MATH 1210 Assignment 3 (Section A02) Fall 2016 Due date: December 12

Attempt all questions and show all your work. Attach to Honesty Declaration Form.

1. For each of the following linear system of equations, first find reduced row echelon form
of the augmented matrix and then find all solutions of the system.

T +z—w 3x+by=1
. —r+y —z+w =0 . 2x+y=3
(i) B (i1) _
2y +z4+w =1 dr +2y =6
3y +z4+w =2 5z 4 6y =4
1 1 1
_ — _|_,:4
T —T3— =5 Ly z
' o _ 2 3 1
(tit) —2x1 +x2 +3w3+4ry = -2 (iv) P —;:1
3r1+x9 —2x3— T4 =9 1 2 1
—-—+- +-=0
Ty z
Solution:
() ()
1 0 1 -1 1 1 01 -1 1
-1 1 -1 1 0| Re— R+ Ry 01 0 O 1 =
0 2 1 1 1 0 2 1 1 1| R3s =+ —2Rs + R3
0 3 1 1 2 0 3 1 1 2| Ry — —3Ra2+ Ry
1 01 -1 1 Ry - —Rs+ R, 1 0 0 -2 2
01 0 0 1 N 01 0 0 1 | RREF
00 1 1 -1 00 1 1 -1
0 01 1 —1| Ry — —Rs+ R4 0 0 0 O 0
T—2w=2 r=2+2t
=1 =1
Y = Y teR
z+w=-1 z2=—1—1t
0=0 w=t
(b) (i)
3 5 1| Ry = R+ 1Ry 1 4 -2
2 1 3 N 2 1 3 | Ro = —2R1 + Ry N
4 2 6 4 2 6 | R3 -+ —4R1 + R3
5 6 4 5 6 4 Ry — —5R1 + Ry
1 4 -2 1 4 —2| Ry -+ —4Rs + Ry
0 -7 7 | Ry — LRy 0 1 ~1
= =
0 —14 14 0 —14 14 | R3 — 14Ry + R3
0 —14 14 0 —14 14 | Ry = 14Ry+ Ry
1 0 2
0 1 -1 rT= 2
00| 0|RREF = 4= -1 — &1
0 0 0




(c) (i)

1 0 -1 -1 5 10 -1 -1 5
-2 1 3 4 2| Re—=2Ri+Ry =1(0 1 1 2 8
3 1 -2 -1 9 R3 — —3R1 + R3 0 1 1 2 6| R3 — —Rs+ Rs3
1 0 -1 -1 5
= 01 1 2 8 | . Since from the last row we get 0 = —14 which is not
0 0 O 0 —14

possible, so this system has no solution.
1 1 1 1+ T2 +x3 = 4
(d) (iv) Let — =27, — =29 and — =z3. Then it becomes 2z, —3z2 —z3=1. So
x y z

—x1+ 2z 4x3=0

1 1 1 4 1 1 1 4
2 -3 -1 1Ry — 2Ry +Ry = |0 -5 =3 -7 =
-1 2 1 0 R3 — Ry + R3 0 3 2 4 | R3 = —Rs+ R3
1 1 1 4 111 4] Ri = —Ro+ Ry
0 -5 -3 | -7T|Ry—»%R =101 2 | I =
0 3 2 4 0 3 2 4] R3 = —3Ra + R3
10 % 17; 10 § g Ry — —2R3+ Ry
0 0 ¢ | —%] Rs—5Rs 001 | -1
100 1 1
0 1 0 . So 1 =3,29 =2 and z3 = —1; which means z = -,y = - and
3 2
0 0 1 1
11
z = —1. Therefore the solution of the system is (g, 3 -1)

2. Find all basic solutions of the homogeneous system
921 + 929 + 423 — 44 + 925 — 1024 =0
201 4+ 229 + 3 — x4 + 225 — 3¢ =0
11xy + 11xo + 3x3 + 424 + 425 + 2226 =0

Solution:
(9 9 4 —4 9 —10 0| Ri » —4Rs + R 1 1 0 0 1 2 0
2 2 1 -1 2 =3 0 2 2 1 -1 2 -3 0| Ro — —2R; + Ro
1111 3 4 4 22 0 = 11 11 3 4 4 22 0| Ry — —11R; + R3
1 1. 0 0 1 2 0 1 1 0 0 1 2 0
0o 01 -1 0 -7 0 = o 01 -1 0 -7 0 =
0 0 3 4 -7 0 0| R3 — —3Rs + R3 o0 o0 7 -7 21 0| R3 — %Rg
1 1 0 O 1 2 0 1 1 0 0 1 2 0
001 -1 0 -7 0| Ro — R3+ Rs 0 01 0 -1 —4 0| RREF
000 1 -1 3 0 = 0 0 01 -1 3 0 =
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1+ 29+ x5 + 2206 =0 Tl =—To — T — 2%g
T3 — x5 —4dag =0 = T3 =x5 + 4xg
Ty —T5+ 3xe =0 T4 =T5 — 3Tg
ry=—t—r—2s
xgzt
T3 =r +4s
Let zo =t, x5 =r and zg =s. Then where ¢,7,s € R. But
T4 =1 — 38
s =T
Teg =S
T —t—1r—2s —t [—r —2s —1 -1 —2
To t t 0 0 1 0 0
x3 | r+4s |0 T 4s | 0 1 4
Ty r—3s 0 + r + —3s t 0 T 1 t s -3
T5 r 0 r 0 0 1 0
Tg s 0 | 0 s 0 0 1
-17 [-1 -2
1 0 0
. . 0 1 4
Therefore a basic solution is ol11 3 .
0 1 0
0 | 0 1
n+1 n+2 n+3
3. For any real number n let A= |n+4 n+5 n+6|. Use properties of determinant to
n+7 n+8 n+9
find |4]. (Explain)
Solution:
n+1 n+2 n+3 n+1l n+2 n+3
\A|:n—|—4 n+5 n+6Ry — —R;+ Ry = 3 3 3
n+7 n+8 n+9Rs - —Ri+ Rs 6 6 6 |R3 — —2Ry+ R3
n+1l n+2 n+3
0 0 0
1 1 1 0
1 1 0 1 .
4. Let A= 101 1 . Find det(—104).
01 1 1
Solution: First det(—104) = (—10)*det(A) = 10000 det(A). But
1 1 é (1) 1 0 1 1 0 1 1 1 1 11 01
det(A) = :+1011f1111+1101:(1‘ +1‘ )
1 0 1 1 1 1 1 1
01 1 1 1 1 1 0 1 1 0 1 1

Page 3



L1 11 0 1 11
7(1’1 1'“’0 1’>+ (] 1‘ *1’1 1’) = (04+(=1)) = (0+1) + (-1-0) = =3.
Therefore det(—10A4) = 10000(—3) = —30000.

5. Use Cramer’s rule to solve each of the following linear system of equations.
3x1 +4x, +4x3 =11
(a) 41’1 — 41’2 +6£C3 =11

61‘1—61‘2 =3
y+z—u=4
+2=0
(b) yre (For y only, so do not find z, z and u.)
20— z4+4u =6
r+5bz=1
Solution:
3 4 4
(a) |4 =|4 —4 6 :+6’4 4’—(—6)’3 4 _ 6(40) +6(2) = 252.
—4 6 4 6
6 —6 0
11 4 4
1A =11 -4 6= +3‘ 4 4‘ — (-6 |1 4‘ — 3(40) + 6(22) = 252. So
—4 6 11 6
3 -6 0
|4y 252
S g V|
LT A T 952 50
3 11 4
As] =|4 11 6 :+6’11 4 —3’3 4‘ — 6(22) — 3(2) = 126. So
11 6 4 6
6 3 0
4] 126 1
=222 C Al
PPTA] T o522 O
3 4 11
As| =|4 —4 11 :3‘*4 11 —4‘4 H‘+11‘4 ’4’:3(54)—4(—54)+11(0)=378.
-6 3 6 3 6 —6
6 —6 3
So
As| 378
T3 ||/13|| =35 =3" Therefore the solution of the system is (1,-, =)
03 1 -1
3 1 -1
01 1 0 11 31
G M=l 2 oy g =t 1 o= en (= el )
10 5 0
=(-1)(3+8)=—11. Also
83 i _01 4 -1 1 0 1 -1
Al =g 6 1 a =10 1Y = (5 g el )
11 5 0
Ayl —22
= (-1)(16 +6) = —22. Therefore y = |AZ|| =
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6. Determine whether each set of vectors is linearly dependent or linearly independent.
(a) {u1 =< 4,5 >uy=<3,10 >,u3 =< —11,20 >}
(b) {u1 =<4,3,6 >,us =<5,7,1 > u3 =< —1,—4,5 >}
(c) {u; =<1,2,-2,4>uy,=<1,3,-3,4>u3=<1,2,-1,4>}

Solution:

(a) There are three vectors in R?> so m = 3 > 2 = n therefore {u;,uz, us} is a
linearly dependent set.

(b)

45 -1
3 7 —4:4‘3 _4‘—5’7 _4]+(—1)3 7‘:4(39)—5(39)—(—39):156—195+39:0
PO I (O 15 6 1

Therefore {u;, uy, us} is a linearly dependent set.

(c) If cju; + couz + csug = 0 then
1 <1,2,-2,4> 4+¢,<1,3,-3,4> +¢c3<1,2,-1,4>=<0,0,0,0>. So
<ci1+cp+4c3, 2¢1 +3ca+2c3, —2¢1 — 3¢y — ¢z, 4cg + 4o +4e3 >=<0,0,0,0 >. Hence

c1+ ¢ 4+c3 =0 1 1 1 0
2¢1 +3c2 +2c3=0 N 9 3 2 0| Ry = —2R; + R, .
—2c1 — 3cs —c3 =0 -2 -3 -1 0| R3s — 2R+ Rs3
4eq +4co +4e3 =0 4 4 4 0] Ry > —4R1 + Ry
1 1 1 0 Ri — —Ras+ Ry 1 0 1 0
0 1 0 0 01 O 0
= =
0o -1 -1 0| R3 — Ry + R3 0 0 -1 0| R3s — —Rs3
0 O 0 0 0 0 O 0
1 0 1 0| Riy » —R3+ Ry 1 0 0 0
0 1 0 0 0 1 0 0
00 1 0 =10 0 1 0 RREF
0 0 0 0 0 0 0 0

Therefore ¢ =0 , ¢co =0 and ¢3 = 0, which means {u;, us, uz} is a linearly
independent set.

7. Let u; =< 1,2,1,3 >, up =< 1,3,1,3 >, uz =< 4,0,0,0 > and uy =< 6,-9,—2,—6 >. Show
that they are linearly dependent and then write u; as a linear combination of u;, u, and
us .

Solution: If cju; + cous + csus + cquys = 0 then
c1<1,2,1,3> +¢2<1,3,1,3> 4¢3 <4,0,0,0> +¢4<6,-9,—-2,—-6>=<0,0,0,0>. So
<c1+co+4e3+6¢q, 2¢1 +3co —9cq, 1 + o —2¢4, 3¢ + 3¢5 — b6y >=<0,0,0,0 >. Hence
Cl+02+463+604:0
2c1 + 3¢5 — 94 =0
c1+co—2c4=0
3c1 +3co —6cy =0

6 0

-9 0] Ro — —2R1 + Ro
-2 0| Rg > —Ri1+ R3
—6 0| R4y - —3R1 + Ry

W = DN =
W = W =
O O O =
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1 1 4 6 0| Ry - —Ras+ Ry 1 0 12 27
01 -8 =21 0 N 01 -8 =21
00 -4 -8 0| Rs— 5Rs 00 1 2
0 0 —-12 -24 0 00 —-12 —-24
100 3 0 c1+3c4 =0
01 0 =5 0 cg —9cy =0
RREF = =
0 01 2 0 c3+2c,=0
000 0 |0 00

0 Rl — —12R3 + R1
0 RQ — 8R3 + R2
0
0

Ry — 12R3 + Ry

01=—3t
62:5t
teR
03:7215
C4=t

Therefore u;, us, us and uy are linearly dependent. Now let ¢t =1 then
—3u; + 5uy — 2uz + ugy = 0 which means uy = 3u; — b5uy + 2us .
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