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1 Introduction

This paper completes the extension to third order of compatibility conditions, in the sense popularized by
T. Y. Thomas [9] (see also [10]), which can be used to study propagation of discontinuities of a vector field
defined on a surface in euclidean space. H. Cohen and the author considered such conditions for a general
tensor defined on a plane in [1]; here the tensor is restricted to be a three-dimensional vector, but the plane is
replaced by a curved surface, extending the work of Cohen and Wang [6] and the author [7]. The third-order
results of [1] were subsequently used to study acceleration waves in plates [2, 3], and it is hoped that the
present conditions may be useful in similar study, particularly on shells, where the wave may alter the shape
of the shell, as [6] was used in [4, 5].

This section serves to introduce the topic of the paper and geometrical notation. Section two describes
the kinematic notation and results drawn upon. Section three derives some commutation relations needed
in subsequent sections. Section four quotes and derives directional derivatives to compare with the partial
derivatives derived in section five. The compatibility conditions are derived in section six for trajectories
normal to the singular curves, and in the final section this context is extended to trajectories oblique to
those normals.

A smooth surface S in euclidean space E3 is customarily represented by three scalar functions

xi = xi(θα) (i = 1, 2, 3;α = 1, 2), (1.1)

where the xi are cartesian co-ordinates indicating positions and the θα, cartesian co-ordinates in E2, label
the points. The summation convention will be used throughout with the ranges 1, 2, 3, for i and 1, 2, for
Greek. A moving surface St then can be represented by making the xi functions of time, xi = xi(θα, t). In
vector notation, ~x = ~x(θα, t). At each point of the surface and at each time t, a basis is supplied for the

tangent space of E3 by the surface’s tangent-space basis ~hα ≡ ~x,α, where we are using a comma to indicate

partial differentiation, and ~h3, chosen to be perpendicular to ~h1 and ~h2 and to make (~h1,~h2,~h3) a right-hand

system. In these terms, the metric of the surface has covariant components hαβ ≡ ~hα ·~hβ and contravariant

components hαβ such that hαγhγβ = δα
β . The reciprocal basis then is given by ~hα ≡ hαγ~hγ , and ~h3 ≡ ~h3, and

the Christoffel symbols and the second fundamental form of the surface by

{

α
βγ

}

≡ ~hα ·~hβ,γ , Ωαβ ≡ ~hα,β ·~h3,

respectively. These relations imply that

~hα,β =

{

γ
αβ

}

~hγ + Ωαβ
~h3, ~h3,β = −Ωα

β
~hα. (1.2)

The concern of this work is with a vector field ~φ, a three-dimensional function of position on the surface,
~φ = ~φ(θα, t) = φβ~hβ +φ3~h3, where the (contravariant) tangential and (scalar) perpendicular components of ~φ

are, like ~hβ , ~h3, functions of position on the surface and time. It is necessary to use the covariant derivatives

of the tangential components to express succinctly even the partial derivative of ~φ. From the above relations,

~φ,β = (φα
|β − φ3Ωα

β)~hα + (φ3
,β + φαΩαβ)~h3. (1.3)
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One notes the way in which the perpendicular component influences the tangential components of the deriva-
tive and vice versa. It is the object of this paper to use the method of singular curves to find compatibility
conditions that relate the jumps in the third-order partial or covariant derivatives involving time of the
component functions of ~φ to the jumps in their directional derivatives, those of first and second order having
been found in [6] and [7] and those of third order not involving time having been found in [8].

The method of singular curves deals with a function that is singular in the sense that it is smooth except
on an oriented smooth curve Ct moving on St and that for each t it and all of its derivatives must have limits
with respect to θα and t at Ct from the side to which Ct is moving (the positive side of Ct) and the side
from which Ct is moving (the negative side of Ct). The difference between these limits is called the jump in
the function, denoted by square brackets, for example,

[φ3
,β ] = (φ3

,β)− − (φ3
,β)+. (1.4)

The order of the singularity of the function is the lowest order of partial derivative that has a non-zero jump
at Ct, order zero meaning that the function itself has a jump. We shall need a formula for the jump of a
product in terms of the factors; this formula is as follows,

[AB] = A+[B] + [A]B+ + [A][B]. (1.5)

For each t, we shall have occasion to require the unit tangent of Ct, ~m = d~x/ds, where s is the arc
length along Ct according to its given orientation. We need also, in the tangent plane of St, the unit normal
vector ~n = ~h3 × ~m, which is generally not the normal vector of the Frenet equations. Frequently we shall
have occasion to use the limits of directional derivatives of a singular function as the point of evaluation
approaches Ct and the direction approaches that of ~m or ~n; when it matters whether the limit is from the
positive or negative side of Ct, which one is meant will be made clear. When either is meant, then no
indication will be made, for instance, d~φ/dm will mean the limit of the directional derivative of ~φ in the
direction ~m at Ct from whichever side is required. In particular, Hadamard’s lemma states that

[

d~φ

dm

]

=
d
[

~φ
]

dm
. (1.6)

The general assumptions of this paper, following [6], [7], and [8], are that the position vector ~x is singular

of order two at Ct, meaning that ~hi, ~h
i, hαβ , and hαβ are continuous, but that the Christoffel symbols and

Ωαβ are not in general continuous across Ct, and that ~φ is smooth except at Ct. In addition we assume of ~φ

that its limit at Ct from each side vanishes, that is, ~φ− = 0 and ~φ+ = 0, the latter because of its vanishing
identically on the positive side of Ct. In consequence

[

~φ
]

= 0 and all derivatives of ~φ on the positive side of
Ct have vanishing limits at Ct. This is a simplifying assumption of the present work as compared with [7] and
[8]. Since the aim of this work is to find formulas for jumps, terms that will ultimately vanish will contribute
nothing to those formulas. So long as they will not again be differentiated, they can be discarded; the
indication that some such terms have been discarded will be the use of the special equal sign,

.
=, which first

appears in equation (4.4). Because many terms are products of ~φ or derivatives of ~φ in directions tangential
to the singular surface and geometrical quantities that may themselves have non-zero jumps across Ct, as
mentioned in the previous paragraph, it is important to note the precise effect of the simplifying assumption.
In equation (1.5), when A is a geometrical coefficient and B is ~φ, the jump in the product will vanish, the

vanishing jump in ~φ eliminating the first and third terms and the vanishing of ~φ ahead of Ct eliminating the
second. Then by Hadamard’s lemma applied twice, the same thing happens with terms involving tangential
directional derivatives of ~φ, e.g., with respect to ~m. No such term will therefore figure in the final results
nor in calculations after the specialization indicated by

.
= has been made.

In the final section, a further simplification will be made that the jump in the normal derivative of the
vector field ~̃χ, defined in equation (4.2), vanishes. The application of this simplifying assumption is indicated
by the use of ≈.
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Despite the lack of an assumption of continuity of the Christoffel symbols and Ωαβ across Ct, Cohen
and Wang [6] showed that

[{

λ
αβ

}]

mβ = 0 and [Ωαβ ]mβ = 0. (1.7)

It is necessary to recapitulate the relations among partial differentiation with respect to time, which will
be represented by the dot accent, and partial and covariant derivatives with respect to surface co-ordinates.
These have been carefully analyzed by Cohen and Wang [6], whose paper should be consulted for details.

2 Kinematics

Much depends upon the velocity vector field ~v of the surface St in euclidean space. The so-called world
velocity of St is then ~ω = ~v+~e4, where ~e4 is the unit tangent vector of the t-co-ordinate curve through each
point of space. To represent the directional derivative with respect to ~ω, we shall use the dot accent. It

will be useful to clarify the use of dots. For vectors, dots are tied to the symbol; ~̇φ|αβ is
(

~̇φ
)

|αβ
not

˙~φ|αβ .

For co-ordinates, dots are tied to the co-ordinate expression as a whole but not including differentiation

subscripts; φ̇γ means φ̇γ not the ~hγ component of ~̇φ. And φ̇γ

|λ means (φ̇γ)|λ not
˙
φγ

|λ and not (φ̇)γ

|λ, which has

no meaning at all. For any tensor field on St, we write

~̇φ =
∂~φ(θα, t)

∂t
=
d~φ

dω
. (2.1)

In particular, for ~x(θα, t) representing position on St, the velocity ~v(θα, t) of St is

~v =
d~x

dω
=
∂~x(θα, t)

∂t
= ~̇x. (2.2)

This velocity can be represented relative to the basis of the tangent space, ~v = vλ~hλ+v3~h3. It is not assumed
continuous across Ct, but it is assumed to be smooth elsewhere. If ~L represents the surface velocity gradient,
~v,α ⊗ ~hα, then from (1.2) we have

~L = Lλ
α
~hλ ⊗ ~hα + L3

α
~h3 ⊗ ~hα

= (vλ
|α − Ωλ

αv
3)~hλ ⊗ ~hα + (v3

,α + Ωλαv
λ)~h3 ⊗ ~hα.

(2.3)

We shall have occasion to expand both Lα
β and L3

β in terms of ~m and ~n

Lα
β = Lmmm

αmβ + Lmnm
αnβ + Lnmnαmβ + Lnnn

αnβ (2.4)

and

L3
β = L3

mmβ + L3
nnβ . (2.5)

From

~̇hα =
∂2~x

∂t ∂θα
=

∂2~x

∂θα ∂t
= ~v,α, (2.6)

we have
~̇hα = Lλ

α
~hλ + L3

α
~h3 = (vλ

|α − Ωλ
αv

3)~hλ + (v3
,α + Ωλαv

λ)~h3. (2.7)

Then by the perpendicularity of ~hα, ~h3,

~̇h3 = −L3
α
~hα = −L3α~hα = −(v3,α + Ωα

λv
λ)~hα. (2.8)
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If the singular curve Ct has an intrinsic speed of propagation U normal to itself across the surface St,
then the world velocity of Ct can be called ~z = ~ω+U~n. This relationship among the vectors allows (see [6])
the directional derivative with respect to ~ω to be written

~̇φ =
d~φ

dz
− U

d~φ

dn
. (2.9)

While the convected displacement derivatives with respect to z have their uses, it has been clearly established
by the uses made in [2] and [3] of the derivatives with respect to oblique trajectories used in [1], that
compatibility conditions should be found with respect to such oblique trajectories although it is more trouble.
Accordingly, let there be added to ~z a tangential velocity, called γ ~m in [6], to give the tangential velocity
~τ = ~z + γ ~m. Then

d

dτ
=

d

dz
+ γ

d

dm
. (2.10)

The normal-trajectory derivatives can of course be recovered from the more general expressions simply by
letting γ vanish. Finally, since both ~z and ~τ are tangent to the singular surface swept out in space-time by
Ct, there is a version of Hadamard’s lemma for directional derivatives with respect to each,

[

d~φ

dz

]

=
d[~φ]

dz
=
d~ψ

dz
,

[

d~φ

dτ

]

=
d[~φ]

dτ
=
d~ψ

dτ
. (2.11)

When ~φ in (2.9) is ~hα, (1.2) produces

d~hα

dz
=

˙~hα + U

{

λ
αβ

}

nβ~hλ + UΩαβn
β~h3. (2.12)

With (2.7) this is

d~hα

dz
=

(

Lλ
α + U

{

λ
αβ

}

nβ

)

~hλ + (L3
α + UΩλαn

λ)~h3. (2.13)

Then by the perpendicularity of ~hα, ~h3,

d~h3

dz
= −(L3

α + UΩαβn
β)~hα = −(L3α + UΩα

βn
β)~hα. (2.14)

Both of these formulas are needed later. The continuity of ~hα, ~h3 at Ct together with (2.11), implies

[

Lλ
α + U

{

λ
αβ

}

nβ

]

= 0, [L3
α + UΩαβn

β ] = 0. (2.15)

The former of these conditions and (1.7) have two consequences. One is that,

[

Lλ
α

]

mα = −U

[{

λ
αβ

}]

mαnβ = 0, (2.16)

which will be needed later as [Lmm] = [Lnm] = 0, and the other is that, when the operator on co-ordinates,

Dφα

dz
=
dφα

dz
+ φλ

(

Lλ
α + U

{

λ
αβ

}

nβ

)

(2.17)

is defined, and when the analogous operator

Dφα

dτ
=
dφα

dτ
+ φλ

(

Lλ
α + U

{

λ
αβ

}

nβ + γ

{

λ
αβ

}

mβ

)

=
Dφα

dz
+ γ

Dφα

Dm
(2.18)
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is defined, they satisfy versions of Hadamard’s lemma,

[

Dφα

dz

]

=
D[φα]

dz
=
Dψα

dz
,

[

Dφα

dτ

]

=
D[φα]

dτ
=
Dψα

dτ
. (2.19)

Four derivatives derived by Cohen and Wang [6] and miscopied in [7] are needed later:

dmλ

dz
=
dU

dm
nλ − Lα

βmαm
βmλ + U

{

α
λβ

}

mαn
β + (Lλβ + Lβλ)mβ ,

dnλ

dz
= −

dU

dm
mλ + Lα

βnαn
βnλ + U

{

α
λβ

}

nαn
β ,

dmλ

dz
=
dU

dm
nλ − Lα

βmαm
βmλ − U

{

λ
αβ

}

mαnβ,

dnλ

dz
= −

dU

dm
mλ + Lα

βnαn
βnλ − U

{

λ
αβ

}

nαnβ − (Lλβ + Lβλ)nβ .

(2.20)

Using the expansion of Lα
β , one can write, from [7],

Dmβ

dz
=

(

dU

dm
+ Lnm

)

nβ,
Dnβ

dz
= −

(

dU

dm
+ Lnm

)

mβ , (2.21)

. Two more formulas needed from [7] are

L̇3α =
DL3α

dz
− U

DL3α

Dn
− L3γLα

γ , (2.22)

and

L̇3
α =

DL3
α

dz
− U

DL3
α

Dn
+ L3

γL
γ

α. (2.23)

3 Commutation Relations

We recall from [6] the definition

~φ|αβ = ~φ,αβ − ~φ,γ

{

γ
αβ

}

=
d2~φ

dhβ dhα

−
d~φ

dhγ

{

γ
αβ

}

, (3.1)

and from [8] the further definition

~φ|αβδ = ~φ,βαδ − ~φ,γ

{

γ
βα

}

,δ

− ~φ,γδ

{

γ
βα

}

− ~φ,θΩ
θ
αΩβδ

− ~φ,θΩ
θ
βΩαδ − ~φ|ηβ

{

η
δα

}

− ~φ|αθ

{

θ
δβ

}

.

(3.2)

Two commutation relations for directional derivatives for fixed time, which will be needed later, can be
deduced from expressions for ~φ|αβδ obtained by iterating

grad ~φ =
d~φ

dm
⊗ ~m+

d~φ

dn
⊗ ~n, (3.3)

in component form,

d~φ

dhα

=
d~φ

dm
mα +

d~φ

dn
nα. (3.4)

5



A number of terms that arise can be simplified using the expression

Ωαβ = Ωmmmαmβ + Ωmnmαnβ + Ωnmnαmβ + Ωnnnαnβ (3.5)

for the second fundamental form, where Ωnm = Ωmn by its symmetry. The expression obtained (from [8]
based on [6]) is not identical to but is equal to

~φ|αβδ =

(

d3~φ

dm3
−
dη

dm

d~φ

dn
− 3η

d2~φ

dmdn
− 2η2 d

~φ

dm
− 2Ω2

mm

d~φ

dm

− 2ΩmnΩmm

d~φ

dn

)

mαmβmδ

+

{

d3~φ

dm2 dn
+

dη

dm

d~φ

dm
+ 2η

d2~φ

dm2
− η2 d

~φ

dn
− η

(

d2~φ

dn2
− µ

d~φ

dm

)

− 2ΩmmΩmn

d~φ

dm
− (Ω2

mn + ΩnnΩmm)
d~φ

dn

}

(mαmβnδ +mαnβmδ + nαmβmδ)

+

{(

d3~φ

dmdn2
−
dµ

dm

d~φ

dm
− µ

d2~φ

dm2

)

+ 2η
d2~φ

dmdn
+ 2η2 d

~φ

dm

− 2Ω2
mn

d~φ

dm
− 2ΩnnΩmn

d~φ

dn

}

(mαnβnδ + nαmβnδ + nαnβmδ)

+

{(

d3~φ

dn3
−
dµ

dn

d~φ

dm
− µ

d2~φ

dn dm

)

− 2µ
d2~φ

dmdn

− 2µη
d~φ

dm
− 2ΩmnΩnn

d~φ

dm
− 2Ω2

nn

d~φ

dn

}

nαnβnδ,

(3.6)

where η is the geodesic curvature of Ct and µ is the geodesic curvature of the orthogonal trajectories on St

of the family of curves Ct, both defined in terms of covariant directional derivatives by

Dmα

Dm
= mα

|λm
λ = ηnα,

Dnα

Dn
= nα

|λn
λ = µmα. (3.7)

Because the quantity ~φ|αβδ is symmetric in the suffixes α, β, and δ, the coefficients of mαnβnδ and nαmβnδ

that actually appear in the computation must be equal to that of nαnβmδ, which appears above. That is,

d

dn

(

d2~φ

dmdn
+ η

d~φ

dm

)

− µ

(

d2~φ

dm2
− η

d~φ

dn

)

+ µ

(

d2~φ

dn2
− µ

d~φ

dm

)

− (Ω2
mn + ΩmmΩnn)

d~φ

dm
− 2ΩnnΩmn

d~φ

dn

=
d3~φ

dmdn2
−
dµ

dm

d~φ

dm
− µ

d2~φ

dm2
+ 2η

d2~φ

dmdn
+ 2η2 d

~φ

dm

− 2Ω2
mn

d~φ

dm
− 2ΩnnΩmn

d~φ

dn
,

(3.8)

which can be written more usefully as

d

dn

(

d2~φ

dmdn
+ η

d~φ

dm

)

=
d3~φ

dmdn2
+ 2η

d2~φ

dmdn
− µ

d2~φ

dn2

+

(

2η2 + µ2 +K −
dµ

dm

)

d~φ

dm
− µη

d~φ

dn
,

(3.9)
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letting
K = ΩmmΩnn − Ω2

mn (3.10)

be the Gaussian curvature of the surface. Likewise the coefficient of mαmβnδ that actually appears must be
equal to that of mαnβmδ and nαmβmδ, which appears above;

d

dn

(

d2~φ

dm2
− η

d~φ

dn

)

+ 2µ

(

d2~φ

dmdn
+ η

d~φ

dm

)

− 2

(

ΩmmΩmn

d~φ

dm
+ Ω2

mn

d~φ

dn

)

=
d3~φ

dm2 dn
+
dη

dm

d~φ

dm
+ 2η

d2~φ

dm2
− η2 d

~φ

dn
− η

(

d2~φ

dn2
− µ

d~φ

dm

)

− 2ΩmmΩmn

d~φ

dm
− (Ω2

mn + ΩnnΩmm)
d~φ

dn
,

(3.11)

which can be written

d

dn

(

d2~φ

dm2
− η

d~φ

dn

)

=
d3~φ

dm2dn
+ 2η

d2~φ

dm2
− 2µ

d2~φ

dmdn
− η

d2~φ

dn2

+

(

dη

dm
− µη

)

d~φ

dm
− (η2 +K)

d~φ

dn
.

(3.12)

A pair of commutation relations involving differentiation with respect to time will be needed later. They
can be derived from the equality of partial derivatives,

∂3~φ

∂t ∂θβ ∂θα
=

∂3~φ

∂θβ ∂t ∂θα
(3.13)

and an expression derived in [6],

˙{

γ
αβ

}

= L3γΩαβ + Lγ
α|β − L3

αΩγ
β, (3.14)

expanded in terms of mβ and nβ:

˙{

γ
αβ

}

=

(

DLγ
α

Dm
+ L3γ(Ωmmmα + Ωnmnα) − L3

α(Ωmmm
γ + Ωnmn

γ)

)

mβ

+

(

DLγ
α

Dn
+ L3γ(Ωmnmα + Ωnnnα) − L3

α(Ωmnm
γ + Ωnnn

γ)

)

nβ .

(3.15)

We shall need the coefficient of mβ also expanded in terms of mα and nα:

(

dLmm

dm
mγ +

dLnm

dm
nγ + ηLmmn

γ − ηLmnm
γ − ηLnmm

γ + ηLnnn
γ

+ L3nΩmmn
γ − L3mΩnmn

γ

)

mα

+

(

dLmn

dm
mγ +

dLnn

dm
nγ + ηLmmm

γ + ηLmnn
γ + ηLnmn

γ − ηLnnm
γ

+ L3mΩnmm
γ − L3nΩmmm

γ

)

nα.

(3.16)
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The left side of (3.13) is
˙~φ,αβ =

˙~φ|αβ + ~̇φ,γ

{

γ
αβ

}

+ ~φ,γ

˙{

γ
αβ

}

and can be expanded using (3.15) and

an expansion for
˙~φ|αβ available by partial differentiation with respect to t of ~φ|αβ , used in previous work on

geometrical compatibility conditions in [8]. We have (cf. (2.9))

˙~φ|αβ =

(

d

dz
− U

d

dn

){

(

d2~φ

dm2
− η

d~φ

dn

)

mαmβ

+

(

d2~φ

dmdn
+ η

d~φ

dm

)

(mαnβ + nαmβ) +

(

d2~φ

dn2
− µ

d~φ

dm

)

nαnβ

}

.

(3.17)

This differentiation requires the commutation relations (3.9) and (3.12) and results in the expression:

˙~φ|αβ =

{

d3~φ

dz dm2
− U

d3~φ

dm2 dn
+ 2(Lmm − Uη)

d2~φ

dm2
− 2

dU

dm

d2~φ

dmdn
+ Uη

d2~φ

dn2
− η

d2~φ

dz dn

−

(

U
dη

dm
+ Uµη + 2

dU

dm
η

)

d~φ

dm
+

(

Uη2 + UK −
dη

dz
− 2Lmmη

)

d~φ

dn

}

mαmβ

+

{

d3~φ

dz dmdn
− U

d3~φ

dmdn2
+

(

dU

dm
+ Lmn + Lnm + Uµ

)

d2~φ

dm2
+ (Lmm + Lnn − 2Uη)

d2~φ

dmdn

−
dU

dm

d2~φ

dn2
+ η

d2~φ

dz dm
+

(

dη

dz
+ U

dµ

dm
− 2Uη2 − UK + Lmmη + Lnnη +

dU

dm
µ

)

d~φ

dm

− η

(

dU

dm
+ Lmn + Lnm

)

d~φ

dn

}

(mαnβ + nαmβ)

+

{

d3~φ

dz dn2
− U

d3~φ

dn3
+

(

2
dU

dm
+ 3Uµ+ 2Lmn + 2Lnm

)

d2~φ

dmdn
+ 2Lnn

d2~φ

dn2
− µ

d2~φ

dzdm

+

(

2
dU

dm
η −

dµ

dz
+ U

dµ

dn
+ 3Uµη + 2Lmnη + 2Lnmη − 2Lnnµ

)

d~φ

dm
− Uµ2 d

~φ

dn

}

nαnβ .

(3.18)

The right side of (3.13) can be obtained by partial differentiation of

~̇φ,α = mα

{

d2~φ

dz dm
− U

d2~φ

dmdn
+ (Lmm − Uη)

d~φ

dm
−
dU

dm

d~φ

dn

}

+ nα

{

d2~φ

dz dn
− U

d2~φ

dn2
+

(

dU

dm
+ Lnm + Lmn + Uµ

)

d~φ

dm
+ Lnn

d~φ

dn

}

,

(3.19)

from [7], where it is equation (4.22).
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d

dm
~̇φ,αmβ +

d

dn
~̇φ,αnβ =

d

dm

{

d2~φ

dz dm
− U

d2~φ

dmdn
+ (Lmm − Uη)

d~φ

dm
−
dU

dm

d~φ

dn

}

mαmβ

− η

{

d2~φ

dz dn
− U

d2~φ

dn2
+

(

dU

dm
+ Lnm + Lmn + Uµ

)

d~φ

dm
+ Lnn

d~φ

dn

}

mαmβ

+
d

dm

{

d2~φ

dz dn
− U

d2~φ

dn2
+

(

dU

dm
+ Lnm + Lmn + Uµ

)

d~φ

dm
+ Lnn

d~φ

dn

}

nαmβ

+ η

{

d2~φ

dz dm
− U

d2~φ

dmdn
+ (Lmm − Uη)

d~φ

dm
−
dU

dm

d~φ

dn

}

nαmβ

+
d

dn

{

d2~φ

dz dm
− U

d2~φ

dmdn
+ (Lmm − Uη)

d~φ

dm
−
dU

dm

d~φ

dn

}

mαnβ

+ µ

{

d2~φ

dz dn
− U

d2~φ

dn2
+

(

dU

dm
+ Lnm + Lmn + Uµ

)

d~φ

dm
+ Lnn

d~φ

dn

}

mαnβ

+
d

dn

{

d2~φ

dz dn
− U

d2~φ

dn2
+

(

dU

dm
+ Lnm + Lmn + Uµ

)

d~φ

dm
+ Lnn

d~φ

dn

}

nαnβ

− µ

{

d2~φ

dz dm
− U

d2~φ

dmdn
+ (Lmm − Uη)

d~φ

dm
−
dU

dm

d~φ

dn

}

nαnβ

+ ~̇φ,γ

{

γ
αβ

}

,

(3.20)
where the partial derivatives of mα and nα have been expressed in terms of their covariant derivatives, which
gives rise to terms containing Christoffel symbols, collected above into the final term.

When the two above expressions (3.18) and (3.20) for the equal partial derivatives are equated, and the
term common to both is dropped, the result as a whole is of no particular interest, but the equality of the
coefficients of nαmβ gives one commutation relation needed later and the equality of the coefficients of nβ

is the other commutation relation sought. (It could be separated into two relations, but they will be needed
together.)

The first equality is

d

dm

{

d2~φ

dz dn
− U

d2~φ

dn2
+

(

dU

dm
+ (Lnm + Lmn) + Uµ

)

d~φ

dm
+ Lnn

d~φ

dn

}

+ η

{

d2~φ

dz dm
− U

d2~φ

dmdn
+ (Lmm − Uη)

d~φ

dm
−
dU

dm

d~φ

dn

}

=
d3~φ

dz dmdn
− U

d3~φ

dmdn2
+

(

dU

dm
+ Lmn + Lnm + Uµ

)

d2~φ

dm2
+ (Lmm + Lnn − 2Uη)

d2~φ

dmdn

−
dU

dm

d2~φ

dn2
+ η

d2~φ

dz dm
+

(

dη

dz
+ U

dµ

dm
− 2Uη2 − UK + Lmmη + Lnnη +

dU

dm
µ

)

d~φ

dm

− η

(

dU

dm
+ Lmn + Lnm

)

d~φ

dn

+

(

d~φ

dm
mγ +

d~φ

dn
nγ

){(

dLmn

dm
+ ηLmm − ηLnn + L3mΩnm − L3nΩmm

)

mγ

+

(

dLnn

dm
+ ηLmn + ηLnm

)

nγ

}

,

(3.21)
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where (3.16) has been used. It simplifies to

d3~φ

dmdz dn
=

d3~φ

dz dmdn
+ (Lmm − Uη)

d2~φ

dmdn

−
d

dm

(

dU

dm
+ Lnm + Lmn + Uµ

)

d~φ

dm
− η(Lmm − Uη)

d~φ

dm

+

(

dη

dz
+ U

dµ

dm
− 2Uη2 − UK + Lmmη +

dU

dm
µ

)

d~φ

dm

+

(

dLmn

dm
+ ηLmm + L3mΩnm − L3nΩmm

)

d~φ

dm

.
=

d3~φ

dz dmdn
+ (Lmm − Uη)

d2~φ

dmdn
,

(3.22)

The second equality (that of the coefficients of nβ) is

d

dn

{

d2~φ

dz dm
− U

d2~φ

dmdn
+ (Lmm − Uη)

d~φ

dm
−
dU

dm

d~φ

dn

}

mα

+
d

dn

{

d2~φ

dz dn
− U

d2~φ

dn2
+

(

dU

dm
+ Lnm + Lmn + Uµ

)

d~φ

dm
+ Lnn

d~φ

dn

}

nα

=

{

d3~φ

dz dmdn
− µ

d2~φ

dz dn
+ η

d2~φ

dz dm
− U

d3~φ

dmdn2
+

(

dU

dm
+ Lmn + Lnm + Uµ

)

d2~φ

dm2

+ (Lmm + Lnn − 2Uη)
d2~φ

dmdn
+

(

µU −
dU

dm

)

d2~φ

dn2

+

(

dη

dz
+ U

dµ

dm
− 2Uη2 − Uµ2 − UK − Lnmµ− Lmnµ+ Lmmη + Lnnη

)

d~φ

dm

−

(

dU

dm
η + Lmnη + Lnmη + Lnnµ

)

d~φ

dn

}

mα

+

{

d3~φ

dz dn2
− U

d3~φ

dn3
+ 2

(

dU

dm
+ Uµ+ Lmn + Lnm

)

d2~φ

dmdn
+ 2Lnn

d2~φ

dn2

+

(

2
dU

dm
η −

dµ

dz
+ U

dµ

dn
+ 2Uµη + 2Lmnη + 2Lnmη − 2Lnnµ+ Lmmµ

)

d~φ

dm

−

(

dU

dm
µ+ Uµ2

)

dφ

dn

}

nα

+

(

d~φ

dm
mγ +

d~φ

dn
nγ

)(

DLγ
α

Dn
+ L3γ(Ωmnmα + Ωnnnα) − L3

α(Ωmnm
γ + Ωnnn

γ)

)

,

(3.23)

where (3.15) has been used.

A commutation relation in co-ordinates that is needed below can be derived by comparison of two equal

but different expressions, the nλ terms in ~̇φ,λ from (4.2) and (4.3) in [7],

d2~φ

dz dn
− U

d2~φ

dn2
+

(

dU

dm
+ Lnm + Lmn + Uµ

)

d~φ

dm
+ Lnn

d~φ

dn
=

d

dn

(

d~φ

dz
− U

d~φ

dn

)

. (3.24)
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Equating the coefficients of ~hα and the ~h3 respectively gives

D

dz

Dφα

Dn
− φδΩδβn

β(L3α + UΩα
γn

γ) = −

(

Uµ+
dU

dm
+ Lmn + Lnm

)

Dφα

Dm

−

(

dU

dn
+ Lnn

)

Dφα

Dn

+
D2φα

Dndz
− φγ(L3

γ + UΩγλn
λ)Ωα

δ n
δ,

or more usefully

D2φα

Dndz
=
D2φα

dz Dn
+

(

Uµ+
dU

dm
+ Lmn + Lnm

)

Dφα

Dm
+

(

dU

dn
+ Lnn

)

Dφα

Dn

+ φγL3
γΩα

δ n
δ − φγΩγδn

δL3α,

(3.25)

and
d2φ3

dz dn
− φ3Ωα

βn
β(L3

α + UΩαγn
γ) = −

(

Uµ+
dU

dm
+ Lmn + Lnm

)

dφ3

dm

−

(

dU

dn
+ Lnn

)

dφ3

dn

+
d2φ3

dn dz
− φ3(L3α + UΩα

λn
λ)Ωαδn

δ ,

or more usefully

d2φ3

dn dz
=

d2φ3

dz dn
+

(

Uµ+
dU

dm
+ Lmn + Lnm

)

dφ3

dm
+

(

dU

dn
+ Lnn

)

dφ3

dn
. (3.26)

4 Directional Derivatives

Since the goal is co-ordinate expressions, it is necessary to introduce co-ordinates for quantities other than
~φ = φα~hα + φ3~h3, ~φ,β , ~L, ~m, ~n, and ~v. The first directional derivatives are

d~φ

dm
=

(

Dφα

Dm
− φ3Ωα

βm
β

)

~hα +

(

dφ3

dm
+ φαΩαβm

β

)

~h3,

d~φ

dn
=

(

Dφα

Dn
− φ3Ωα

βn
β

)

~hα +

(

dφ3

dn
+ φαΩαβn

β

)

~h3.

(4.1)

The jump in the normal directional derivative of ~φ is defined to be

~̃χ =

[

d~φ

dn

]

=

([

Dφα

Dn

]

−
[

φ3Ωα
βn

β
]

)

~hα +

([

dφ3

dn

]

+
[

φαΩαβn
β
]

)

~h3. (4.2)

If we let

ψα = [φα], ψ3 = [φ3], ψ̃α =

[

Dφα

Dn

]

, ψ̃3 =

[

dφ3

dn

]

, (4.3)

we can note that, while ψ̃α, ψ̃3, are not the co-ordinates of ~̃χ, hence the use of different letters, they are equal
to those co-ordinates on account of the simplifying assumption on ~φ. On account of this simplification, the
first-order compatibility conditions (from [6]) become just

[φα
|β ]

.
= ψ̃αnβ ,

[

φ̇α
]

.
= −Uψ̃α, [φ3

,β ]
.
= ψ̃3nβ ,

[

φ̇3

]

.
= −Uψ3. (4.4)
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The second-order directional derivatives are,

d2~φ

dm2
=

(

D2φλ

Dm2
− φγΩγβΩλ

δm
βmδ − 2

dφ3

dm
Ωλ

βm
β − φ3

DΩλ
β

Dm
mβ − ηφ3Ωλ

βn
β

)

~hλ

+

(

2
Dφα

Dm
Ωαβm

β + φαDΩαβ

Dm
mβ + ηφαΩαβn

β +
d2φ3

dm2
− φ3Ωα

βΩαδm
βmδ

)

~h3,

d2~φ

dn2
=

(

D2φλ

Dn2
− φγΩγβΩλ

δn
βnδ − 2

dφ3

dn
Ωλ

βn
β − φ3

DΩλ
β

Dn
nβ − µφ3Ωλ

βm
β

)

~hλ

+

(

2
Dφα

Dn
Ωαβn

β + φαDΩαβ

Dn
nβ + µφαΩαβm

β +
d2φ3

dn2
− φ3Ωα

βΩαδn
βnδ

)

~h3,

d2~φ

dmdn
=

(

D2φλ

DmDn
− φγΩγβΩλ

δm
δnβ −

dφ3

dm
Ωλ

βn
β −

dφ3

dn
Ωλ

βm
β

− φ3
DΩλ

β

Dm
nβ + ηφ3Ωλ

βm
β

)

~hλ +

(

Dφα

Dn
Ωαβm

β +
Dφα

Dm
Ωαβn

β

+ φαDΩαβ

Dm
nβ − ηφαΩαβm

β +
d2φ3

dmdn
− φ3Ωα

η Ωαβm
βnη

)

~h3.

(4.5)

Again let

˜̃
~χ =

[

d2~φ

dn2
− µ

d~φ

dm

]

= [~φ|αβn
αnβ ], (4.6)

and also, in co-ordinates,

˜̃
ψλ =

[

D2φλ

Dn2
− µ

Dφλ

Dm

]

.
=

[

D2φλ

Dn2

]

,
˜̃
ψ3 =

[

d2φ3

dn2
− µ

dφ3

dm

]

.
=

[

d2φ3

dn2

]

. (4.7)

Again, these are not in general the co-ordinates of
˜̃
~χ;

˜̃
~χ =

(

˜̃
ψλ − [φσΩσβΩλ

γn
βnγ ] − 2

[

dφ3

dn
Ωλ

γn
γ

]

−

[

φ3
DΩλ

γ

Dn
nγ

])

~hλ

+

(

2

[

Dφα

Dn
Ωαβn

β

]

+

[

φαDΩαβ

Dn
nβ

]

+
˜̃
ψ3 − [φ3Ωα

γ Ωαβn
γnβ ]

)

~h3.

(4.8)

Under the present simplifying assumption on ~φ, the second-order compatibility conditions are as follows:
first the geometric,

[φλ
|αβ ]

.
= −ηψ̃λmαmβ +

Dψ̃λ

Dm
(mαnβ + nαmβ) +

˜̃
ψλnαnβ,

[φ3
|αβ ]

.
= −ηψ̃3mαmβ +

dψ̃3

dm
(mαnβ + nαmβ) + ˜̃ψ3nαnβ ,

(4.9)

then the kinematic,
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[φ̇α
|λ]

.
=

(

−U
Dψ̃α

Dm
−
dU

dm
ψ̃α

)

mλ

+

(

Dψ̃α

dτ
− γ

Dψ̃α

Dm
− U ˜̃ψα −

[

DφδLα
δ

Dn

]

+

[

Lnn

Dφα

Dn

])

nλ,

[φ̇3
,λ]

.
=

(

−U
dψ̃3

dm
−
dU

dm
ψ̃3

)

mλ

+

(

dψ̃3

dτ
− γ

dψ̃3

dm
− U

˜̃
ψ3 +

[

Lnn

dφ3

dn

])

nλ,

[φ̈α]
.
= −2U

Dψ̃α

dτ
+ 2Uγ

Dψ̃α

Dm
+ U2 ˜̃ψα −

[(

dU

dz
+ ULnn

)

Dφα

Dn

]

,

[φ̈3]
.
= −2U

dψ̃3

dτ
+ 2Uγ

dψ̃3

dm
+ U2 ˜̃

ψ3 −

[(

dU

dz
+ ULnn

)

dφ3

dn

]

.

(4.10)

The formulas (4.10) were obtained by equating expressions known to be equal in the limit at Ct and
then taking jumps in those equations. Many terms do not vanish until jumps are taken in them, as can be
seen in [7]. It will simplify further work substantially if terms whose jumps will vanish are neglected because
when jumps are taken—as they will be—their jumps will vanish even when multiplied by some geometrical
quantity whose jump does not vanish. It is therefore as though the above equations had come from the
following statements, which are not themselves true but lead to true statements when jumps are taken.
They are needed in what follows.

φ̇α
|λ
.
=

(

D2φα

dτ Dm
− γ

D2φα

Dm2
− U

D2ψα

DmDn
− Lα

δ

Dφδ

Dm
+ (Lmm − Uη)

Dφα

Dm
−
dU

dm

Dφα

Dn

)

mλ

+

(

D2ψα

dτ Dn
− γ

D2φα

DmDn
− U

D2φα

Dn2
− Lα

δ

Dφδ

Dn

+

{

dU

dm
+ Uµ+ Lmn + Lnm

}

Dφα

Dm
+ Lnn

Dφα

Dn

)

nλ,

φ̇3
,λ

.
=

(

d2φ3

dτ dm
− γ

d2φ3

dm2
− U

d2φ3

dmdn
+ (Lmm − Uη)

dφ3

dm
−
dU

dm

dφ3

dn

)

mλ

+

(

d2φ3

dτ dn
− γ

d2φ3

dmdn
− U

d2φ3

dn2

+

{

dU

dm
+ Uµ+ Lmn + Lnm

}

dφ3

dm
+ Lnn

dφ3

dn

)

nλ,

φ̈α .
=
D2φα

dτ2
− 2γ

D2φα

dτ Dm
+ γ2D

2φα

Dm2
− 2U

D2φα

dτ Dn
+ 2Uγ

D2φα

DmDn
+ U2D

2φα

Dn2

−

(

dγ

dτ
− γUη + γLmm + ULmn + ULnm + U2µ+ U

dU

dm

)

Dφα

Dm

−

(

dU

dz
+ ULnn

)

Dφα

Dn
− 2Lα

δ

(

Dφδ

dτ
− U

Dφδ

Dn
− γ

Dφδ

Dm

)

,

φ̈3 .
=
d2φ3

dτ2
− 2γ

d2φ3

dτ dm
+ γ2 d

2φ3

dm2
− 2U

d2φ3

dτ dn
+ 2Uγ

d2φ3

dmdn
+ U2 d

2φ3

dn2

−

(

dγ

dτ
− γUη + γLmm + ULmn + ULnm + U2µ+ U

dU

dm

)

dφ3

dm

−

(

dU

dz
+ ULnn

)

dφ3

dn
.

(4.11)
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Similarly the first-order kinematic compatibility conditions (4.4) are based on larger equations that will
be stated in an untrue form needed for substitution later (from [7]), where it is understood that, while no
terms have been discarded as they have been above, jumps need to be taken to make the statements true.

φ̇α =
Dφα

dτ
− γ

Dφα

Dm
− U

Dφα

Dn
− Lα

δφ
δ ,

φ̇3 =
dφ3

dτ
− γ

dφ3

dm
− U

dφ3

dn
.

(4.12)

The third-order directional derivatives not involving time are obtained by differentiating the expressions
in (4.5):

d3~φ

dm3
=

(

D3φα

Dm3
− 3

Dφδ

Dm
Ωδηm

ηΩα
βm

β − 2φδDΩδηm
η

Dm
Ωα

βm
β − φγΩγβm

βDΩα
δm

δ

Dm

− 3
d2φ3

dm2
Ωα

βm
β − 3

dφ3

dm

DΩα
βm

β

Dm
+ φ3Ωγ

ηΩγδm
ηmδΩα

βm
β − φ3

D2Ωα
βm

β

Dm2

)

~hα

+

(

3
D2φα

Dm2
Ωαβm

β + 3
Dφα

Dm

DΩαβm
β

Dm
− φγΩγηΩα

δm
ηmδΩαβm

β

+ φαD
2Ωαβm

β

Dm2
+
d3φ3

dm3
− 3

dφ3

dm
Ωα

ηm
ηΩαβm

β − 3φ3
DΩα

ηm
η

Dm
Ωαβm

β

)

~h3.

(4.13)

d3~φ

dm2dn
=

(

D3φα

Dm2Dn
−
DφγΩγβn

βΩα
δm

δ

Dm
−
D2φ3Ωα

βn
β

Dm2
− 2

d2φ3

dmdn
Ωα

βm
β −

dφ3

dn

DΩα
βm

β

Dm

−
Dφδ

Dn
Ωδηm

ηΩα
βm

β −
DφδΩδηn

η

Dm
Ωα

βm
β + φ3Ωδ

ηn
ηΩδγm

γΩα
βm

β

)

~hα

+

(

2
D2φα

DmDn
Ωαβm

β +
Dφα

Dn

DΩαβm
β

Dm
+
D2φαΩαβn

β

Dm2
− φγΩγηn

ηΩα
δm

δΩαβm
β

+
d3φ3

dm2dn
−
dφ3Ωα

ηn
ηΩαβm

β

dm
−
dφ3Ωα

ηn
η

dm
Ωαβm

β −
dφ3

dn
Ωα

ηm
ηΩαβm

β

)

~h3.

(4.14)

d3~φ

dmdn2
=

(

D3φα

DmDn2
−
Dφλ

Dm
ΩλβΩα

γn
βnγ − φλ

DΩλβΩα
γn

βnγ

Dm
− 2

d2φ3

dmdn
Ωα

γn
γ

− 2
dφ3

dn

DΩα
γn

γ

Dm
−
dφ3

dm

DΩα
γn

γ

Dn
− φ3

D2Ωα
γn

γ

DmDn
−
d2φ3

dn2
Ωα

βm
β

+ φ3Ωδ
γΩδηn

γnηΩα
βm

β − 2
Dφδ

Dn
Ωδηn

ηΩα
βm

β − φδDΩδηn
η

Dn
Ωα

βm
β

)

~hα

+

(

D2φα

Dn2
Ωαβm

β − φλΩληΩα
γn

ηnγΩαβm
β − 2

dφ3

dn
Ωα

γn
γΩαβm

β

− φ3
DΩα

γn
γ

Dn
Ωαβm

β +
d3φ3

dmdn2
−
dφ3

dm
Ωα

γ Ωαβn
γnβ − φ3

dΩα
γ Ωαβn

γnβ

dm

+ 2
D2φα

DmDn
Ωαβn

β + 2
Dφα

Dn

DΩαβn
β

Dm
+
Dφα

Dm

DΩαβn
β

Dn
+ φαD

2Ωαβn
β

DmDn

)

~h3

(4.15)
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d3~φ

dn3
=

(

D3φα

Dn3
−
DφλΩλβΩα

γn
βnγ

Dn
− 2

Dφγ

Dn
Ωγδn

δΩα
βn

β − φγDΩγδn
δ

Dn
Ωα

βn
β

− 3
d2φ3

dn2
Ωα

γn
γ − 3

dφ3

dn

DΩα
γn

γ

Dn
− φ3

D2Ωα
γn

γ

Dn2
+ φ3Ωη

γΩηδn
γnδΩα

βn
β

)

~hα

+

(

3
D2φα

Dn2
Ωαβn

β + 3
Dφα

Dn

DΩαβn
β

Dn
+ φαD

2Ωαβn
β

Dn2
− φλΩληΩα

γn
ηnγΩαβn

β

+
d3φ3

dn3
−
dφ3Ωα

γ Ωαβn
γnβ

dn
− 2

dφ3

dn
Ωα

γn
γΩαβn

β − φ3
DΩα

γn
γ

Dn
Ωαβn

β

)

~h3.

(4.16)

Using the notation
˜̃̃
~χ for [~φ|αβδn

αnβnδ], which is available as the coefficient of nαnβnδ in the expression
(3.6) for φ|αβδ , we also need

˜̃̃
ψα =

[

D3φα

Dn3
−
dµ

dn

Dφα

Dm
− 3µ

D2φα

DmDn
− 3µη

Dφα

Dm
+ µ2Dφ

α

Dn
+ 2µφνRα

νγβm
γnβ

]

.
=

[

D3φα

Dn3
− 3µ

D2φα

DmDn
+ µ2Dφ

α

Dn

] (4.17)

and

˜̃̃
ψ3 =

[

d3φ3

dn3
−
dµ

dn

dφ3

dm
− 3µ

d2φ3

dmdn
− 3µη

dφ3

dm
+ µ2 dφ

3

dn

]

.
=

[

d3φ3

dn3
− 3µ

d2φ3

dmdn
+ µ2 dφ

3

dn

]

. (4.18)

With the notation needed all in place, the third-order geometric conditions of [8] under the simplifying
assumption of this work can now be written out:

φλ
|αβδ

.
=

(

−
dη

dm
ψ̃λ − 3η

Dψ̃λ

Dm

)

mαmβmδ

+

(

D2ψ̃λ

Dm2
− η2ψ̃λ − η ˜̃ψλ

)

(mαmβnδ +mαnβmδ + nαmβmδ)

+

[

Dφν

Dn
Rλ

νγσm
σnγ

]

(2mαnβnδ + nαmβnδ)

+

(

D
˜̃
ψλ

Dm
+ 2η

Dψ̃λ

Dm

)

(mαnβnδ + nαmβnδ + nαnβmδ)

−

[

K
Dφλ

Dn

]

mαmβnδ +
˜̃̃
ψλnαnβnδ

(4.19)

and

φ3
|αβδ

.
=

(

−
dη

dm
ψ̃3 − 3η

dψ̃3

dm

)

mαmβmδ

+

(

d2ψ̃3

dm2
− η2ψ̃3 − η ˜̃φ3

)

(mαmβnδ +mαnβmδ + nαmβmδ)

+

(

d ˜̃ψ3

dm
+ 2η

dψ̃3

dm

)

(mαnβnδ + nαmβnδ + nαnβmδ)

−

[

K
dφ3

dn

]

mαmβnδ +
˜̃̃
ψ3nαnβnδ.

(4.20)
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Directional derivatives involving time will be needed. From (4.5), (4.17), and (4.18) in [7] come:

d2~φ

dz dm
=

(

D2φα

dz Dm
− φγΩγβm

βL3α − UφγΩγβm
βΩα

δ n
δ

−
dφ3

dz
Ωα

βm
β − φ3

DΩα
β

dz
mβ −

dU

dm
φ3Ωα

βn
β

− Lnmφ
3Ωα

βn
β −

dφ3

dm
L3α − U

dφ3

dm
Ωα

γn
γ

)

~hα

+

(

d2φ3

dz dm
− φ3Ωα

βm
βL3

α − Uφ3Ωα
βm

βΩαγn
γ

+
Dφα

dz
Ωαβm

β + φαDΩαβ

dz
mβ +

dU

dm
φαΩαβn

β

+ Lnmφ
αΩαβn

β +
Dφα

Dm
L3

α + U
Dφα

Dm
Ωαδn

δ

)

~h3.

(4.21)

d2~φ

dz dn
=

(

D2φα

dz Dn
− φγΩγβn

βL3α − UφγΩγβn
βΩα

δ n
δ −

dφ3

dz
Ωα

βn
β − φ3

DΩα
β

dz
nβ

+
dU

dm
φ3Ωα

βm
β + Lnmφ

3Ωα
βm

β −
dφ3

dn
L3α − U

dφ3

dn
Ωα

γn
γ

)

~hα

+

(

d2φ3

dz dn
− φ3Ωα

βn
βL3

α − Uφ3Ωα
βn

βΩαγn
γ +

DφγΩγβ

dz
nβ

−
dU

dm
φγΩγβm

β − Lnmφ
γΩγβm

β +
Dφα

Dn
L3

α + U
Dφα

Dn
Ωαγn

γ

)

~h3,

(4.22)

d2~φ

dz2
=

{

D2φα

dz2
− φγL3

γL
3α − UφγΩγδn

δL3α − UφγΩα
λn

λL3
γ

− U2φγΩγδn
δΩα

λn
λ − 2

dφ3

dz
L3α − 2U

dφ3

dz
Ωα

λn
λ

− φ3

(

DL3α

dz
+
DUΩα

λ

dz
nλ − U

( dU

dm
+ Lnm

)

Ωα
λm

λ

)}

~hα

+

{

d2φ3

dz2
− φ3L3

γL
3γ − Uφ3Ωγδn

δL3γ − Uφ3Ωγ
λn

λL3
γ

− U2φ3Ωγδn
δΩγ

λn
λ + 2

Dφα

dz
L3

α + 2U
Dφα

dz
Ωαβn

β

+ φα

(

DL3
α

dz
+
DUΩαλ

dz
nλ − U

(dU

dm
+ Lnm

)

Ωαλm
λ

)}

~h3.

(4.23)

Using the general formula, from (2.13) and (2.14),

d(Aα~hα +B~h3)

dz
=

{

DAα

dz
−B(L3α + UΩα

βn
β)

}

~hα

+

{

Aα(L3
α + UΩλαn

λ) +
dB

dz

}

~h3,

(4.24)

further partly temporal directional derivatives can be calculated from (4.5). Because these expressions will
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not be differentiated again, terms in φα and φ3 will be dropped.

d3~φ

dz dm2

.
=

{

D3φα

dz Dm2
−
Dφγ

dz
Ωγβm

βΩα
δm

δ − 2
Dφγ

Dm
Ωγβm

β(L3α + UΩα
δ n

δ)

− 2
d2φ3

dz dm
Ωα

γm
γ −

d2φ3

dm2
(L3α + UΩα

γn
γ) −

dφ3

dz

(

DΩα
γ

Dm
mγ + ηΩα

γn
γ

)

− 2
dφ3

dm

(

dU

dm
Ωα

γn
γ +

DΩα
γ

dz
mγ + LnmΩα

γn
γ

)}

~hα

+

{

d3φ3

dz dm2
−
dφ3

dz
ΩαθΩ

θ
βm

αmβ − 2
dφ3

dm
Ωαγm

γ(L3α + UΩα
βn

β)

+ 2
D2φα

dz Dm
Ωαγm

γ +
D2φα

Dm2
(L3

α + UΩαγn
γ) +

Dφα

dz

(

DΩαγ

Dm
mγ + ηΩαγn

γ

)

+ 2
Dφα

Dm

(

dU

dm
Ωαγn

γ +
DΩαγ

dz
mγ + LnmΩαγn

γ

)}

~h3.

(4.25)

d3~φ

dz dmdn

.
=

{

D3φα

dz DmDn
−
Dφγ

dz
Ωγδn

δΩα
βm

β −
Dφγ

Dn
Ωγβm

β(L3α + UΩα
δ n

δ)

−
Dφγ

Dm
Ωγβn

β(L3α + UΩα
δ n

δ) −
d2φ3

dz dn
Ωα

γm
γ −

d2φ3

dz dm
Ωα

γn
γ

+
dφ3

dz

(

−
DΩα

γ

Dm
nγ + ηΩα

γm
γ

)

−
d2φ3

dmdn
(L3α + UΩα

γn
γ)

+
dφ3

dm

(

dU

dm
Ωα

γm
γ −

DΩα
γ

dz
nγ + LnmΩα

γm
γ

)

−
dφ3

dn

(

dU

dm
Ωα

γn
γ +

DΩα
γ

dz
mγ + LnmΩα

γn
γ

)}

~hα

+

{

d3φ3

dz dmdn
−
dφ3

dz
ΩαθΩ

θ
βm

αnβ −
dφ3

dn
Ωαγm

γ(L3α + UΩα
βn

β)

−
dφ3

dm
Ωαγn

γ(L3α + UΩα
βn

β) +
D2φα

dz Dm
Ωαβn

β +
D2φα

dz Dn
Ωαβm

β

+
Dφα

dz

(

DΩαγ

Dm
nγ − ηΩαγm

γ

)

−
D2φα

DmDn
(L3

α + UΩαγn
γ)

−
Dφα

Dm

(

dU

dm
Ωαγm

γ −
DΩαγ

dz
nγ + LnmΩαγm

γ

)

+
Dφα

Dn

(

dU

dm
Ωαγn

γ +
DΩαγ

dz
mγ + LnmΩαγn

γ

)}

~h3.

(4.26)
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d3~φ

dz dn2

.
=

{

D3φα

dz Dn2
−
Dφγ

dz
Ωγβn

βΩα
δ n

δ − 2
Dφγ

Dn
Ωγβn

β(L3α + UΩα
δ n

δ)

− 2
d2φ3

dz dn
Ωα

γn
γ −

d2φ3

dn2
(L3α + UΩα

γn
γ) −

dφ3

dz

(

DΩα
γ

Dn
nγ + µΩα

γm
γ

)

+ 2
dφ3

dn

(

dU

dm
Ωα

γm
γ −

DΩα
γ

dz
nγ + LnmΩα

γm
γ

)}

~hα

+

{

d3φ3

dz dn2
−
dφ3

dz
ΩαθΩ

θ
βn

αnβ − 2
dφ3

dn
Ωαγn

γ(L3α + UΩα
βn

β)

+ 2
D2φα

dz Dn
Ωαγn

γ +
D2φα

Dn2
(L3

α + UΩαγn
γ) +

Dφα

dz

(

DΩαγ

Dn
nγ + µΩαγm

γ

)

− 2
Dφα

Dn

(

dU

dm
Ωαγm

γ −
DΩαγ

dz
nγ + LnmΩαγm

γ

)}

~h3.

(4.27)

From (4.22) differentiated again and with the usual simplifications,

d3~φ

dz2 dn

.
=

(

D3φα

dz2Dn
−
d2φ3

dz dn
L3α −

dφ3

dn

DL3α

dz
−
dU

dz

dφ3

dn
Ωα

γn
γ

− U
d2φ3

dz dn
Ωα

γn
γ − U

dφ3

dn

DΩα
γ

dz
nγ + U

dφ3

dn
Ωα

γ

(

dU

dm
+ Lnm

)

mγ

)

~hα

−

(

d2φ3

dz dn
+
Dφδ

Dn
L3

δ + U
Dφδ

Dn
Ωδγn

γ

)

(L3α + UnλΩα
λ)~hα

+

(

d3φ3

dz2 dn
+
D2φδ

dz Dn
L3

δ +
Dφδ

Dn

DL3
δ

dz
+
dU

dz

Dφδ

Dn
Ωδγn

γ

+ U
D2φδ

dz Dn
Ωδγn

γ + U
Dφδ

Dn

DΩδγ

dz
nγ + U

Dφδ

Dn
Ωδγ

(

dU

dm
+ Lnm

)

mγ

)

~h3

+

(

D2φα

dz Dn
−
dφ3

dn
L3α − U

dφ3

dn
Ωα

γn
γ

)

(L3
α + UnλΩαλ)~h3.

(4.28)

5 Partial Derivatives

We take the second covariant derivative (3.1) of the vector field from [8],

~φ|αβ = ~φ,αβ − ~φ,δ

{

δ
αβ

}

= (φλ
|αβ − φσΩσαΩλ

β − φ3
,αΩλ

β − φ3
,βΩλ

α − φ3Ωλ
α|β)~hλ

+ (φλ
|αΩλβ + (φλΩλα)|β + φ3

|αβ − φ3Ωλ
αΩλβ)~h3.

(5.1)
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From this we obtain directly, using (2.7) and (2.8) above,

˙~φ|βγ =( ˙φα
|βγ

− φ̇σΩσβΩα
γ − φσΩ̇σβΩα

γ − φσΩσβΩ̇α
γ

− φδ
|βL

3αΩδγ − (φδΩδβ)|γL
3α + φδ

|βγL
α

δ − φσLα
δΩσβΩδ

γ

− φ̇3
,βΩα

γ − φ3
,βΩ̇α

γ − φ̇3
,γΩα

β − φ3
,γΩ̇α

β − φ̇3Ωα
β|γ

− φ3 ˙Ωα
β|γ − φ3

|βγL
3α + φ3L3αΩδ

βΩδγ − φ3
,βL

α
δΩ

δ
γ − (φ3Ωδ

β)|γL
α

δ)~hα

+ (φδ
|βγL

3
δ − φσL3

δΩσβΩδ
γ + ˙φα

|βΩαγ + φα
|βΩ̇αγ

+ ˙φα
|γΩαβ + φα

|γΩ̇αβ + φ̇αΩαβ|γ + φα ˙Ωαβ|γ

− φ3
,βL

3
δΩ

δ
γ − (φ3Ωδ

β)|γL
3
δ +

˙
φ3
|βγ

− φ̇3Ωα
βΩαγ − φ3Ω̇α

βΩαγ − φ3Ωα
β Ω̇αγ)~h3.

(5.2)

In order to be able to compare this expression with one based on directional derivatives, three transformations

need to be applied to it. All of the dotted φ terms except the two that formulas are sought for, ˙φα
|βγ

and

˙
φ3
|βγ

must be replaced. This replacement is done for first derivatives by using the expressions (4.12) and,

where an expression is a second derivative, using the expressions from which the second-order kinematic

compatibility conditions come when jumps are taken, (4.11). The factor ˙φα
|β can be dealt with exactly like

φ̇α
|β because the difference between the two expressions, according to equation (8.30) of [6], is φε times a

geometrical coefficient and so can be ignored here since its jump will vanish. The second transformation is
to expand covariant derivatives in terms of directional derivatives using formulas

φα
|β =

Dφα

Dm
mβ +

Dφα

Dn
nβ, φ3

,β =
dφ3

dm
mβ +

dφ3

dn
nβ, (5.3)

and the same iterated and similar formulas applied to Ωα
γ , L3α, and Lα

γ . The third transformation is to

insert components of the tangent and normal vectors ~m and ~n in each term except ˙φα
|βγ

and
˙

φ3
|βγ

. This can

be done by replacing each subscript β (or γ respectively) by a dummy suffix, say ε, and multiplying the
term by δε

β in the form mεmβ +nεnβ (equation (6.25) of [6]). The result of these expansions is a substantial
expression, which is not worth looking at and which was formed by the Mathematica package ‘Ricci’ of Jack
Lee running on a NeXT computer. (Without this combination of facilities, these calculations would not have
been completed.)

We take the second partial derivative of ~φ with respect to time from [7],

~̈φ = (φ̈α + 2φ̇γLα
γ + φγL̇α

γ + φλLγ
λL

α
γ − φγL3

γL
3α

− 2φ̇3L3α − φ3L̇3α − φ3L3γLα
γ)~hα

+ (φ̈3 + 2φ̇γL3
γ + φγL̇3

γ − φ3L3γL3
γ + φλLγ

λL
3
γ)~h3,

(5.4)

and differentiate it partially with respect to θλ to obtain

~̈φ,λ = (φ̈α
|λ + 2φ̇γ

|λL
α

γ + 2φ̇γLα
γ|λ + φγ

|λL̇
α

γ + φγL̇α
γ|λ + φδ

|λL
γ

δL
α

γ

+ φδLγ
δ|λL

α
γ + φδLγ

δL
α

γ|λ − φγ

|λL
3
γL

3α − φγL3
γ|λL

3α − φγL3
γL

3α
|λ

− 2φ̇3
,λL

3α − 2φ̇3L3α
|λ − φ3

,λL̇
3α − φ3L̇3α

|λ − φ3
,λL

3γLα
γ − φ3L3γ

|λL
α

γ − φ3L3γLα
γ|λ)~hα

− (2φ̇γL3
γ + φγL̇3

γ + φδLγ
δL

3
γ + φ̈3 − φ3L3γL3

γ)Ωα
λ
~hα

+ (φ̈α + 2φ̇γLα
γ + φγL̇α

γ + φδLγ
δL

α
γ − φγL3

γL
3α − 2φ̇3L3α − φ3L̇3α − φ3L3γLα

γ)Ωαλ
~h3

+ (2φ̇γ

|λL
3
γ + 2φ̇γL3

γ|λ + φγ

|λL̇
3
γ + φγL̇3

γ|λ + φδ
|λL

γ
δL

3
γ + φδLγ

δ|λL
3
γ + φδLγ

δL
3
γ|λ

+ φ̈3
,λ − φ3

,λL
3γL3

γ − φ3L3γ

|λL
3
γ − φ3L3γL3

γ|λ)~h3.

(5.5)
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Since this expression will not again be differentiated, it is permissible to simplify it by the elimination of
terms containing φα and φ3, of which there are a goodly number. For comparison with the corresponding
expression based on directional derivatives, as above the dotted φ terms except those sought, φ̈α

|λ and φ̈3
,λ

need to be replaced and the covariant derivatives expanded in directional derivatives. The result of this
expansion is again a substantial expression, which exists only in the format of ‘Ricci’.

The third of the partial derivatives needed is obtained by differentiating the expression (5.4) with respect
to time to obtain,

...

~φ = (
...

φα + 2φ̈γLα
γ + 2φ̇γL̇α

γ + φ̇γL̇α
γ + φγL̈α

γ + φ̇λLγ
λL

α
γ

+ φλL̇γ
λL

α
γ + φλLγ

λL̇
α

γ − φ̇γL3
γL

3α − φγL̇3
γL

3α − φγL3
γL̇

3α − 2φ̈3L3α

− 2φ̇3L̇3α − φ̇3L̇3α − φ3L̈3α − φ̇3L3γLα
γ − φ3L̇3γLα

γ − φ3L3γL̇α
γ)~hα

+ (φ̈3 + 2φ̇γL3
γ + φγL̇3

γ − φ3L3γL3
γ + φλLγ

λL
3
γ)(−L3α~hα)

+ (φ̈δ + 2φ̇γLδ
γ + φγL̇δ

γ + φλLγ
λL

δ
γ − φγL3

γL
3δ − 2φ̇3L3δ − φ3L̇3δ − φ3L3γLδ

γ)Lα
δ
~hα

+ (φ̈δ + 2φ̇γLδ
γ + φγL̇δ

γ + φλLγ
λL

δ
γ − φγL3

γL
3δ − 2φ̇3L3δ − φ3L̇3δ − φ3L3γLδ

γ)L3
δ
~h3

+ (
...

φ3 − φ̇3L3γL3
γ − φ3L̇3γL3

γ − φ3L3γL̇3
γ + 2φ̈γL3

γ + 3φ̇γL̇3
γ

+ φγL̈3
γ + φ̇λLγ

λL
3
γ + φλL̇γ

λL
3
γ + φλLγ

λL̇
3
γ)~h3.

(5.6)

Again terms containing φα and φ3 can legitimately be removed to give the simplified form

...

~φ
.
= (

...

φα + 3φ̈γLα
γ + 3φ̇γL̇α

γ + 3φ̇λLγ
λL

α
γ − 3φ̇γL3

γL
3α

− 3φ̈3L3α − 3φ̇3L̇3α − 3φ̇3L3γLα
γ)~hα

+ (
...

φ3 − 3φ̇3L3γL3
γ + 3φ̈γL3

γ + 3φ̇γL̇3
γ + 3φ̇λLγ

λL
3
γ)~h3.

(5.7)

This expression then requires the same expansion as the previous partial derivative to produce an expression
for comparison with the directional-derivative version of the same quantity. This has been done in ‘Ricci’.

6 Compatibility Conditions

The expression (3.18) for
˙~φ|αβ in terms of directional derivatives, with each vectorial expression expanded into

co-ordinates by the formulas stated in section two or derived in section four and the now usual simplification,
can be compared piece by piece with the same quantity computed in the fifth section to give expressions for

˙φα
|βγ

and
˙

φ3
|βγ

, which appear in that form in the section-five formulas. The resulting expressions, true only

when jumps are taken, are:
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˙φα
|βγ

.
=

{

ηU
D2φα

Dn2
− U

D3φα

Dm2Dn
− 2

dU

dm

D2φα

DmDn
− η

D2φα

dz Dn

+

(

KU + η2U −
dη

dz
− 2ηLmm

)

Dφα

Dn
+ ηL3α dφ

3

dn

}

mβmγ

+

{

D3φα

dz DmDn
− U

D3φα

DmDn2
−
dU

dm

D2φα

Dn2
− Lα

δ

D2φδ

DmDn

+ (Lmm + Lnn − 2ηU)
D2φα

DmDn
− η

(

dU

dm
+ Lmn + Lnm

)

Dφα

Dn

+ {2Umδnε(ΩλεΩ
α
δ − ΩλδΩ

α
ε ) + µLα

λ}
Dφλ

Dn
+ (Mα − µL3α)

dφ3

dn

}

mβnγ

+

{

D3φα

dz DmDn
− U

D3φα

DmDn2
−
dU

dm

D2φα

Dn2
− Lα

δ

D2φδ

DmDn

+ (Lmm + Lnn − 2ηU)
D2φα

DmDn
− η

(

dU

dm
+ Lmn + Lnm

)

Dφα

Dn

+ {Umδnε(ΩλεΩ
α
δ − ΩλδΩ

α
ε ) + µLα

λ}
Dφλ

Dn
+ (Mα − ηL3α)

dφ3

dn

}

nβmγ

+

{

D3φα

dz Dn2
− U

D3φα

Dn3
+

(

2
dU

dm
+ 3µU + 2Lmn + 2Lnm

)

D2φα

DmDn

+ 2Lnn

D2φα

Dn2
− Lα

δ

D2φδ

Dn2
− µ2U

Dφα

Dn
− µLα

δ

Dφδ

Dn
+ (2Nα + µL3α)

dφ3

dn

}

nβnγ ,

(6.1)

where

Mα =
DL3α

Dm
− LmmΩα

βm
β − LnmΩα

βn
β −

DΩα
β

dz
mβ + U

DΩα
β

Dm
nβ,

Nα =
DL3α

Dn
− LmnΩα

βm
β − LnnΩα

βn
β −

DΩα
β

dz
nβ + U

DΩα
γ

Dn
nγ ,

(6.2)

both vanish, as was shown in [7], and
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˙
φ3
|βγ

.
=

{

ηU
d2φ3

dn2
− U

d3φ3

dm2 dn
− 2

dU

dm

d2φ3

dmdn
− η

d2φ3

dz dn

+

(

KU + η2U −
dη

dz
− 2ηLmm

)

dφ3

dn
− ηL3

α

Dφα

Dn

}

mβmγ

+

{

d3φ3

dz dmdn
− U

d3φ3

dmdn2
−
dU

dm

d2φ3

dn2

+ (Lmm + Lnn − 2ηU)
d2φ3

dmdn
− η

(

dU

dm
+ Lmn + Lnm

)

dφ3

dn

+ (mδPαδ −Mα + µL3
α)
Dφα

Dn

}

mβnγ

+

{

d3φ3

dz dmdn
− U

d3φ3

dmdn2
−
dU

dm

d2φ3

dn2

+ (Lmm + Lnn − 2ηU)
d2φ3

dmdn
− η

(

dU

dm
+ Lmn + Lnm

)

dφ3

dn

+ (mδPαδ −Mα + ηL3
α)
Dφα

Dn

}

nβmγ

+

{

d3φ3

dz dn2
− U

d3φ3

dn3
+

(

2
dU

dm
+ 3µU + 2Lmn + 2Lnm

)

d2φ3

dmdn

+ 2Lnn

d2φ3

dn2
− µ2U

dφ3

dn

+
(

2(nδPαδ −Nα) − µL3
α

) Dφα

Dn

}

nβnγ ,

(6.3)

where

Pαδ = ΩδεL
ε
α − ΩαεL

ε
δ −mα

DL3
δ

Dm
− nα

DL3
δ

Dn
+ L3

α|δ. (6.4)

To see that Pαδ = 0 one combines its directional derivatives of L3
δ as L3

δ|α and then expands the covariant
derivatives in terms of the definition of L3

α (2.3). The whole expression then vanishes because v3 is a scalar
and Ωαβ , Ωγα|β, and ΩαγΩγ

β are symmetric in α and β.
When jumps are taken, a further simplification comes from using (4.72) and (4.18);

[

˙
φ3
|βγ

]

.
=

{

ηU
˜̃
ψ3 − U

d2ψ̃3

dm2
− 2

dU

dm

dψ̃3

dm
− η

dψ̃3

dz

+

[(

KU + η2U −
dη

dz
− 2ηLmm

)

dφ3

dn

]}

mβmγ

+

{

d2ψ̃3

dz dm
− U

d
˜̃
ψ3

dm
−
dU

dm
˜̃
ψ3 +

[

(Lmm + Lnn − 2ηU)
d2φ3

dmdn

]

− η

[(

dU

dm
+ Lmn + Lnm

)

dφ3

dn

]}

(mβnγ + nβmγ)

+

{

d
˜̃
ψ3

dz
− U

˜̃̃
ψ3 + 2

[(

dU

dm
+ Lmn + Lnm

)

d2φ3

dmdn

]

+ 2

[

Lnn

d2φ3

dn2

]

− µ

[

L3
α

Dφα

Dn

]}

nβnγ

+

[

L3
α

Dφα

Dn

]

(−ηmβmγ + µmβnγ + ηnβmγ − µnβnγ).

(6.5)
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The tangential formula is not subject to the Pαβ simplification, but only (4.71) and (4.17). So

[

˙φα
|βγ

]

.
=

{

ηU ˜̃ψα − U
D2ψ̃α

Dm2
− 2

dU

dm

Dψ̃α

Dm
− η

Dψ̃α

dz

+

[(

KU + η2U −
dη

dz
− 2ηLmm

)

Dφα

Dn

]}

mβmγ

+

{

D2ψ̃α

dz Dm
− U

D
˜̃
ψα

Dm
−
dU

dm
˜̃
ψα −

[

Lα
δ

D2φδ

DmDn

]

+

[

(Lmm + Lnn − 2ηU)
D2φα

DmDn

]

− η

[(

dU

dm
+ Lmn + Lnm

)

Dφα

Dn

]

+

[

(UmδnεRα
λδε + µLα

λ)
Dφλ

Dn

]}

(mβnγ + nβmγ)

+ Umδnε

[

Rα
λδε

Dφλ

Dn

]

mβnγ

+

{

D ˜̃ψα

dz
− U

˜̃̃
ψα + 2

[(

dU

dm
+ Lmn + Lnm

)

D2φα

DmDn

]

+ 2

[

Lnn

D2φα

Dn2

]

−

[

Lα
δ

D2φδ

Dn2

]

− µ

[

Lα
δ

Dφδ

Dn

]}

nβnγ

+

[

L3α dφ
3

dn

]

(ηmβmγ − µmβnγ − ηnβmγ + µnβnγ).

(6.6)

For the remaining formulas, it is necessary to have ~̈φ,λ in terms of directional derivatives. This is

obtained by partial differentiation with respect to t of ~̇φ,λ, which has already been used above. From (3.19),
performing the partial differentiation using z and n, the result is
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~̈φ,λ =

(

d

dz
− U

d

dn

){

d2~φ

dzdm
− U

d2~φ

dmdn
+ (Lmm − Uη)

d~φ

dm
−
dU

dm

d~φ

dn

}

mλ

+

(

d

dz
− U

d

dn

){

d2~φ

dzdn
− U

d2~φ

dn2
+

(

dU

dm
+ Lnm + Lmn + Uµ

)

d~φ

dm
+ Lnn

d~φ

dn

}

nλ

+

{

d2~φ

dzdm
− U

d2~φ

dmdn
+ (Lmm − Uη)

d~φ

dm
−
dU

dm

d~φ

dn

}(

dmλ

dz
− U

dmλ

dn

)

+

{

d2~φ

dzdn
− U

d2~φ

dn2
+

(

dU

dm
+ Lnm + Lmn + Uµ

)

d~φ

dm
+ Lnn

d~φ

dn

}(

dnλ

dz
− U

dnλ

dn

)

=

{

d3~φ

dz2dm
−
dU

dz

d2~φ

dmdn
− U

d3~φ

dzdmdn
+

d

dz
(Lmm − Uη)

d~φ

dm

+ (Lmm − Uη)
d2~φ

dzdm
−

d2U

dzdm

d~φ

dn
−
dU

dm

d2~φ

dzdn

}

mλ

− U
d

dn

{

d2~φ

dzdm
− U

d2~φ

dmdn
+ (Lmm − Uη)

d~φ

dm
−
dU

dm

d~φ

dn

}

mλ

+

{

d3~φ

dz2dn
−
dU

dz

d2~φ

dn2
− U

d3~φ

dzdn2
+

d

dz

(

dU

dm
+ Lnm + Lmn + Uµ

)

d~φ

dm

+

(

dU

dm
+ Lnm + Lmn + Uµ

)

d2~φ

dzdm
+
dLnn

dz

d~φ

dn
+ Lnn

d2~φ

dzdn

}

nλ

− U
d

dn

{

d2~φ

dzdn
− U

d2~φ

dn2
+

(

dU

dm
+ Lnm + Lmn + Uµ

)

d~φ

dm
+ Lnn

d~φ

dn

}

nλ

+

{

d2~φ

dzdm
− U

d2~φ

dmdn
+ (Lmm − Uη)

d~φ

dm
−
dU

dm

d~φ

dn

}(

Lmmmλ +
(

Lmn + Lnm +
dU

dm
+ Uµ

)

nλ

)

+

{

d2~φ

dzdn
− U

d2~φ

dn2
+

(

dU

dm
+ Lnm + Lmn + Uµ

)

d~φ

dm
+ Lnn

d~φ

dn

}(

−
(

Uµ+
dU

dm

)

mλ + Lnnnλ

)

.

(6.7)
In the above expression, lines three and six can be replaced at a stroke using the pair of commutation
relations (3.23). The expression can be simplified by the removal of terms involving differentiation of ~φ only
in the directions ~m, ~z, or a combination of them;
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~̈φ,λ
.
=

(

−
dU

dz

d2~φ

dmdn
− U

d3~φ

dzdmdn
−

d2U

dzdm

d~φ

dn
−
dU

dm

d2~φ

dzdn

)

mλ

+

(

d3~φ

dz2dn
−
dU

dz

d2~φ

dn2
− U

d3~φ

dzdn2
+
dLnn

dz

d~φ

dn
+ Lnn

d2~φ

dzdn

)

nλ

+

(

−U
d2~φ

dmdn
−
dU

dm

d~φ

dn

)(

Lmmmλ +
(

Lmn + Lnm +
dU

dm
+ Uµ

)

nλ

)

+

(

d2~φ

dzdn
− U

d2~φ

dn2
+ Lnn

d~φ

dn

){

−

(

Uµ+
dU

dm

)

mλ + Lnnnλ

}

− U

{(

d3~φ

dzdmdn
− U

d3~φ

dmdn2
− 2Uη

d2~φ

dmdn
+ Lmm

d2~φ

dmdn
+ Lnn

d2~φ

dmdn

−
dU

dm

d2~φ

dn2
− Lmnη

d~φ

dn
− Lnmη

d~φ

dn
−
dU

dm
η
d~φ

dn

)

mλ

− µ

(

d2~φ

dzdn
− U

d2~φ

dn2
+ Lnn

d~φ

dn

)

mλ

+

(

d3~φ

dzdn2
− U

d3~φ

dn3
+ 2Uµ

d2φ

dmdn
+ 2Lmn

d2~φ

dmdn
+ 2Lnm

d2~φ

dmdn

+ 2
dU

dm

d2~φ

dmdn
+ 2Lnn

d2~φ

dn2
− Uµ2 d

~φ

dn
− µ

dU

dm

d~φ

dn

)

nλ

+

(

DLγ
λ

Dn
+ L3γ(Ωmnmλ + Ωnnnλ) − L3

λ(Ωmnm
γ + Ωnnn

γ)

)

d~φ

dn
nγ

}

.

(6.8)

The last line, which is ~φ,γ

˙{

γ
λδ

}

nδ with the terms in
d~φ

dm
discarded, can be written as

(

dLnm

dn
− µLmm + µLnn + L3nΩmn − L3mΩnn

)

d~φ

dn
mλ

+

(

dLnn

dn
− µLmn − µLnm

)

d~φ

dn
nλ.

(6.9)
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The two versions of ~̈φ,λ, (5.5) and (6.8) as modified by (6.9), can now be compared component by

component to produce the formulas for φ̈α
|λ and φ̈3

,λ. The only rule needed to produce compatibility between

(5.5) and (6.8) is the expansion of the second fundamental form by (3.5) in (5.5). Again this comparison
was done in ‘Ricci’, the result being:

[

φ̈α
|λ

]

.
= mλ

[

2U
dU

dm

D2φα

Dn2
+ U2 D3φα

DmDn2
− 2U

D3φα

dz DmDn
− 2

dU

dm

D2φα

dz Dn

−

(

dU

dz
− 2U2η + 2ULmm + ULnn

)

D2φα

DmDn
+ 2ULα

β

D2φβ

DmDn

+

(

Uη

(

dU

dm
+ Lmn + Lnm

)

−
d2U

dz dm
−
dU

dm
(Lmm + Lnn)

+ Uµ(Lmm − Lnn) − U
dLnn

dn
+ UΩnnL

3
m − UΩmnL

3
n

)

Dφα

Dn

+

(

2U
DLα

β

Dm
+ 2

dU

dm
Lα

β + 2UΩγ
βmγL

3α − 2UΩα
γm

γL3
β

+ 2U2K(mβn
α −mαnβ)

)

Dφβ

Dn
− 2UMα dφ

3

dn

]

+ nλ

[

U2D
3φα

Dn3
+

D3φα

dz2Dn
− 2U

D3φα

dz Dn2
−

(

dU

dz
+ 3ULnn

)

D2φα

Dn2

+ 2ULα
β

D2φβ

Dn2
+ 2Lnn

D2φα

dz Dn
− 2Lα

β

D2φβ

dz Dn

− 3U

(

dU

dm
+ Uµ+ Lmn + Lnm

)

D2φα

DmDn

+

(

U2µ2 −

(

dU

dm

)2

+

(

Uµ−
dU

dm

)

(Lmn + Lnm) + (Lnn)2 + L̇nn

)

Dφα

Dn

+

(

2U
DLα

β

Dn
− L̇α

β + Lα
γL

γ
β − 2Lα

βLnn

+ 3UΩγ
βnγL

3α − 3UΩα
γn

γL3
β

)

Dφβ

Dn

+

(

L̇3α −
DL3α

dz
+ U

DL3α

Dn
− 3UNα + L3βLα

β

)

dφ3

dn

]

,

(6.10)

where (3.5) and (3.10) have been used to compress. Using the facts that Mα and Nα vanish, (2.22), (4.33),
(4.71), and (4.17), the above formula simplifies to
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[

φ̈α
|λ

]

.
= mλ

{

2U
dU

dm
˜̃
ψα + U2D

˜̃ψα

Dm
− 2U

D2ψ̃α

dz Dm
− 2

dU

dm

Dψ̃α

dz

−

[(

dU

dz
− 2U2η + 2ULmm + ULnn

)

D2φα

DmDn

]

+ 2U

[

Lα
β

D2φβ

DmDn

]

+

[(

Uη

(

dU

dm
+ Lmn + Lnm

)

−
d2U

dz dm
−
dU

dm
(Lmm + Lnn)

+ Uµ(Lmm − Lnn) − U
dLnn

dn
+ UΩnnL

3
m − UΩmnL

3
n

)

Dφα

Dn

]

+

[(

2U
DLα

β

Dm
+ 2

dU

dm
Lα

β + 2UΩγ
βmγL

3α − 2UΩα
γm

γL3
β

+ 2U2K(mβn
α −mαnβ)

)

Dφβ

Dn

]}

+ nλ

{

U2
˜̃̃
ψα +

D2ψ̃α

dz2
− 2U

D
˜̃
ψα

dz
−

[(

dU

dz
+ 3ULnn

)

D2φα

Dn2

]

+ 2U

[

Lα
β

D2φβ

Dn2

]

+ 2

[

Lnn

D2φα

dz Dn

]

− 2

[

Lα
β

D2φβ

dz Dn

]

− 3U

[(

dU

dm
+ Lmn + Lnm

)

D2φα

DmDn

]

+

[

{

(Lmn + Lnm)

(

Uµ−
dU

dm

)

−

(

dU

dm

)2

+ (Lnn)2 + L̇nn

}Dφα

Dn

]

+

[(

2U
DLα

β

Dn
− L̇α

β + Lα
γL

γ
β − 2Lα

βLnn

+ 3UΩγ
βnγL

3α − 3UΩα
γn

γL3
β

)

Dφβ

Dn

]}

.

(6.11)

With the same compression by (3.5), the other formula is

[

φ̈3
,λ

]

.
= mλ

[

2U
dU

dm

d2φ3

dn2
+ U2 d3φ3

dmdn2
− 2U

d3φ3

dz dmdn
− 2

dU

dm

d2φ3

dz dn

−

(

dU

dz
− 2U2η + 2ULmm + ULnn

)

d2φ3

dmdn
− 2UMα

Dφα

Dn

+

(

Uη

(

dU

dm
+ Lmn + Lnm

)

−
d2U

dz dm
−
dU

dm
(Lmm + Lnn)

+ Uµ(Lmm − Lnn) − U
dLnn

dn
+ UΩnnL

3
m − UΩmnL

3
n

)

dφα

dn

]

+ nλ

[

U2 d
3φ3

dn3
+

d3φ3

dz2 dn
− 2U

d3φ3

dz dn2
−

(

dU

dz
+ 3ULnn

)

d2φ3

dn2

+ 2Lnn

d2φ3

dz dn
− 3U

(

dU

dm
+ Uµ+ Lmn + Lnm

)

d2φ3

dmdn

+

(

U2µ2 −

(

dU

dm

)2

+

(

Uµ−
dU

dm

)

(Lmn + Lnm) + (Lnn)2 + L̇nn

)

dφ3

dn

+

(

−L̇3
α +

DL3
α

dz
− U

DL3
α

Dn
+ 3UNα + L3

βL
β

α + 2UΩγ
αmγ

(

dU

dm
+ Lnm

))

Dφα

Dn

]

,

(6.12)
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which simplifies using (1.72), (2.16), (2.23), (4.34), (4.72), and (4.18) to

[

φ̈3
,λ

]

.
= mλ

{

2U
dU

dm
˜̃
ψ3 + U2 d

˜̃
ψ3

dm
− 2U

d2ψ̃3

dz dm
− 2

dU

dm

dψ̃3

dz

−

[(

dU

dz
− 2U2η + 2ULmm + ULnn

)

d2φ3

dmdn

]

+

[

{

Uη

(

dU

dm
+ Lmn + Lnm

)

−
d2U

dz dm
−
dU

dm
(Lmm + Lnn)

+ Uµ(Lmm − Lnn) − U
dLnn

dn
+ UΩnnL

3
m − UΩmnL

3
n

}dφ3

dn

]}

+ nλ

{

U2
˜̃̃
ψ3 +

d2ψ̃3

dz2
− 2U

d ˜̃ψ3

dz
−

[(

dU

dz
+ 3ULnn

)

d2φ3

dn2

]

+ 2

[

Lnn

d2φ3

dz dn

]

− 3U

[(

dU

dm
+ Lmn + Lnm

)

d2φ3

dmdn

]

+

[

{

(Lmn + Lnm)

(

Uµ−
dU

dm

)

−

(

dU

dm

)2

+ (Lnn)2 + L̇nn

}dφ3

dn

]

+ 2UΩγ
αmγ

(

dU

dm
+ Lnm

)

ψ̃α

}

.

(6.13)

The third pair of formulas requires
...

~φ expanded in directional derivatives. This is easily obtained by

differentiation of ~̈φ with respect to time using d/dz and d/dn.

...

~φ =
d~̈φ

dz
− U

d~̈φ

dn
=
d~̈φ

dz
− U ~̈φ,λn

λ. (6.14)

The second term is available as the coefficient of nλ in the expansion (7.8). The first term needs to be taken
from equation (4.14) of [7],

~̈φ =
d2~φ

dz2
− 2U

d2~φ

dz dn
+ U2 d

2~φ

dn2

− U

(

Uµ+
dU

dm
+ Lmn + Lnm

)

d~φ

dm
−

(

dU

dz
+ ULnn

)

d~φ

dn
.

(6.15)

The expression wanted is

d~̈φ

dz
=
d3~φ

dz3
− 2

dU

dz

d2~φ

dz dn
− 2U

d3~φ

dz2 dn
+ 2U

dU

dz

d2~φ

dn2
+ U2 d3~φ

dz dn2

−
d

dz

{

U

(

Uµ+
dU

dm
+ Lmn + Lnm

)

d~φ

dm

}

−

(

d2U

dz2
+
dU

dz
Lnn + U

dLnn

dz

)

d~φ

dn
−

(

dU

dz
+ ULnn

)

d2~φ

dz dn

.
= −2U

d3~φ

dz2 dn
+ 2U

dU

dz

d2~φ

dn2
+ U2 d3~φ

dz dn2

−

(

d2U

dz2
+
dU

dz
Lnn + U

dLnn

dz

)

d~φ

dn
−

(

3
dU

dz
+ ULnn

)

d2~φ

dz dn
.

(6.16)
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The two versions (5.7) and (6.14) of
...

~φ are now comparable in ‘Ricci’ with the derivatives of vectors all
expanded in co-ordinates. The formulas produced (using (3.5) both to expand and to compress) are:

[...

φα
]

.
=

[

−U3D
3φα

Dn3
+ 3U2 D

3φα

dz Dn2
− 3U

D3φα

dz2Dn
− ULnn

(

2 + 3
dU

dz

)

D2φα

dz Dn
+ 6ULα

β

D2φβ

dz Dn

+ 3U

(

dU

dz
+ ULnn

)

D2φα

Dn2
− 3U2Lα

β

D2φβ

Dn2
+ 3U2

(

dU

dm
+ Uµ+ Lmn + Lnm

)

D2φα

DmDn

+

{

U

(

dU

dm

)2

−
D2U

dz2
− U3µ2 + U

(

dU

dm
− Uµ

)

(Lmn + Lnm) − U(Lnn)2 − UL̇nn −
dULnn

dz

}

Dφα

Dn

+ 3

{

dU

dz
Lα

β + U3ΩnnΩα
β − U3Ωα

γn
γΩδ

βnδ + U2L3
βΩα

γn
γ − U2L3αΩγ

βnγ

+ UL̇α
β − ULα

γL
γ

β + ULnnL
α

β

}

Dφβ

Dn

+ 3

{

−UL̇3α + U
DL3α

dz
+ U2DL

3α

Dn
− U2Nα − UL3βLα

β

−

(

dU

dz
−
dU

dz
ULnn +

ULnn

3

)

(L3α + UΩα
βn

β)

}

dφ3

dn

]

(6.17)
and
[...

φ3

]

.
=

[

−U3 d
3φ3

dn3
+ 3U2 d3φ3

dz dn2
− 3U

d3φ3

dz2 dn
− ULnn

(

2 + 3
dU

dz

)

d2φ3

dz dn

+ 3U

(

dU

dz
+ ULnn

)

d2φ3

dn2
+ 3U2

(

dU

dm
+ Uµ+ Lmn + Lnm

)

d2φ3

dmdn

+

{

U

(

dU

dm

)2

−
d2U

dz2
− U3µ2 + U

(

dU

dm
− Uµ

)

(Lmn + Lnm) − U(Lnn)2 − UL̇nn −
dULnn

dz

}

dφ3

dn

+ 3

{

UL̇3
α − U

DL3
α

dz
+ U2DL

3
α

Dn
− U2Nα − 2U2

(

dU

dm
+ Lnm

)

Ωβ
αmβ − UL3

βL
β

α

+

(

dU

dz
−
dU

dz
ULnn +

ULnn

3

)

(L3
α + UΩβ

αnβ)

}

Dφα

Dn

]

.

(6.18)
These simplify using (2.22) and (2.23) respectively, (4.3), (4.7), (4.17) and (4.18) to

[...

φα
]

.
=

[

−U3
˜̃̃
ψα + 3U2D

˜̃ψα

dz
− 3U

D2ψ̃α

dz2
− U

(

2 + 3
dU

dz

)[

Lnn

D2φα

dz Dn

]

+ 6U

[

Lα
β

D2φβ

dz Dn

]

+ 3U

[(

dU

dz
+ ULnn

)

D2φα

Dn2

]

− 3U2

[

Lα
β

D2φβ

Dn2

]

+ 3U2

[(

dU

dm
+ Lmn + Lnm

)

D2φα

DmDn

]

+

[

{

U

(

dU

dm

)2

−
D2U

dz2
+ U

(

dU

dm
− Uµ

)

(Lmn + Lnm) − U(Lnn)2 − UL̇nn −
dULnn

dz

}

Dφα

Dn

]

+ 3

[{

dU

dz
Lα

β + U3ΩnnΩα
β − U3Ωα

γn
γΩδ

βnδ + U2L3
βΩα

γn
γ − U2L3αΩγ

βnγ

+ UL̇α
β − ULα

γL
γ

β + ULnnL
α

β

}

Dφβ

Dn

]

+ 3

[{

2U2DL
3α

Dn
−

(

dU

dz
−
dU

dz
ULnn +

ULnn

3

)

(L3α + UΩα
βn

β)

}

dφ3

dn

]

(6.19)
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and

[...

φ3

]

.
= −U3

˜̃̃
ψ3 + 3U2 d

˜̃ψ3

dz
− 3U

d2ψ̃3

dz2
− U

(

2 + 3
dU

dz

)[

Lnn

d2φ3

dz dn

]

+ 3U

[(

dU

dz
+ ULnn

)

d2φ3

dn2

]

+ 3U2

[(

dU

dm
+ Lmn + Lnm

)

d2φ3

dmdn

]

+

[{

U

(

dU

dm

)2

−
d2U

dz2
+ U

(

dU

dm
− Uµ

)

(Lmn + Lnm) − U(Lnn)2 − UL̇nn −
dULnn

dz

}

dφ3

dn

]

+ 3

[{(

dU

dz
−
dU

dz
ULnn +

ULnn

3

)

(L3
α + UΩβ

αnβ) − 2U2

(

dU

dm
+ Lnm

)

Ωβ
αmβ

}

Dφα

Dn

]

.

(6.20)

7 Oblique Trajectories

The usefulness of compatibility conditions with oblique trajectories, which can be chosen to be bicharacter-
istics of the partial differential equation being studied, has been well established. Nor is it difficult to find
them. The operator d/dτ was defined in section two in terms of d/dz and d/dm. To produce compatibility
conditions using d/dτ it is necessary only to replace d/dz and its iterates in the results of the previous section
by their equivalents in terms of d/dτ and d/dm,

Dφα

dz
=
Dφα

dτ
− γ

Dφα

Dm
, (7.1)

and correspondingly for φ3. When this formula is iterated, as it must be, commutation relations like those
of section four of [7] are needed. Because of the vectorial commutation relation (3.22) derived above with
.
=, the commutativity conditions (4.1) of [7] hold here with the usual simplifying assumptions

D3φα

Dmdτ Dn

.
=

dD2φα

dτ DmDn
+

(

dγ

dm
− Uη + Lmm

)

D2φα

DmDn
,

d3φ3

dmdτ dn

.
=

d3φ3

dτ dmdn
+

(

dγ

dm
− Uη + Lmm

)

d2φ3

dmdn
.

(7.2)

And so, analogously to (4.12) of [7], we obtain the appropriate substitutions:

D3φα

dz2Dn

.
=

D3φα

dτ2Dn
− 2γ

D3φα

dτ DmDn
+ γ2 D3φα

Dm2Dn
+

(

γUη − γLmm −
dγ

dτ

)

D2φα

DmDn
,

d3φ3

dz2 dn

.
=

d3φ3

dτ2 dn
− 2γ

d3φ3

dτ dmdn
+ γ2 d3φ3

dm2 dn
+

(

γUη − γLmm −
dγ

dτ

)

d2φ3

dmdn
.

(7.3)

When these formulas are applied to expressions (6.1), (6.3), (6.10), (6.12), (6.17), and (6.18), they still
simplify as they did in section six, and the results are the six kinematic compatibility conditions of third
order for a surface vector field under the two simplifying assumptions set out in section one, the less and the
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more stringent, signaled by
.
= and ≈:

[

˙φα
|βγ

]

.
=

{

ηU
˜̃
ψα − U

D2ψ̃α

Dm2
+

(

ηγ − 2
dU

dm

)

Dψ̃α

Dm
− η

Dψ̃α

dτ

+

[(

KU + η2U −
dη

dz
− 2ηLmm

)

Dφα

Dn

]}

mβmγ

+

{

D2ψ̃α

dτ Dm
− γ

D2ψ̃α

Dm2
− U

D ˜̃ψα

Dm
−
dU

dm
˜̃ψα −

[

Lα
δ

D2φδ

DmDn

]

+

[

(Lmm + Lnn − 2ηU)
D2φα

DmDn

]

− η

[(

dU

dm
+ Lmn + Lnm

)

Dφα

Dn

]

+

[

(UmδnεRα
λδε + µLα

λ)
Dφλ

Dn

]}

(mβnγ + nβmγ)

+ Umδnε

[

Rα
λδε

Dφλ

Dn

]

mβnγ

+

{

D
˜̃
ψα

dτ
− γ

D
˜̃
ψα

Dm
− U

˜̃̃
ψα + 2

[(

dU

dm
+ Lmn + Lnm

)

D2φα

DmDn

]

+ 2

[

Lnn

D2φα

Dn2

]

−

[

Lα
δ

D2φδ

Dn2

]

− µ

[

Lα
δ

Dφδ

Dn

]}

nβnγ

+

[

L3α dφ
3

dn

]

(ηmβmγ − µmβnγ − ηnβmγ + µnβnγ)

≈ ηU
˜̃
ψαmβmγ −

{

U
D

˜̃
ψα

Dm
+
dU

dm
˜̃
ψα

}

(mβnγ + nβmγ)

+

{

D
˜̃
ψα

dτ
− γ

D
˜̃
ψα

Dm
− U

˜̃̃
ψα +

[

2Lnn

D2φα

Dn2
− Lα

δ

D2φδ

Dn2

]}

nβnγ

(7.4)
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and
[

˙
φ3
|βγ

]

.
=

{

ηU
˜̃
ψ3 − U

d2ψ̃3

dm2
+

(

ηγ − 2
dU

dm

)

dψ̃3

dm
− η

dψ̃3

dτ

+

[(

KU + η2U −
dη

dz
− 2ηLmm

)

dφ3

dn

]}

mβmγ

+

{

d2ψ̃3

dτ dm
− γ

d2ψ̃3

dm2
− U

d
˜̃
ψ3

dm
−
dU

dm
˜̃
ψ3 +

[

(Lmm + Lnn − 2ηU)
d2φ3

dmdn

]

− η

[(

dU

dm
+ Lmn + Lnm

)

dφ3

dn

]}

(mβnγ + nβmγ)

+

{

d
˜̃
ψ3

dτ
− γ

d
˜̃
ψ3

dm
− U

˜̃̃
ψ3 + 2

[(

dU

dm
+ Lmn + Lnm

)

d2φ3

dmdn

]

+ 2

[

Lnn

d2φ3

dn2

]

− µ

[

L3
α

Dφα

Dn

]}

nβnγ

+

[

L3
α

Dφα

Dn

]

(−ηmβmγ + µmβnγ + ηnβmγ − µnβnγ)

≈ ηU
˜̃
ψ3mβmγ −

{

U
d

˜̃
ψ3

dm
+
dU

dm
˜̃
ψ3

}

(mβnγ + nβmγ)

+

{

d
˜̃
ψ3

dτ
− γ

d
˜̃
ψ3

dm
− U

˜̃̃
ψ3 + 2

[

Lnn

d2φ3

dn2

]}

nβnγ ,

(7.5)
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[

φ̈α
|λ

]

.
= mλ

{

2U
dU

dm
˜̃ψα + U2D

˜̃
ψα

Dm
− 2U

D2ψ̃α

dτ Dm
+ 2Uγ

D2ψ̃α

Dm2
− 2

dU

dm

Dψ̃α

dτ

−

[(

dU

dz
− 2γ

dU

dm
− 2U2η + 2ULmm + ULnn

)

D2φα

DmDn

]

+ 2U

[

Lα
β

D2φβ

DmDn

]

+

[

{

Uη

(

dU

dm
+ Lmn + Lnm

)

−
d2U

dz dm
−
dU

dm
(Lmm + Lnn)

+ Uµ(Lmm − Lnn) − U
dLnn

dn
+ UΩnnL

3
m − UΩmnL

3
n

}Dφα

Dn

]

+

[(

2U
DLα

β

Dm
+ 2

dU

dm
Lα

β + 2UΩγ
βmγL

3α − 2UΩα
γm

γL3
β

+ 2U2K(mβn
α −mαnβ)

)

Dφβ

Dn

]}

+ nλ

{

U2
˜̃̃
ψα +

D2ψ̃α

dτ2
− 2γ

D2φ̃α

dτ Dm
+ γ2D

2φ̃α

Dm2
− 2U

D
˜̃
ψα

dτ
−

[(

dU

dz
+ 3ULnn

)

D2φα

Dn2

]

+ 2Uγ
D

˜̃
ψα

Dm
+ 2

[

ULα
β

D2φβ

Dn2
+ Lnn

D2φα

dτ Dn
− Lα

β

D2φβ

dτ Dn
+ γLα

β

D2φβ

DmDn

]

−

[

dγ

dτ
+ γLmm + 2γLnn − Uηγ + 3U

(

dU

dm
+ Lmn + Lnm

)

D2φα

DmDn

]

+

[

{

(Lmn + Lnm)

(

Uµ−
dU

dm

)

−

(

dU

dm

)2

+ (Lnn)2 + L̇nn

}Dφα

Dn

]

+

[(

2U
DLα

β

Dn
− L̇α

β + Lα
γL

γ
β − 2Lα

βLnn

+ 3UΩγ
βnγL

3α − 3UΩα
γn

γL3
β

)

Dφβ

Dn

]}

≈ mλ

{

2U
dU

dm
˜̃
ψα + U2D

˜̃ψα

Dm

}

+ nλ

{

U2
˜̃̃
ψα − 2U

D
˜̃
ψα

dτ
+ 2Uγ

D
˜̃
ψα

Dm

+

[

2ULα
β

D2φβ

Dn2
−

(

dU

dz
+ 3ULnn

)

D2φα

Dn2

]}

(7.6)
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and
[

φ̈3
,λ

]

.
= mλ

{

2U
dU

dm
˜̃
ψ3 + U2 d

˜̃ψ3

dm
− 2U

d2ψ̃3

dτ dm
+ 2Uγ

d2ψ̃3

dm2
− 2

dU

dm

dψ̃3

dτ

−

[(

dU

dz
− 2γ

dU

dm
− 2U2η + 2ULmm + ULnn

)

d2φ3

dmdn

]

+

[

{

Uη

(

dU

dm
+ Lmn + Lnm

)

−
d2U

dz dm
−
dU

dm
(Lmm + Lnn)

+ Uµ(Lmm − Lnn) − U
dLnn

dn
+ UΩnnL

3
m − UΩmnL

3
n

}dφ3

dn

]}

+ nλ

{

U2
˜̃̃
ψ3 +

d2ψ̃3

dτ2
− 2U

d ˜̃ψ3

dτ
+ 2Uγ

d ˜̃ψ3

dm
−

[(

dU

dz
+ 3ULnn

)

d2φ3

dn2

]

− 2γ
d2ψ̃3

dτ dm
+ γ2 d

2ψ̃3

dm2
+ 2

[

Lnn

d2φ3

dτ dn

]

−

[

dγ

dτ
− Uγη + γLmm + 2γLnn + 3U

(

dU

dm
+ Lmn + Lnm

)

d2φ3

dmdn

]

+

[

{

(Lmn + Lnm)

(

Uµ−
dU

dm

)

−

(

dU

dm

)2

+ (Lnn)2 + L̇nn

}dφ3

dn

]

+ 2UΩγ
αmγ

(

dU

dm
+ Lnm

)

ψ̃α

}

≈ mλ

{

2U
dU

dm
˜̃
ψ3 + U2 d

˜̃
ψ3

dm

}

+ nλ

{

U2
˜̃̃
ψ3 − 2U

d
˜̃
ψ3

dτ
+ 2Uγ

d
˜̃
ψ3

dm
−

[(

dU

dz
+ 3ULnn

)

d2φ3

dn2

]}

,

(7.7)
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and

[...

φα
]

.
= −U3

˜̃̃
ψα + 3U2D

˜̃
ψα

dτ
− 3U

D2ψ̃α

dτ2
− U

(

2 + 3
dU

dz

)[

Lnn

D2φα

dτ Dn
− γLnn

D2φα

DmDn

]

+ 6U

[

Lα
β

D2φβ

dτ Dn

]

+ 6Uγ
D2ψ̃α

dτ Dm
− 3U2γ

D
˜̃
ψα

Dm
− 3Uγ2D

2ψ̃α

Dm2
+ 3U

(

dγ

dτ
+ γLmm − Uγη

)

Dψ̃α

Dm
− 6Uγ

[

Lα
β

D2φβ

DmDn

]

+ 3U

[(

dU

dz
+ ULnn

)

D2φα

Dn2

]

− 3U2

[

Lα
β

D2φβ

Dn2

]

+ 3U2

[(

dU

dm
+ Lmn + Lnm

)

D2φα

DmDn

]

+

[

{

U

(

dU

dm

)2

−
D2U

dz2
+ U

(

dU

dm
− Uµ

)

(Lmn + Lnm) − U(Lnn)2 − UL̇nn −
dULnn

dz

}

Dφα

Dn

]

+ 3

[{

dU

dz
Lα

β + U3ΩnnΩα
β − U3Ωα

γn
γΩδ

βnδ + U2L3
βΩα

γn
γ − U2L3αΩγ

βnγ

+ UL̇α
β − ULα

γL
γ

β + ULnnL
α

β

}

Dφβ

Dn

]

+ 3

[{

2U2DL
3α

Dn
−

(

dU

dz
−
dU

dz
ULnn +

ULnn

3

)

(L3α + UΩα
βn

β)

}

dφ3

dn

]

≈ −U3
˜̃̃
ψα + 3U2D

˜̃ψα

dτ
− 3U2γ

D ˜̃ψα

Dm

+ 3U

[(

dU

dz
+ ULnn

)

D2φα

Dn2
− ULα

β

D2φβ

Dn2

]

(7.8)
and

[...

φ3

]

.
= −U3

˜̃̃
ψ3 + 3U2 d

˜̃
ψ3

dτ
− 3U2γ

d
˜̃
ψ3

dm
− 3U

d2ψ̃3

dτ2
+ 6Uγ

d2ψ̃3

dτ dm
− 3Uγ2 d

2ψ̃3

dm2

+ 3U

(

dγ

dτ
+ γLmm − Uγη

)

dψ̃3

dm
− U

(

2 + 3
dU

dz

)[

Lnn

d2φ3

dτ dn
− γLnn

d2φ3

dmdn

]

+ 3U

[(

dU

dz
+ ULnn

)

d2φ3

dn2

]

+ 3U2

[(

dU

dm
+ Lmn + Lnm

)

d2φ3

dmdn

]

+

[{

U

(

dU

dm

)2

−
d2U

dz2
+ U

(

dU

dm
− Uµ

)

(Lmn + Lnm) − U(Lnn)2 − UL̇nn −
dULnn

dz

}

dφ3

dn

]

+ 3

[{(

dU

dz
−
dU

dz
ULnn +

ULnn

3

)

(L3
α + UΩβ

αnβ) − 2U2

(

dU

dm
+ Lnm

)

Ωβ
αmβ

}

Dφα

Dn

]

≈ −U3
˜̃̃
ψ3 + 3U2 d

˜̃ψ3

dτ
− 3U2γ

d ˜̃ψ3

dm
+ 3U

[(

dU

dz
+ ULnn

)

d2φ3

dn2

]

.

(7.9)

When ~L = 0, these six formulas reduce to those of [1].
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