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1.1.1: 13] (Prove that) 1-2+42-3+3-4 4 -+ n(n + 1) = 2tlni2),
CLAIM: S 4Pk (k + 1) = 2ot g0 41 > 1.
r=¢
PROOF: S3L_ k(k + 1) = 1.2 = 2 = XA+ 56 the claim is true for
n = 1.

Now suppose the claim is true for n = m. That is, I k(k + 1) =
mfm+13) m+2). Then

~maet

Ltk (k+ 1) = ST k(k + 1)+ (m + 1)(m + 2)

ot m(m + 1)(m +2)

= 3 + (m + 1)(m + 2)(by our inductive hypothesis)

={(m+ 1){m+2) [-T-;— +1] — (m + 1)(m;2)(m+3).

Thus the claim is true for n = m + 1.

Therefore, by (mathematical) induction, the claim is true for all » > 1. O
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1.1.1: 27| [NOTE: I don’t like the use of “verify” here, which usually means “check

that this works out”, usually asking for you to do a calculation. What they
mean is “prove that it is true (using mathematical induction)”. “Verify”
is used because, presumably, you know this formula but don’t necessarily
remember why it is true. In the proof we assume the formula for a triangle
is known, i.e., the sum of the interior angles of a triangle is 180°, or =
radians. You might want to prove this (it’s not hard) but that is a matter
of elementary geometry, not induction, so it is of little value here. Also
note two twists on the usual form of mathematical induction: (i) a base
case that is not n = I, and (ii) an inductive hypothesis that is more
powerful than the usual kind.|

PROOEF": Observe that the statement makes sense only for n > 3: we shall
prove it for all such n.

Base Case: When n = 3 such a polygon is a triangle; it is known that the
sum of the interior angles of a triangle is 180° = (3 —2)n, so the assertion
is true in this case.

Inductive Step: [NOTE: I’m too lazy to insert a picture here so I’ll describe
what to do in words so you’ll have to draw your own. In an assignment
or exam include the picture if it is critical to your proof!]

Inductive Hypothesis: Suppose the sum of the interior angles of any poly-
gon with A sides, where h < k, is (h — 2)r.

[NOTE: [ am using a type of L.H. here that is sometimes called “complete
induction” - you assume the claim is true for ALL values up to k. It’s not
hard to see that this is equivalent to ordinary induction, but it is more
convenient here as you’ll see. A minor modifiction of this proof can be
made so that you only need to assume the truth of the claim for n = k.|

Let P be a polygon with k& + 1 sides. A chord joining two vertrices can
always be added to a polygon with at least 4 sides. Since k 4+ 1 > 3, P
has such a chord, 7.

This chord cuts P into two smaller polygons, A and B, having a and b
sides, respectively, where a,6 > 3, a+b=k +3 (because vertices z and y
are used in both A and B). Therefore a,b < k.

By our inductive hypothesis, the sum of the interior angles of 4 is (a2
and for B it is (b — 2)7. The sum of the interior angles of P is the
sum of these two numbers [NOTE: your diagram will make this obvious!),
(@+b—4)r = ((k+3) —4)m. So the sum of the interior angles of any
polygon of k + 1 sides is ((k + 1) — 2)r.

This completes the inductive step.

Therefore, by mathematical induction, the sum of the interior angles of
any polygon having n sides is (n — 2)7. ad



1 1: 45 (Prove that) 2n+ 2n + 1) + 2n +2) + - -- +5n = = 3;“)'

3n
3 1
PROOF: For all n > 1, let P, be the statement Z 2n+k = (—zu
k=0
CLAIM: B, is true, for all n > 1.
Since 2+4+3+4+5=14= 11—@;—“), P, is true.
3m
Tm(3 1
Suppose P, is true for some m > 1. That is, ZZn + k= ig-}+—)-
k=0
Then
3(m+1) 3m
doo2m+ D) +k=>2m+k)+(Em+ 1)+ (5m+2) + (5m + 3)
k=0 k=0
+(5m +4) + (5m +5) — (2m) — (2m + 1)
m(3 1
= ﬂg—+) + 21lm + 14 (By inductive hypothesis)
C21m? +28m+28  T(m+ 1)(3(m + 1)+ 1)
N 2 N 2 '

50 Pp41 follows. That is, P, == Pyni1.

Therefore, by induction, P, holds for all n > 1, as claimed. 0

L11: 47| Verify that, forn > 1, 1+ 4+ H+ 5+ - +5 <3 -1
n

PROOF: Since1+%:2§3—%, the claim is true for n = 1.

Suppose that the claim is true for n = k.

Thatis, 1+ + o+ 5+ -+ 5 <3—+. Then

1+1+1+1+ L _ iy 1+1+1+ LY
12t 3 (k+1)!* 12 3 k| (k+ 1)

<3 ! + ! <3 !

- ko (k+1)— k+1'

the last inequality being justiﬁed as follows: k! > k, so -1- < %, so 14 % -
1 k+1 1 1 i
mzlso St g2l -y 2wy os0d -ty S3 - my
It follows that the claim is true for n = k + 1.

By induction, the claim is true for all n > 1. O
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1.1.1: 35 Suppose n people stand in line at a ticket counter. Show that if the first
person in line is a woman and the last person is a man, then somewhere
in the line, there must be a man immediately behind a woman.

[NOTE: the hardest part of this problem is resisting the effort to say, “it’s
obviously true”, or producing a different kind of argument. Also note that
the base case cannot be p — 1]

PROOF: Suppose n = 2. Then, as described, the line necessarily consists
of a woman, and a man immediately behind her, so the claim is true in
this case.

Suppose the statement is true for lines of up to k(> 2) people.
[NOTE: once more we use a “complete induction” hypothesis!]

Let L be a line of k£ + 1 people. Since L has at least 3 people, it includes
a person, A, that is neither first nor last in line. If Aisa woman, let [’
be the portion of line L that begins with A. If A is a man, let L’ be the
portion of the line that ends with A. In either case, L' has < k people,
begins with a woman and ends with a man. By our inductive hypothesis,
L' has a man immediately behind a woman. Since L’ is a portion of line
L, this is also true of line [..

By induction, the statement is true for all n > 2. m]
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