MATH 1210 Assignment 4 Winter 2013 Due date: April 5

1. Determine whether each of the following matrices is invertible. If yes find the inverse and if

no explain why.

-1 2 =3 —40 16 9 3 1 2
(a) A= 2 1 0 () B=| 13 -5 -3 (¢ C=11 -2 —4
4 -2 5 5 -2 -1 -5 3 6
Solution:
(a)
-1 2 -3 1 0 0\ Ri ——R; 1 -2 3 -1 0 0
2 1 0 0 1 0 =12 1 0 0 1 0| Ry — —2R1 + Ry
4 -2 5 0 0 1 4 -2 5 0 0 1/ Ry — —4R;+ Rs
1 -2 3 -1 0 0 1 -2 3 -1 0 0
0 5 -6 2 1 0|R,—»—-R3+Ry, =0 -1 1 -2 1 =1 Ry— —Ry
0 6 -7 4 0 1 0 6 -7 4 0 1
1 -2 3 -1 0 0 Ri — 2Ry + Ry 1 0 1 3 -2 2
0 1 -1 2 -1 1 =0 1 -1 2 -1 1
0 6 -7 4 0 1/ R3— —6Ry+ R3 0 0 -1 -8 6 -5/ R3——R
1 0 1 3 -2 2\ Rl ——-R3+ R 1 0 0 -5 4 -3
01 -1 2 —1 1| Ry —>Rs+ R, =10 1 O 10 -7 6
0 1 8 —6 5 0 0 1 8 —6 5 /) R3— —Rs
-5 4 -3
Therefore A~'= |10 -7 6
8 —6 5
(b)
—40 16 9 1 0 0\ Ri 23R+ R, -1 1 0 1 3 0\ Ri——Ry
13 -5 -3 01 0 =113 -5 -3 01 0
5 -2 -1 0 0 1 5 -2 -1 0 0 1
1 -1 0 -1 -3 0 1 -1 0 -1 -3 0
13 -5 -3 0 1 0|Ry——-13Ri1+R;, = |0 8 -3 13 40 0 | Ry —
5 -2 -1 0 0 1/ R3— —b5Ry1+ R3 0o 3 -1 5 15 1
1 -1 0 -1 -3 0 1 -1 0 -1 -3 0 Ri — Ry +
0 -1 0 -2 -5 -3|Ry,—-Ry, =10 1 0 2 5 =3
0 3 -1 5 15 1 0 3 -1 5 15 1 R3s — —3R5
1 0 0 1 2 3 1 0 0 1 2 3
0 1 0 2 5 3 =10 1 0 2 5 3
0 0 -1 -1 0 -8/ R3 — —Rs3 0 0 1 1 0 8/ Rz — —R3
1 2 3
Therefore B~'! =2 5 3
1 0 8

3R3 + Ry

15}

F Rs




(c)

3 1 2 1 00
1 -2 -4 01 0
-5 3 6 0 0 1
1 -2 -4 0
0 7 14 1
0o -7 -14 0

R & Ry 1 -2 —4 0 1 0
= 3 1 2 1 0 0] Ry— —3R1+ Ry
-5 3 6 0 0 1 Rs — 5R1 4+ R3
1 0 1 -2 —4 0O 1 0
-3 0 =0 7 14 1 -3 0
5 1) R3 — Rs+ Rs 0 0 0 1 2 1

Since the left block has a row of zeros, it can not become identity matrix; which
means the matrix C is not invertible.

2. Use properties of determinant to prove that

1 1 1
a b c = (b—-a)(c—a)(c—D).
(a+1)2 (b+1)%2 (c+1)2
Solution:
1 1 1 1 1 1
a b c = a b c
(a+1)2 (b+1)% (c+1)2 a?+2a+1 v¥*+2b+1 2+2c+1|R3 — —Ri+R3
1 1 1 1 1 1
= a b c =la b c¢|Ry— —aRi+ R3
a®+2a b>+2b *+2¢|Rs — —2Rs+ R3 a®> b ?|Ry — —a’R, + Ry
1 1 1 1 1 1
=10 b—a c—a 0 b—a c—a
0 b —a? ®—a?*|R3— —(b+a)Ry+ R3 0 b2—a?—(*—a%) 2 —a’—(b+a)(c—a)
1 1 1
=0 b—a c—a = (b—a)(c—a)(c—D).
0 O (c—a)(c—D)
3. Find the value of z such that
z 2 1 0 = -1
-1 0 1|=[2 3 4.
0 3 =z 0 1 -2

0

o

z(0—3)+1(2z —3)

1
T

(1)

2 1
3 x|

1
-2(-2z+1) = —-br=1 = xz=-—

Solution: Expansion of the determinants along the first column gives

T

1

-2

-1
-2

4. Let A, B and C be 5 x 5 matrices such that det(4) =3, det(B) = —2 and det(C) = 10. Evaluate

each of the following:
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(a) det(ABTC),
Solution:
det(ABTC) = det(A)det(BT)det(C) = det(A)det(B)det(C) (becausedet(B?) = det(B))
= (3)(=2)(10)
= —60.
(b)  det(A*(BT)™) ,
Solution:
det(A? (BT)™Y) = det(A*)det((BT)™1)
= (det(A))*det((B")™!) ( because in generaldet(A") = (det(A))")
= (det(A))? (det(lBT)) ( because det((B")™!) = m)
= (det(A))? (detl(B)) ( because det(B") = det(B))
1 9
= (3 (=) =3
(¢) det(A"'DB3D~1), (where D is another 5 x 5 matrix) .
Solution:
det(A"*DB73D™1) = det(A™1)det(D)det(B~3)det(D™1)
1 . 1
= mdet(D) (det(B~1))? det(D)
1 1
= da@ Gem) ) gy
= ()
det(A) " det(B)
1.1
“35%)
r 1l—x 3
5. Find all values of x for which the matrix A = (1 x 1) is singular (that is not invert-
2 1 1
ible).

Solution: A is singular if and only if det(4) =0. But

r 1—x 3 . 1
det(A) =|1 =z —l|== 11
2 1 1

=22 - 2z.

—(-a

z(z+1)—(1—2)(14+2)+3(1 —2x)

So det(A)=0 = 22-22=0 = z2(x—2)=0 = z=0o0r z=2.

1 -1
2 1

1 =z

sl @
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6. Let A =

NN DN N
T
— W N =

1
1
2
0

triangular matrix.

Find |A| by using properties of determinants to create an upper

For each elementary operation you use, explain what effect it has on

determinant.
Solution: First we notice that in a determinant
(i) if we switch two rows then the determinant will change sign;
(ii) if we replace one row by ”a multiple of another row added to that row” then the
determinant will not change.
2 4 11 2 4 1 1
|A|_2 4 1 2|Ry— —-R1+Ro _0 0 0 1|Ry & Ry
12 4 2 3|R3 - —R1 + R3 10 0 1 2
2 5 0 1|Ry——Ri+ Ry 01 -1 0
2 4 1 1
01 -1 0
- 0 0 1 2| *((2)(1)(1)(1)) = -2
0 0 1
1 1 2
7. Let A= [0 3 —1]|. First find A~! then find all solutions of each of the following systems:
2 1 4
2 -3 2 3
(a) Ax=|-1]1, (b)) (=3A)x={ 0 |, (c) Alx=|-1], (d) ATx=|1
3 6 1 0
Solution:
11 2 1 0 1 1 2 1 00
0 -1 01 0 =10 3 -1 0 1 0] Ry—2Rs+ Ry
2 1 4 0 1) R3s — —2R; + Rs 0 -1 0 -2 0 1
1 1 2 1 0 O0\R,——-Re+ Ry 1 0 3 5 -1 =2
0o 1 -1 -4 1 2 = |0 1 -1 -4 1 2
0 -1 0 -2 0 1 R3 — Ro + R3 0 0 -1 —6 1 3 R3; — —R;3
1 0 3 5 —1 -2\ Ry — —-3Rs+ R 1 00 —-13 2 7
0 1 -1 -4 1 2 Ry — Rs+ Ro =0 1 0 2 0o -1
0 0 1 6 -1 -3 0 0 1 6 -1 -3
-13 2 7
Therefore A=' = | 2 0 -1
6 -1 -3
(a)
2 2 x —-13 2 7 2 -7
Ax=[-1] = x=4"1|-1|] = [y| =12 o0 -1 -1 =11
3 3 z 6 -1 -3 3 4
Therefore z=-7, y=1, and z=4.
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(b)
-3 1 (3 1
(—34)x 0 = Ax=—-1 0 = Ax = [ 0 =
( 6 3\ 6 ) 2
1 T 2
x=A1[0 = |y 0
2 z

Therefore z = —-27, y=4, and 2z =12.
(c)

Il
/-
o o L

w
|
—_
I g
w =
~___—
—
[l\DO»—\
~_

Il

|
—_

S
TN
~—

x 11 2 2 3
y| =103 -1 [-1|=[-4
P 2 1 4 1 7

Therefore =3, y=—-4,and z=7.

(d)
3 3 3
AT x = (1) = x = (AT)™! (1) = x=(A"H (1) =
0 0 0

T

T -13 2 7 3 -13 2 6 3 =37
y| = 2 0 -1 1] = 2 0 -1 1] = 6
z 6 -1 -3 0 7 -1 =3 0 20

Therefore z = —-37, y=6, and 2z =20.

0 0 O 3
2 0 O 0
8. Let A= 02 5 -9
00 -3 0
(a) Find det(A).
Solution:
000 o
|A| = =-3/0 2 5 |=-3(2(2)(-3)) =36#£0
02 5 =2 0 0 -3
00 -3 0
0 18 0 O
. 12 0 b 30
(b) Ifadj(A) = 0 0 0 —12 , find the values of a and b.
a 0 0 O
Solution:
2 0 0
a=cy = (-1)'"0 2 5= (-1)(2(2)(-3)) =12,
0 0 -3
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(c) Find AL

Solution:
0 18 0 0
1 1 (12 0 18 30
-1 _ . _ =
4 A =550 0 0 12
12 0 0 0

9. Let u= (1,3,—-1), v=1(0,2,2) and w = (—1,1,4). Is r = (3,4,6) a linear combination of u,v,
and w? If yes write r in terms of u,v, and w; if no explain why?

Solution: If there exist scalars c¢;, ¢, and c3 (at least one of them nonzero) such that
r=ciu+cv+c3w, then r is a linear combination of u,v, and w.

cqutcv+cew =1 = c1{1,3,—-1) +¢2(0,2,2) + ¢3(—1,1,4) = (3,4,6) =

<Cl —c3,3c1 4+ 2¢c3+c3, —c1 + 2¢o +403> = <3,4,6> =

Cip —C3 = 3
3c1+2c04+c3 =4 =
—c1+2c3+4c3 =6
1 0 -1 3 0 -1 3
3 2 1 4 | Ry — —3Ry + Ry = 2 4 )
-1 2 4 6 R3; — Ry + R3 2 3 9 R3 — —Rs+ Rs3

—
o
I
—_
w

1
0
0
Lo —1 3 R1—>R3+R1
1
0

1
0 2 4 -5 Ry — =Ry =10 2 —§ Ry — —2Rs + Ro
00 -1 | 14 2 2
R3s — —R3 0 1 —14
1 00 —11
1
01 0 % RREF = 01:711,62:%,63:714.
0 0 1 —14
51 . . o s
Therefore yes r = —11u + ?v — 14w is a linear combination of u,v, and w.

10. For each of the following parts determine if the given vectors are linearly dependent or linearly
independent. Show your work.

(a) u=(3,1,3), v=(1,-4,14), w=(4,5,-7),

Solution: Three vectors in R2 are linearly dependent if and only if the determinant
of the matrix, whose columns are those three vectors, is zero.

3 1 4
1 -4 5 =3
3 14 -7

1 —4
3 —4

-4 5 L5
PR R e PR

4
= 3(28 — 70) — 1(—7 — 15)) + 4(14 + 12)
= —126 + 22 + 104

=0.
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(b)

(c)

(d)

Therefore they are linearly dependent.

u= (4,7, v=(811), w=(12,13),

Solution: In general m vectors each with ncomponent, when m > n, are linearly
dependent. Here m =3 > n =2 so they are linearly dependent.

u=(1,0,2,1), v=(3,-1,1,4) , w=(4,-1,3,0),

Solution: If ci;u+ cov + csw =0, then,
c1(1,0,2,1) + c2(3,—-1,1,4) + c3(4,—1,3,0) = (0,0,0,0) =

(c1 + 3¢y +4cg, —co — 3, 2¢1 + o+ 3cs, ¢1 +4e2) = (0,0,0,0) =

1 3 4 0 1 3 4 0\ R > —-3R:+ R,
0 -1 -1 0 Ry — —Ry N 0 1 1 0
2 1 3 0| R3s —» —2R; + R3 0 -5 -5 0 R3 — bRy + R3
1 4 0 0 Ry — —R1+ Ry 0 1 —4 0 Ry — —Ro+ Ry

1 0 1 0 1 0 1 0

0 1 1 0 N 01 1 0

00 0 0| Rs < Ry 00 =5 | 0|Rs— —1iRg

0 0 =5 0 0 0 O 0

1 0 1 0\ Ri > —Rs+ Ry 1 0 0 0

01 1 0| R:— —Rs+ Ro N 0 1 0 0

0 0 1 0 0 0 1 0 | RREF

0 0 0 0 0 0 O 0

Therefore ¢y =0, co =0, ¢c3 =0, that is they are linearly independent .

1 3 3
=(—2,2,2.4), v=(1,-4,—2, — =(5,-7,1,1).
u <27a47 >7V <7 527 8>$W <57 7a7>

Solution: We solve it in two different ways. First solution is by inspection. Since
v = —2u + Ow so they are linearly dependent.
For a second solution, if ciu+ cov + cgw =0, then,

1

3
Cl<_7727 n

3
5 4,4)+02<1,—4,—§,—8>—|—03<5,—7,1,1> = (0,0,0,0) =

1 3 3
<—§c1 + ¢+ 5c3, 2¢1 —4en — Tes, 161~ 3¢ +c3, 4¢1 —8ca +¢3) = (0,0,0,0) =

1
—501+02+503 =0
201 — 402 — 703 =0

=
—c1 — §c +c3 =0
1617 5 3
4c1 —8co +c3 = 0
1 1 —2 —10 | 0
D) 1 5 0 Ri — —2R; - -
9 4 -7 |0 . § —‘31 7 | O Ry > —2R, + Ry
§ _§ 1 0 Z —5 1 0 RS%—%Rl—f—Rg
jll _§]§- 1 a 4 -8 1 0 R4 — —4R1 + R4
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1 -2 -10 0 1 -2 -10 0 Ry — 10R, + Ry
0 O 113 0 Ry — 1713];{2 _ 0 0 % 0
00 3 0 0 0 3 0| Rs— —1Ry+Rs
0 0 41 | 0 0 0 41 | o) fta——AlR+ Ry
1 -2 0 0
N 0 0 1 0 N 1 —2c0=0 c1 = 2¢o
0 0 O 0 | RREF c3 =0 c3=0
0 0 O 0
Now let ¢; =t then c¢; =2t and c3 =0. So the three vectors are linearly dependent.
In particular if you choose t =1 then ¢y =2, co =1, ¢c3 =0, that is 2u+v+0w =0
which means v = —2u as wee saw in the first solution.

. Given that u,v, and w are linearly independent, prove that 2u+v,3v —u and 2v +w are
also linearly independent .

Solution: Since u,v, and w are linearly independent, so any scalars ki, ko, and k3 if
kiu+kov+ksw =0, then k; =0,k =0,k3 =0. Now if ¢;(2u+v)+c2(3v—u)+c3(2v+w) =0,
then

2ciu+ v+ 3cav —cou+2c3v+csw =0 = (2¢; —c2)u+ (¢1 +3c2 +2¢3)v+csw =0.

But since u,v, and w are linearly independent must

2¢1 —c2 =0 2 —1 0\ [a 0
c1+3ca+2c3 =0 = |1 3 2 c] =1(0
3 =0 0 0 1 cs 0
2 -1 0 N
Since det |1 3 2] = (1)det (1 3 ) =7 # 0, so the homogeneous system has a unique
0 0 1
solution which is )
c1 2 -1 0\ " /0 0
]l =11 3 2 0l=10],
c3 0 0 1 0 0

thatis ¢ =0,c0 =0,c3 =0. Therefore 2u+v, 3v—u and 2v+w are linearly independent .
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