Solutions to Exercises on Mathematical Induction Math 1210, Instructor: M. Despié¢

In Exercises 1-15 use mathematical induction to establish the formula for n > 1.

2 _ nn+1)2n+1)

1 1P+ 2243+ +n ;

Proof:

1-2-3

For n = 1, the statement reduces to 12 = and is obviously true.

Assuming the statement is true for n = k:

k(k +1)(2k + 1)

124224324 k= c : (1)
we will prove that the statement must be true for n = k 4+ 1:
12+22+32+---+(k+1)2:<k+1)(k22)(2k+3). (2)
The left-hand side of (2) can be written as
P4+ 2243+ 4+ + (k+1)%
In view of (1), this simplifies to:
(P+22+3 4+ + k) + (k+ 1) = bk + 1)@kt 1) + (k+1)?
_ k(E+1)(2k+1) +6(k + 1)?
_ (k 4+ 1)[k(2k +6 1) +6(k+ 1))
_(k+ 1)(2k? +67k + 6)
_ (k+1)(k —? 2)(2k + 3)
6 :

Thus the left-hand side of (2) is equal to the right-hand side of (2). This
proves the inductive step. Therefore, by the principle of mathematical
induction, the given statement is true for every positive integer n.

3n+1_3
2. 3+32+:’>3+---+3”:T

Proof:
2

For n = 1, the statement reduces to 3 = and is obviously true.

Assuming the statement is true for n = k:

3k+1 —3
3+32+33+"'+3k:T’ (3)
we will prove that the statement must be true for n = k + 1:
3k+2 -3
3432 +3+. 43 = — = (4)

2
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The left-hand side of (4) can be written as
343 +3 4. 4 3F 3

In view of (3), this simplifies to:

3k+1_3
(3+32+33+”'+3k)+3k+1:T+3k+1

_3k+1_3_‘_2.3k+1
N 2

3.3 -3
:#
_3/41—1—2_3
=—F

Thus the left-hand side of (4) is equal to the right-hand side of (4). This

proves the inductive step. Therefore, by the principle of mathematical
induction, the given statement is true for every positive integer n.

2 1 2

3. 13+23+33+---+n3:%

Proof:
2 62

For n = 1, the statement reduces to 13 = and is obviously true.

Assuming the statement is true for n = k:

K2 (k 4 1)
13+23+33+-~+k3:%, (5)

we will prove that the statement must be true for n = k + 1:

k+1)2(k +2)2
13+23+33+---+(k+1)3:( - )4( 2 (6)

The left-hand side of (6) can be written as
P+22 43+ 4+ B+ (k4 1)%
In view of (5), this simplifies to:
k2 (k +1)?
AR, j Sy ka1
R (k+1)?+4(k+1)°
4
(k+ 1)%[k* + 4(k + 1)]
4
(k+1)*(k +2)*
1 :

Thus the left-hand side of (6) is equal to the right-hand side of (6). This
proves the inductive step. Therefore, by the principle of mathematical

(P+22+3 4+ + &)+ (k+1)
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induction, the given statement is true for every positive integer n.

1 1)(n +2
4 143464104 Mt nrt+l(nt2)

2 6
Proof:

1-2-3

For n = 1, the statement reduces to 1 = and is obviously true.

Assuming the statement is true for n = k:

kE(k+1 k(k+1)(k+2
1+3+6+10+-+ (2 ) _ M g ), (7)

we will prove that the statement must be true for n = k + 1:

1+3+6+10+“_+w+4§k+m::@+4xhgmw+3) @

The left-hand side of (8) can be written as

E(k+1 E+1)(k+2
1+3+6+10+---+ (; )-I-( i )2( i )

In view of (7), this simplifies to:

kk+1)]  (k+1)(k+2)
5 +

14+34+6+10+---+

k(k+1)(k+2) N (k+ 1) (k+2)
2
Ck(E+1D)(k+2) +3(k+1)(k+2)
6
(k+ D) (k+2)(k+3)
6 :
Thus the left-hand side of (8) is equal to the right-hand side of (8). This
proves the inductive step. Therefore, by the principle of mathematical

induction, the given statement is true for every positive integer n.

3n—1
5.1+4+7+~-+@n_2y:EL%_)
Proof:
For n = 1, the statement reduces to 1 = T and is obviously true.

Assuming the statement is true for n = k:

k(3k — 1
1+4+7+~-+@k—2%:4—§—l, (9)
we will prove that the statement must be true for n = k + 1:
E+1D)3(k+1)—1
1+4+7+~-+B%+4y—ﬂ:( JBlk+ 1)~ 1] (10)

2
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The left-hand side of (10) can be written as
1+44+7+---+Bk—2)+3(k+1)—2].

In view of (9), this simplifies to:

k(3k —1
[1+4+7+---+(3k—2)]+(3k+1):¥+(3k+1)
_ E@BE—-1)4+2(3k+1)
2
_ 3K* 45k 42

2
(k+1)(3k + 2)

5 .

The last expression is obviously equal to the right-hand side of (10). This
proves the inductive step. Therefore, by the principle of mathematical
induction, the given statement is true for every positive integer n.

n(2n —1)(2n+1)

6. 1°+3°+5° +---+(2n—1)* = ;

Proof:

1-3-3

For n = 1, the statement reduces to 1° = and is obviously true.

Assuming the statement is true for n = k:

2k —1)(2k + 1
12+32+52+---+(21~c—1)2=k(”6 ;UH ), (11)

we will prove that the statement must be true for n = k + 1:

(k+ 120k +1) — 120k + 1) +1]

P43 +5+ -+ 20k+1) -1 = ;

(12)
The left-hand side of (12) can be written as

PP+32 455+ 2k — 12+ [2(k+1) — 1)~

In view of (11), this simplifies to:
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[P+ 3 +5"+ + (2k—1)°] + (2k + 1)°
k(2k — 1)(2k + 1)

= 3 + (2k + 1)*

_ k(2k —1)(2k + 1) + 3(2k + 1)?

(2 + 1)[k(2k K 1) + 3(2k + 1)]

_ 2k + 1)(2k> +35k= + 3)

(2 + 1)(ki 1)(2k + 3)

_ (k + 1)[2(k?:r 1) —1]2(k+1) + 1].
3

Thus the left-hand side of (12) is equal to the right-hand side of (12). This
proves the inductive step. Therefore, by the principle of mathematical
induction, the given statement is true for every positive integer n.

7.14+5+9+134+---+(4n—3)=2n*—n
Proof:
For n = 1, the statement reduces to 1 = 2- 12 — 1 and is obviously true.

Assuming the statement is true for n = k:
14+54+9+ 134+ (4k —3) =2k* — k, (13)
we will prove that the statement must be true for n = k + 1:
1+54+9+13+ -+ [4k+1) =3 =2k +1)* - (k+1). (14)
The left-hand side of (14) can be written as
1+5+9+134+---+ 4k —-3)+[4(k+1)—3].
In view of (13), this simplifies to:

[1+5+9+13- -+ (4k —3)] + 4k + 1) = (2k* — k) + (4k + 1)
=2k* +3k+1=(k+1)(2k+1)
=(k+1D[2(k+1) —1]
=2(k+1)* = (k+1).
Thus the left-hand side of (14) is equal to the right-hand side of (14). This

proves the inductive step. Therefore, by the principle of mathematical
induction, the given statement is true for every positive integer n.
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2(2% — 1)

8.2+2°+2° ... 422 = ;

Proof:

2(22 — 1)

For n = 1, the statement reduces to 2 = and is obviously true.

Assuming the statement is true for n = k:

it 2% 1)

24+23 420 4.+ T (15)
we will prove that the statement must be true for n = k + 1:
2 22(k+1) -1
2428 425 g o2k 2 ). (16)

3
The left-hand side of (16) can be written as

9493 4 95 4 ... 4 9%kl 92(k+1)—1

In view of (15), this simplifies to:

2(2
(2+23+25+-'-+22k—1)+22k—|—1:

B 22k—|—1 —9243. 22k+1
B 3

4 . 22k—|—1 )
N 3
_2(2-2%1 1)

3
2(22k+2 _ 1)
3 .

The last expression is obviously equal to the right-hand side of (16). This
proves the inductive step. Therefore, by the principle of mathematical
induction, the given statement is true for every positive integer n.

1 1 1 1 ~ n(n+3)

123 234 345 TanrDm+2 in+Dm+2)
Proof:

1 1-4
For n =1, the statement reduces to = and is obviously
1-2-3 4-2-3
true.
Assuming the statement is true for n = k:
1 1 1 1 k(k + 3)
+ + + -t = ;
1-2-3 2-3-4 3-4-5 k(k+1)(k+2) 4(k+1)(k+2)

(17)
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we will prove that the statement must be true for n = k + 1:

1 1 1 1  (kH+1)(k+4)
123234345 THiDkt2(k+3) Aki2k13)

(18)

The left-hand side of (18) can be written as

1 1 1 1 1

123 234 345 TEErDGRL) RrD)EFR+3)

In view of (17), this simplifies to:

1 1 1 1 1
123 234 345 TG+ T GRrD)ELHRL3)
 k(E+3) N 1
A4k +F1D)(E+2) (k+D)(k+2)(k+3)
k(k+3)?+4

4k 4+ 1)(k+2)(k +3)

 k(K*+6k+9)+4

Ak + D) (k+2)(k+3)
k3 + 6k* + 9k + 4

A(k 4+ 1)(k + 2)(k + 3)

 (E+1)(K* 45k +4)

Ak +1)(k+2)(k +3)
k* 4 5k + 4

4k +2)(k+3)

(R +1)(E+4)

4k +2)(k+3)

Thus the left-hand side of (18) is equal to the right-hand side of (18). This
proves the inductive step. Therefore, by the principle of mathematical

induction, the given statement is true for every positive integer n.

10. 4% +8° 4 12° +--- + (4n)’ = 16n*(n + 1)*
Proof:
For n = 1, the statement reduces to 4> = 16 - 12 - 2% and is obviously true.

Assuming the statement is true for n = k:
4% 485 +12° - + (4k)° = 16K°(k + 1)%, (19)
we will prove that the statement must be true for n = k + 1:
P& 128+ A+ D] =16(k+ 1)k +2)2. (20)
The left-hand side of (20) can be written as

43+ 8% +12° + -+ (4k)° + [4(k + 1))’
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In view of (19), this simplifies to:
[4° + 8%+ 12° + -+ 4 (4k)%] + 4°(k + 1) = 16k°(k + 1)* + 64(k + 1)°
= 16(k + 1)*[k* + 4(k + 1)]
= 16(k + 1)*(k + 2)°.
Thus the left-hand side of (20) is equal to the right-hand side of (20). This

proves the inductive step. Therefore, by the principle of mathematical
induction, the given statement is true for every positive integer n.

111+1+ +1—11 !
" 52 Bt 520 24 25m

Proof:
1 1 1 . :
For n = 1, the statement reduces to — = — [ 1 — — |. This is equivalent
52 24 25
1 1 24
to — = — - — and is obviously true.
25 24 25
Assuming the statement is true for n = k:
! + ! + -+ L1 1 ! (21)
52 51 52k 24 25k )

we will prove that the statement must be true for n = k + 1:

11 R A ’
R T A G (22)
The left-hand side of (22) can be written as

1 1 1 1
§+§+"’+52k+52(k+1)'

In view of (21), this simplifies to:

11 1 L _ 1 1 1
52 T 54 Tt 52k T 52(k+1) — 94 \ 95k T 52(k+1)
25% — 1 1
= +
24 - 25k 25k+1
_25(25F —1) + 24
24 25K+
25— 25424

24 . 25k+1
1 258 1

1 . 1
DY 25k+1 |-

Thus the left-hand side of (22) is equal to the right-hand side of (22). This
proves the inductive step. Therefore, by the principle of mathematical
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induction, the given statement is true for every positive integer n.
12. 27 4272427 4. 42" =1 27"

Proof:
For n = 1, the statement reduces to 27! = 1 — 271 and is obviously true.
Assuming the statement is true for n = k:

27t 2242 4y 2 =127 (23)
we will prove that the statement must be true for n = k + 1:

2—1 + 2—2 i 2—3 et 2—(/€+1) -1 — 2—(/€+1) . (24)

The left-hand side of (24) can be written as

27l 4272 4273 4o g o7k o (k)
In view of (23), this simplifies to:

(2—1 + 2—2 + 2—3 N 2—k‘) + 2—(1€+1) —1— 2—k‘ + 2—(k+1)
— 1 —2.9 (k1) | o—(k+1)
=1 — 27+,

Thus the left-hand side of (24) is equal to the right-hand side of (24). This
proves the inductive step. Therefore, by the principle of mathematical
induction, the given statement is true for every positive integer n.

n(n+1)(n+2)
3

13. 1-2+2-3—{—3.4_|_..._|_n(n+1):

Proof:
1-2-3

For n = 1, the statement reduces to 1 -2 = and is obviously true.

Assuming the statement is true for n = k:

k(k+1)(k +2)

1-24+2-343-4+---+k(k+1)= 3 : (25)
we will prove that the statement must be true for n = k + 1:
kE+1)(k+2)(k+3
1 24234344t (k4 1)(ht2) = KEDEEDEED) - o

3
The left-hand side of (26) can be written as

12423434+ +k(k+1)+ (k+1)(k+2).
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In view of (25), this simplifies to:

1-24+2-3+3-4+---+k(k+ D]+ (k+1)(k+2)
k(k+1)(k+2)

= : +(k+1)(k +2)

k(E+1)(E+2)+3(k+1)(k+2)
3
(k+1)(k+2)(k+3)
3 :
Thus the left-hand side of (26) is equal to the right-hand side of (26). This
proves the inductive step. Therefore, by the principle of mathematical

induction, the given statement is true for every positive integer n.

14. 127 H+222)+32 )+ +n2 ™ =2—(n+2)27"
Prootf:
For n = 1, the statement reduces to 1(271) =2 —3-271. This is equiva-

1
lent to 5= 2 — 3 and is obviously true.

Assuming the statement is true for n = k:
127 +22H)+32 %+ +kQ ) =2-(k+2)27", (27)
we will prove that the statement must be true for n = k + 1:
1274227 H)432 )+ + (k+D[27* ) = 2— (k4 3)27*+D | (28)
The left-hand side of (28) can be written as
127 +2272) +327) + -+ k(27 + (b + 1)[27*]
In view of (27), this simplifies to:
127 +227)+327) + -+ k@] + (k+ 27"
=2 — (k+2)27% 4+ (k+1)[27")]
=2 —2(k+2)[27* D] 4 (k4 1)[27F+Y)]

=2 —[2(k+2) — (k+ 1)][27*+)]
=2 — (k+3)27 "D,
Thus the left-hand side of (28) is equal to the right-hand side of (28). This

proves the inductive step. Therefore, by the principle of mathematical
induction, the given statement is true for every positive integer n.

15. 1(1H) +22H +3BH) 4+ -+ nn)=(n+ 1! -1
Proof:

For n = 1, the statement reduces to 1(1!) = 2! — 1 and is obviously true.
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Assuming the statement is true for n = k:
1) +2@2)+33) 4+ -+ k(k) =(k+1)! -1, (29)
we will prove that the statement must be true for n = k + 1:
() +22H) +3@H) +---+k+ D[+ D] =(E+2)! —-1. (30)
The left-hand side of (30) can be written as
L) +2(2Y) +3(3!) + - + k(k!) + (B + 1)[(k + 1)1].

In view of (29), this simplifies to:

[1(11) +2(2) + 331 + - + k(k)] + (& + 1)[(k + 1)Y]
=(k+1) =1+ Gk+DE+D)
=1+ (k+D][E+1!]-1
=(k+2)[k+1)!] -1
=(k+2)! -1

Thus the left-hand side of (30) is equal to the right-hand side of (30). This
proves the inductive step. Therefore, by the principle of mathematical
induction, the given statement is true for every positive integer n.

16. Find and verify a formula for the sum

Lyt > 1
o s e _— n .
1-2 2.3 3.4 n(n+1)’ =

Solution: We can evaluate the sum for the first few values of n:

1 1
n=1 = _Z
1-2 2

, 1 ‘s 1 2
"= 1.2 2.3 ~ 3
. 1_%1 L 3
"= 1.2 2.3 " 3.4 1
. R S 4
"= 1-2 7 2.373.4" 4.5 ~ 5
. S S SR S 5
"= 1.2 2.373.474.5 5.6 G

The pattern seems to suggest the following formula:

T IR S (31)
1-2 2-3 3-4 nin+1) n+1

We have verified that the formula is valid for n = 1,2,3,4,5. Now we
will use mathematical induction to prove that the formula (31) is valid
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for every positive integer n.

Since the case n = 1 has been verified, we will proceed with the inductive
step. Assuming the formula (31) is valid for n = k:

R S (32)
1-2 23 3-4 k(k+1) k+1°
we will prove that (31) must be true for n = k + 1:
1 1 1 1 E+1
= : 33
12 23734 T GrDhr2)  Fe2 (33)
The left-hand side of (33) can be written as
LS P !
1.2 2.3 3.4 kk+1)  (k+10)(k+2)
In view of (32), this simplifies to:
LS S, !
1.2 2.3 3.4 kk+1))  (k+ 1)k +2)
_k N 1
Ck+1 o (B+D)(k+2)
 k(E+2)+1
(k+1)(k+2)
K +2k+1
- (k+1)(k+2)
 (k+1)?
(k+1D)(k+2)
_k+1
Ck+2

Thus the left-hand side of (33) is equal to the right-hand side of (33). This
proves the inductive step. Therefore, by the principle of mathematical
induction, the formula (31) is valid for every positive integer n.

17. Find and verify a formula for the sum 1 +3+54--- 4 (2n — 1) of the
first n odd integers.

Solution: We can evaluate the sum for the first few values of n:

n=1: 1 =1
n=2: 1+3 =4
n=3: 1+3+5 =9
n=4: 14+34+5+7 =16

n=>5: 14+34+5+7+9 =25
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The pattern seems to suggest the following formula:
1+3+5+-+(2n—1) =n>. (34)

We have verified that the formula is valid for n = 1,2,3,4,5. Now we
will use mathematical induction to prove that the formula (34) is valid
for every positive integer n.

Since the case n = 1 has been verified, we will proceed with the inductive
step. Assuming the formula (34) is valid for n = k:

14+3+5+---+ (2k — 1) = k?, (35)
we will prove that (34) must be true for n = k + 1:
14345+ +2(k+1)—1] = (k+1)>. (36)
The left-hand side of (36) can be written as
1+3+54+--+2k—1)+[2(k+1)—1].
In view of (35), this simplifies to:

1+3+54 - +2k—D]+R2Kk+1) -1 =k +[2(k+1) —1]
=k 42k +1
= (k+1)°
Thus the left-hand side of (36) is equal to the right-hand side of (36). This

proves the inductive step. Therefore, by the principle of mathematical
induction, the formula (31) is valid for every positive integer n.

18. Prove that 7 divides 8" — 1 for n > 1.
Proof:

For n =1, the statement claims that 7 divides 8 — 1. This is obviously
true.

Assuming the statement is true for n = k, i.e.,

8% — 1 is divisible by 7, (37)
we will prove that the statement must be true for n = k 4+ 1:

8F — 1 is divisible by 7. (38)

In order to make use of the inductive hypothesis (37), we can transform
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the expression 8" — 1 as follows:

gl —1=8.8" -1
=8(8" — 1)+ 7.
The last expression must be divisible by 7 since, by the inductive hy-
pothesis, 8¥ — 1 is divisible by 7, and obviously, 7 is divisible by 7. Thus
(38) holds and the inductive step is proved. Therefore, by the principle
of mathematical induction, the given statement is true for every positive
integer n.
19. Prove that 15 divides 4" — 1 for n > 1.
Proof:

For n = 1, the statement claims that 15 divides 4> — 1. This is obviously
true.

Assuming the statement is true for n = k, i.e.,
4% — 1 is divisible by 15, (39)
we will prove that the statement must be true for n = k + 1:
424D 1 s divisible by 15. (40)

In order to make use of the inductive hypothesis (39), we can transform

k+1)

the expression 42 — 1 as follows:

42(k5+1) — 1= 42k3—|—2 -1
=47 47— 1
= 16(4*% — 1) + 15.
The last expression must be divisible by 15 since, by the inductive hypoth-
esis, 4% — 1 is divisible by 15, and obviously, 15 is divisible by 15. Thus
(40) holds and the inductive step is proved. Therefore, by the principle

of mathematical induction, the given statement is true for every positive
integer n.

20. Prove that 4 divides 3(7" — 1) for n > 1.
Proof:

For n = 1, the statement claims that 4 divides 3(7* — 1) = 144. This is
obviously true.

Assuming the statement is true for n = £, i.e.,

3(7% — 1) s divisible by 4, (41)
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we will prove that the statement must be true for n = k + 1:
3 [72<k+1> - 1} is divisible by 4. (42)

In order to make use of the inductive hypothesis (41), we can transform

the expression 3 {72(’”1) — 1} as follows:

3 {72(1@“ } (72k+2 )
=3(7- 7" - )
3 [49(7*" — 1) + 48]
= 147(7% — ) + 144.

The last expression must be divisible by 4 since, by the inductive hypoth-
esis, 42 — 1 is divisible by 4, and obviously, 144 is divisible by 4. Thus
(42) holds and the inductive step is proved. Therefore, by the principle
of mathematical induction, the given statement is true for every positive
integer n.

21. Prove that 5 divides 4%" — 1 for n > 1.

Proof:

For n =1, the statement claims that 5 divides 42 —1 = 15. This is
obviously true.

Assuming the statement is true for n = k, i.e.,
4% — 1 is divisible by 5, (43)
we will prove that the statement must be true for n = k + 1:
42D _ 1 s divisible by 5. (44)

In order to make use of the inductive hypothesis (43), we can transform

k+1)

the expression 42 — 1 as follows:

42(k—|—1) — 1= 42/€—|—2 -1

=47 47— 1
= 16(4%F — 1) + 15.

The last expression must be divisible by 5 since, by the inductive hypoth-
esis, 4% — 1 is divisible by 5, and obviously, 15 is divisible by 5. Thus
(44) holds and the inductive step is proved. Therefore, by the principle
of mathematical induction, the given statement is true for every positive
integer n.



