ [(k+ 1)+ 4k +4)°] = 5kt 1)2(k +2)%

But

(1P +4%) + (25 +8%) + (3 +12%) + - + [(k + 1) + (4k + 4)*]
=((1°+4%) + (2° +8%) + (3% + 12%) + - - + [K° + (4k)°]) + [(k+1)° + (4k +4)°]
65

= ZkQ(kz +1)2 + [(k+1)® +4%(k +1)*] by the induction hypothesis

= (k4 17 [ R 4 (k1) + 64k + 1)
= (k+1) [%51@2 + 65k + 65

= %(k + 1)2[k? + 4k + 4]
65

= ?(k +1)%(k +2)2.

Therefore by the principle of mathematical induction P(n) is true for all n > 1.

(d) Let P(n) be the statement (n+1)3 +2n+5 is divisible by 3.
If n = 0, then P(0) is true because (0+ 1) +2(0) +5 = 6 which is divisible by 3. We
assume that for n = k, P(k) is valid that is (k+ 1)> + 2k + 5 is divisible by 3. We
need to prove that for n = k+1, P(k+1) is valid that is (k+2)%+2k+7 is divisible
by 3. But

(k+2)°+2k+7=k>+6k>+ 12k +8+2k+7
= [(k* +3k*> + 3k + 1) + 2k + 5] + (3k* + 9k +9)
= [(k+1)* + 2k +5] + 3(k* + 3k +3).
Since (k + 1) + 2k + 5 is divisible by 3 (by the induction hypothesis) and also

3(k?* + 3k + 3) is divisible by 3 so (k+2)®+2k+7 must be divisible by 3.
Therefore by the principle of mathematical induction P(n) is valid for all n > 0.

2. Consider the sum (3)% + (7)2 + (11)2 +--- + (12n — 1)2:

(a) Write the sum in sigma notation.

Solution: Since 3=4(1)—1, 7=4(2)—1 and (12n—1) =4(3n) — 1 so

3n
B+ (T2 + (11> -+ (120 = 1) = > (45 —1)°.

Jj=1
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(b) Use identities Zk = —[m(m+1)] and Zk2 = — [m(m+1)(2m + 1)] to prove that

1
k=1 k=1 6

DN =

(3)2+ (7)2 + (11)* + -+ + (12n — 1) = n (144n® + 36n — 1).

Solution:

3n
=) (165 —8j+1)
j=1

3n 3n 3n
=16) -8 j+> 1
[%(3n)(3n 1) (6n 4+ 1)] - 8[%(371)(371 +1)] 4 3n
=n[83n+1)(6n+1)—12(3n+ 1) + 3
=n(144n* + 36n — 1).

16

3. First write the sum n+ (n+2)+(n+4)+ (n+6)+---+ (3n) in sigma notation and then use

- 1
the identity Z k= 3 [m(m +1)] to find the value of the sigma in terms of n.
k=1

Solution: .,

n+n+2)+n+4)+n+6)+---+(3n) = Z(n+2k)
k=0

Now Zn:n Zl =n(n+1) and also
k=0 k=0

n n n 1

>Rk =2 k=2 k=2()n(n+1) =n(n+1).
k=0 k=0 k=1

Therefore

n n

i(mzk):zn + ) (2k)=n(n+1) + n(n+1) =2n(n+1).

k=0 k=0 k=0

4. Prove that ZE(E -3)=
=1

[n(n + 1)(n — 4)] by each of the following two methods:

Wl =

(a) By mathematical induction on positive integer n > 1.

(b) By using the identities mentioned in part (b) of question 2 .
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Solution:

(a) Let P(n) be the statement Zn:E(é —-3) =z [n(n+1)(n—4)].

{=1

W =

1
If n =1, then P(1) is true because Z€(€ —3)=1(1-3) = —2 and also
=1

%[1(1“)(1 _4) = -2,

k

We assume that for n = k, P(k) is valid that is ZZ(E —-3) = s [k(k+ 1)(k — 1)

Wl =

=1
We need to prove that for n =k + 1, P(k+ 1) is valid that is

k+1 1
> U -3) = g[(k +1)(k+2)(k - 3)] .
(=1
But
k+1

0e=3) + (k+1)(k—2)

)
—~

[

I

w
~~

Il
(]~

~
I
=
o~
I
-

[k(k+1)(k—4)] + (k+1)(k—2) by the induction hypothesis
k(k+1)(k —4) + 3(k+1)(k — 2)]

( + 1) (k(k = 4) + 30k —2)) |

— —

(k+1)(k* — k- 6)]

Wl W= W= W= Wl

[(k+1)(k+2)(k—3)].

Therefore by the principle of mathematical induction P(n) is valid for all n > 1.

(b) Using the given formulas we have

n n

> e -3) :iﬁ -3 (=
£=1

{=1 {=1

(n(n + 1))]

N =

n(n+1)(2n+1)] — 3]

—

n(n+1)2n+1) — 9n(n+1)]

n(n+1)(2n+1) — 9)}

—

n(n+1)(2(n — 4))}

[n(n+1)(n —4)].

WD~ —= O

50
5. Rewrite the sum Z [(4]' +20)% + 5(j + 10) + 25} such that it starts with j = 1. Simplify

j=—
your answer but keep it in sigma notation.
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50 50
Solution: First we notice that Z [(45+20)%+5(j+10)+25] = Z [(45+20)°+ (i +5)%] .
j=—4 j=—4
Now if we replace j by j — 5, then

50 50
> (45420 +5( +10) +25] = Y [(45 +20)° + (j +5)°]
j=—4 j=—4
55 5 )
=> [(4G-5)+20)"+ (G —5)+5)]
j=1
55
= > [(45)® + 57
j=1
55 55
=64> 5+ ) 4
Jj=1 j=1
6. Find values of z and y if
14 17
DI+ 1) = (2 +6)% = > _[(45+2)"° + 5.
Jj=4 J=7
Solution: If we replace j by j — 3, then
14 17 10 ) 17
DTG+ = (25 +6)°] = > [(AG=3)+1) " + (26 -3)+6)7] = > _[(45 — 11)'° — 457].
j=4 §=7 §=7
17
Now comparing with Z[(le + )1 + yj?] gives x = —11 and y = —4
=T

7. Find all real and complex solutions of the equation

P4t 433 -2 —2—-3=0.

Solution:

2 — 2?) + (' —2) 4 (32% - 3)

=2(2® - 1) +2(2® 1) +3(* - 1)
(3 = 1)(z* + . +3)

=(x—-1)@*+2x+1)(2*+2+3).

2+t 4323 -2 —2—3

Il
—

Now (x—1)(z*+z+1)(z2 +2+3) = 0 implies either z—1=0 sox =1,0r 22 +2+1=0

V3 1, VIl

1
L, Vo, 2 _ N
som—2j:2 ,andor z°+x+3=0 so 2j: 21
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8. Find the Cartesian form of each of the following expression. Simplify as much as possible.

(a) (@ Ly (@ by
V2 V2 V2 o v2 o
Solution: We can use either exponential form or polar form. Here we use polar
form LetZ*ﬁfii andZ*§+—i Then
T Ve e SERCRC

V3., -1, 3.1
| (%) (%) 5‘*'5—\/5,
1
and rp = (£)2+(\/§)2=\/§ Also
1
2 1
tan 6; = \/?_3_\f:>91_g
V2

. So z =2 (cos(—Z) +isin(—%))
and z; = \/ﬁ(cos% + 2 sin %) . Using DeMoivre’s identity we get

3
Similarly tan 6, = % that is 0 =

-2t = V2 (cos(*% + ism(*%))]m - [vV2 (COS% isin %)]14

= (\@)12[608(712%) +isin(712%)] — (\5)14[00514?7T + isin 14%]
= (2%)[cos(—27) + isin(—27)] — (27)[cos§ +isin g}
— @ +i0)] - N+ L

=26 _ 26 _96\/3
—64/31.

(=T+0)"® (34 3V31)°
(b) 65 43(1 —4) '

Solution: We first note that 3(1 —i) = —i(1 —i) = —i +i> = —1—1i.
3m

Since | —1—i| = /(-1)2+(-1)2 = v/2 and tanf = _—1 =1 so 6= - (we could

use 6 = %T ). Therefore —1 —i=+/2¢" 5%, Also

134+ 3vV3i| = |3|]1 +v3i| =34/12+ (V3)2 =3(2) =6;

and tan@:%:\/g so 9:% Therefore 3+ 3v/3i = 6e3?.
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Also —1+i=—-1—i=+2e %', Now

(“T+0)(B+3v30)%)°  (-1-14)'3(3+3v34)°

66i3(1 — 1) B 66 (=1 — 1)
C(=1-0)"2(3+3v34)°
— 5
_ (ﬁ 77 )12 (6 i)6
— o
_ (29[ (69 (e
66

)" 2]

e 771-1]

= (2
2°[
= 64[e™™]
6
6

4[cos(—7) + i sin(—m)]
Al(-
—64.

1) +i(0)]

Page 7




