MATH 1210 Assignment 1 Winter 2013 Due date: January 25

1. Use mathematical induction on positive integer n to prove each of the following:

() 1(3)+2(32) +3(3%) - +n(3") = i [(2n - 1)3"+ 4 3], for n > 1;
1

(b) 12422432+ ---4+(3n)2 = 5 [n(3n + 1)(6n + 1)], for n > 1;

(c) 5*71 41 is divisible by 6 for n > 1.

Solution:

(a) If n =1 then 1(3) = 3 and $[(2 —1)3? + 3] = }(12) = 3, so it is valid for n = 1. We
assume that it is valid for n = k > 1 that is

1
1(3) +2(3%) + -+ + k(3%) = 1@k — D3M 3] (%)
‘We need to prove that it is valid for n = k 4+ 1 that is we must verify that

1(3) +2(3%) + -+ (k4 1)(3F) = [ (2k + 1)3F+2 + 3].

|

But
1(3) +2(3%) + - + (k+ 1)(3*1) = [1(3) + 2(3%) + - - + k(3)] + (k + 1)(3**1)
= J1@E = 135 434 (k4 )EY) by ()
= %[ (2k — 1)3" 43 4 4(k + 1)(35)]
= 3[3’““((21@ —1)+4(k+1)) +3]
= i[3’“+1(6k+3) + 3]
= %[ (2k +1)3k+2 4 3].

Therefore by the principle of mathematical induction the formula is valid for all
n > 1.

(b) One can solve it in two different ways:
Solution (1): If n =1 then 12 + 22 + 3% =14 and [1(3+ 1)(6 + 1)] = £ = 14, so it is
valid for n = 1. We assume that it is valid for n = k£ > 1 that is

1
12+22 432+ 4+ (3k)* = §[k(3l<; +1)(6k +1)] (%)
‘We need to prove that it is valid for n = k 4+ 1 that is we must verify that

12+22+32+~~+(3(k+1))2:%[(k+1)(3(k+1)+1)(6(k+1)+1)]

_ %[(/@ +1)(3k + 4)(6k + 7))

1
= 5(18/~s3 + 27k + 10k + 1)




But

12422432 4 4 (3(k+1))°
=[124+22 43"+ + (3k)}] + 3k + 1)® + (3k +2) + (3k + 3)?

= %[k(?,k +1)(6k + 1)] + (27k* + 36k* +14) by ()
= %(1814:3 + 27k% + 10k + 1) + (27k* + 36k* + 14)
— %[ (18K% + 27K + 10k + 1) + 2(27k> + 36k + 14)]
= %(18155 + 27k + 10k + 1)
Therefore by the principle of mathematical induction the formula is valid for all

n > 1.
Solution (2): Let m = 3n then it becomes

[

Now by an easy induction on m

m m

(B + 1) (65 +1)] = ghmlm + 1)(2m + 1)
>

DN =

12422432 4.+ (m)? =
3 one can prove that

12422 +3%+ -+ (m)? = —[m(m+ 1)(2m + 1)]

D=

(You do it! and note that it is for all integers bigger than or equal to 3 not just
for multiples of 3). Then conclude that since it is valid for all m > 3 in particular

1
it is valid for m = 3n which means 12 +22+ 3% + ... + (3n)? = §[n(3n + 1)(6n + 1)].

(c) If n =1 then 527! +1 = 6 which is divisible by 6, so it is valid for n = 1. We assume
that it is valid for n = k£ > 1 that is 5?*~! 4+ 1 is divisible by 6. We need to prove
that it is valid for n = k + 1 that is we must verify that 5%**! + 1 is divisible by 6.
But

5P 41 =52 452 52 11 =52(52"1 4 1) —24 (%)

Sine 24 is divisible by 6 and also by induction hypothesis 52*~! + 1 is divisible by
6 so the right hand side of (x) is divisible by 6 and therefore the left hand side is
divisible by 6.

Therefore by the principle of mathematical induction it is valid for all n > 1.

2. Let a be a real number, use mathematical induction on positive integer n > 1 to prove that
a"™ —1=(a-1)(a" +a" ' +---+a+1)

Do not use any other method.

Solution: If n =1 then a!*' —1=a? -1 and (a—1)(a+1) = a® — 1, so it is valid for n = 1.
We assume that it is valid for n = k£ > 1 that is

a1l =(a— D@ +a" 1+ Fa+1) (x).
We need to prove that it is valid for n = k + 1 that is we must verify that

" 1=(a-1D)(" 4"+ +a+1).
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ak'+2 _ 1= ak+2 _ ak+1 + ak+1 k+1(a ) ( k+1 1)

=d"* N a—-1)+(a—1)(@ +a* P+ - +a+1) by (x)
=(a—1)(@ +a"+a" T+ +at1).

Therefore by the principle of mathematical induction the formula is valid for all n > 1.

3. First write sigma form of (13)2 + (25)% + (37)2

m m 1

Zk—f (m+1)] and ZkQ 6 m(m + 1)(2m + 1)] to prove that
k=1

+ (24n + 1) and then use identities

(13)2 4 (25)% 4+ (37)% + - - + (24n + 1)% = 2n.(192n + 168n + 37) .

Solution: Since 13 =12+ 1, 25 =12(2) + 1 and (24n + 1) = [12(2n) + 1] so (13)? + (25)? +
2n

(B1)2+---+ (24n+1)%2 = 2(12]' +1)%. Now using given formulas we have

j=1

2n 2n

D (125 +1)% =) (14457 + 245 + 1)
j=1 j=1

2n 2n 2n
=144) 7424 j+ )01
j=1 j=1 j=1

_ 144[%(271)(271 F1)An+ 1))+ 24[%(2n)(2n + 1))+ 20

=2n[24(2n + 1)(4n + 1) + 12(2n + 1) + 1]
= 2n(192n* + 168n + 37) .

4. Express the sum in sigma notation with summation index starting from 1.

() 24+ 3 + 4 +5+ +101
a E— QE— p— .« .. _—
V2 VB2 10
1 2 1 2 1
(b) 2+

—t =t ot =t =
V2 33 4 55 10120’
(c) 1_2,6 24 120

9 25 49 ' 81

Solution:

100
3 4 5 101 n+1
(@) 2+ s+ =+ 5+t g n§:1

V2 V3

2 1 2 1

1
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6 24 120 (1) nl
(c) 1— *+% E“rg—"'zgm
5. Use formulas ész m(m + 1)] Zkz é (m+1)(2m +1)] and ;k‘o’ le[ 2(m+1)?]
to evaluate each of the following sum :
41
@ 3 [5-37 -] s
(=31
88
(b) > [G+12"+(G+12)7 =) —12].
Solution:
(a)
41 41
Sl — 327~ )= o S (032 4
(=31 =
= 212;[(“30—32)2_4} = 212;[@_2)2_4}
1 11
=) [P-4al+4-4] = e Y
L LIS a3
- % :é(n)(n F1)(22+1) -4 (%)(11)(11 + 1)]
= 5[ c02e3) — 1) a2)
= % [ 2(11)(12) (23 — 12)]
- % :(22) (11)]
=11.
(b)
88
S UG +12)° + (G +12)° - j - 12]
"
=316~ 124 12)% + (j — 124 12)° — (j — 12) — 12]
DI AE A EDSFAED S S
j=1 j=1 j=1 j=1
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Now using given formulas we have

100 100 100

DA DD Y
j=1 j=1 j=1
1

= 3(100)2(100 + 1) + 5 (100)(100 + 1)(200 + 1) — 5(100)(100 + 1)

1
)
- %(100)(101) [3(100)(101) +2(201) — 6}

= 25835800 .
{=2n 1
6. Prove that Z (L+1)= 3 [(n+1)(3n + 2)] with each of the following two methods:
{=n

(a) By mathematical induction on positive integer n > 1 ;

- 1
(b) By using the identity Z k= 3 [m(m+1)].
k=1

Solution:
=2 1
(@) Ifn=1then Y ((+1)=(1+1)+(2+1)=5and S+ DB +2)] =5, so it is valid
=1
for n = 1. We assume that it is valid for n = k£ > 1 that is

{=2k 1
D+ =+ 1)EE+2)] (%)
l=k

‘We need to prove that it is valid for n = k + 1 that is we must verify that

0=2(k+1)

S e+ = %[(k +2)(3k+5)].
l=k+1
But
=2(k+1) =2(k+1)
Yoo+ =—k+D+ Y (£+1)
l=k+1 =k

=2k
=—(k+1)+ > (+1)+ (k+1)+1) + ((2k+2) +1)
l=k

o~
[|

N
>

(C+1)+(3k+4)

~
Il
Ea

[(k+ 1Bk +2)] + Bk +4) by ()

[(k + 1)(3k +2) + 2(3k + 4)]

(3k% + 11k + 10)

[(k+2)(3k +5)].

NP NN RN~
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Therefore by the principle of mathematical induction the formula is valid for all
n > 1.
(b) First we note that
{=2n {=2n {=2n {=2n {=2n
S (e+1) Z£+ Z 1= Z£+ dm—n+1)=Y L+(n+1) (¥
l=n l=n
Then using given formula we have
{=2n {=2n l=n—1 1 1
=Yt > = 52020+ 1] = S[(n = D(n—1+1)]
t=n =1 =1
1
= 5[271(271 +1)—n(n—1)]
1
=3 [3n? 4 3n]
By substitution in (x) we get
0=2n =2n 1
DU+ => t+m+1)= 5[3nQ+3n] +(n+1)
l=n l=n
Lo
= 5[3n +3n+2(n+1)]
1
= 5(3n2 + 51+ 2)
1
= 5[(71 +1)(3n +2)].
203 199
9n 3 5n 1 32n+2 5n+1
7. For each of the sums Z # and Z 7+, change the summation index to
- 3)! o (n+1)!
203 199
gn 3 5N 1 32n+2 5n+1
1 and then use it to write Z # — Gl as one sum. Simplify as much
—3)! —=  (n+1)
as possible.
Solution:
3 9n73 +5n71 B 200 9n+373 +5n+371 B 200 gn +5n+2
— (n—3)! — (n+3-3)! — n!
and 9 32n+2 +5n+1 B 200 32(n71)+2 +5n71+1 B 200 3271 457
(n+1)! — (n—1+1)! — nl
In order to simplify the given expression we have
3 971,—3 + 5n—1 199 3271,-1—2 + 5n+1
—3n !
— (n=3)! = (n+1)!
200 gn + 5n+2 200 32n + 5n 200 gn + 5n+2 3 n 5N 200 gn _ 9n 5n(5 _ 1 200 .,
=2 - o =2 —24Zf
n=1 n=1
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