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1.[8] Use the principle of mathematical induction to prove that(
3

2

)n

> 1 +
n

2
, for n > 1.

2.[4] Consider the polynomial

P (x) = 100 x4 + 32x3 − 26x2 + r x− 1,

where r is a real number. It is given that the roots of P (x) are:

0.56, −0.15, −0.26, −0.47.

Is r positive, negative or zero? You must give adequate justification for your answer.
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3.[8] Let z be a complex number with the property that

|z|+ 1 = |z + 1|.

Show that z must be a real number. Hint: Write z = x+ i y, and then compare both sides.
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4.[10] Consider the vectors
u = 〈−1, 2, 5〉 and v = 〈2, 0,−3〉.

Let θ denote the angle between u and v.

(a) Find cos θ using the dot product of u and v.

(b) Find sin θ using the cross product of u and v.

(c) Now use a direct calculation to verify that

cos2 θ + sin2 θ = 1.

If this does not work out, then you have made a mistake somewhere.
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5.[10] Consider the vectors

u = 〈2, 1,−1, 3〉, v = 〈1,−5, 4, 6〉, w = 〈2, 23,−19,−15〉.

(a) Show that the vectors {u,v,w} are linearly dependent.

(b) Express u as a linear combination of v and w.
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6.[12] Consider the matrix

A =

 1 −4 2
0 1 k
−3 0 1

 .
It is given to you that the entry in the second row and first column of A−1 is −15/53. Find
the value of k. If you do this correctly, then k should come out to be a negative integer.
Hint: Use the adjoint formula.
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7.[10] Consider the following homogeneous system of equations in the variables x, y, z, w.

−3x+ 9 y − 4 z + w = 0, 2x− 6 y + z + 6w = 0, −x+ 3 y − 5w = 0.

Notice that there is no z in the third equation. Solve the system using Gauss-Jordan elimination,
and write down the basic solutions.
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8.[8] Let A =

 −2 4 5
1 −2 −8
3 −7 −11

.

(a) Find det(A) by a cofactor expansion along the second column of A.

(b) Now find det(A) by using a sequence of row-operations to convert A into an upper
triangular matrix.

Of course, your answers in (a) and (b) should agree with each other.
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9.[10] Consider the linear transformation T : R3 −→ R3 given by the formula

T 〈v1, v2, v3〉 = 〈2 v1 − v2 + v3, v1 − 4 v3, 3 v1 − v2 − 3 v3〉.

(a) Write down the matrix corresponding to T .

(b) Find the image of the vector 〈1,−6, 3〉 under T .

(c) Find a nonzero vector v in R3 such that T (v) = 0.
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10.[10] Let A =

 −7 0 8
0 −2 0
−4 0 1

.

(a) Show that A has one real and two complex eigenvalues by finding them explicitly.

(b) Find an eigenvector corresponding to the real eigenvalue.


