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EXERCISES 21.3
2. The initial boundary value problem for temperature in the rod is

w0

ot ox2’
U,(0,t) = —-Q/k, t>0,
U(L,t):Uo, t>0,

U(z,0)=Up, O0<az<L.

O<z<L, t>0,

We define a new dependent variable V' (z,t) by U(z,t) = V(z,t) + ¢ (z) where ¢(x) is the solution of
the associated steady-state problem

d?v
k@ = 0, O<zx< L,
1//(0) = _Q/Ka

¥(L) = Up.

The differential equation implies that (x) = Az 4+ B, and the boundary conditions require
—Q/k = A, Up= AL+ B.

From these, we obtain the steady-state solution

x| O

Y(z) = =(L — z) + Up.
With this choice for ¢(z), the PDE for V(z,t) can be found by substituting U(z,t) = V (x, t + ¢ (z) into
the PDE for Uz, t),

2

0 0
SV (@) ()] = b [V, 1) + ()]

Because ¥(x) is only a function of = that has a vanishing second derivative, this equation simplifies to

o _

ot ox?’
Boundary conditions for V(z,t) are obtained from representation U(x,t) = V(z,t)+1(x) and boundary
conditions U (z, t):

O<zxz<L, t>0.

Va(0,) = Us(0,1) = 4'(0) = -Q/k + Q/k =0, >0,
V(L t) =U(L,t) — (L) = Uy — Uy =0, t>0.

Finally, V(z,t) must satisfy the initial condition

V@@zU@@—M@:%—Q@—@—%:_%

K

(L—z), 0<axz<L.

Separation of variables V(z,t) = X (z)T'(t) on the PDE and boundary conditions leads to the ordinary
differential equations
X"4+AX =0, 0<z<L, T +kXT =0, t>0.
X'(0)=X(L)=0;
The Sturm-Liouville system was discussed in Section 19.2. According to line 4 of Table 19.1, eigen-
(2n —1)%72 (2n — )7z Since the
—_ ————. Sin
412

auxiliary equation for the differential equation in T'(t) is m + kA, = 0, with solution m = —k\,, a

values are A\, = and corresponding eigenfunctions are X, (r) = cos
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general solution of the differential equation is T'(t) = be~*Ant = be—(2n—1)*m*kt/(4L%) Separated func-

~ (-1 m e/ (AL?) o (BR— DT

tions are be . Because the PDE and boundary conditions are linear and

homogeneous, we superpose separated functions in the form

oo N
Vz,t) = Z bne_(2"—1)27r2kt/(4[,2) cos %

n=1

The initial condition on V' (z,t) requires the constants b, to satisfy
= (2n — V)mzx
=Y bpcos LT L.
Z cos 5L <z <

Consequently, the b, are the coefficients in the eigenfunction expansion of the the function on the left
in terms of the eighenfunctions on the right. Thus,

2 [* 2n — 1
b":Z ; —%( x)cos%dw.
Integration by parts leads to
b o— 8QL
" (2n—1)2n2k
The formal solution of the problem is therefore
_Q
Uz,t) = =(L—2z)+ Uy + V(z,t)
K
_Q 8(913 —(en—1)2x%kt/(ar?) . (2n—D)mx
—;( — X +U0+Z 21’L—1 6 COST
Q SQL 1 7(2 71)2 2kt/(4L2) (2TL — 1)71'17
= — L — — n ™ - @@z
K (L—2)+Uo K2 = (2n — 1)26 o8 2L

. The initial boundary value problem for temperature in the rod is
ou 0*U
ot ox2

U(0,t) =Uy, t>0,

Ue(L,t) =Q/K, t>0,

U(z,0) =Up(1—2/L), 0<z<L.

O<xz<L, t>0,

We define a new dependent variable V' (z,t) by U(z,t) = V(z,t) + ¢ (z) where ¢(x) is the solution of
the associated steady-state problem

k?ﬂ_o O<ax< L,
w( ) - UOu
Y'(L) = Q/k.

The differential equation implies that ¢ (z) = Az + B, and the boundary conditions require
Uo = B, Q/Ii =A

From these, we obtain the steady-state solution
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With this choice for ¢ (z), the PDE for V(z,t) can be found by substituting U (z,t) = V (x, t +¢(z) into
the PDE for Uz, t),

2

9] 6
SV (@) + 9(@)) = ks V(1) + (2]
Because ¥(x) is only a function of = that has a vanishing second derivative, this equation simplifies to

v 0*V

Boundary conditions for V' (z,t) are obtained from representation U(x,t) = V(z,t)+(x) and boundary
conditions U (z, t):
V(Oat) = U(Ovt) - 1/’(0) =Uo—Up = 0, t>0,
Vx(Lvt):Ux(Lvt)_d/(L):Q/H_Q/Hzov t> 0.

Finally, V(z,t) must satisfy the initial condition

V(z,0) = Ulz,0) — y(z) = Up (1—%) —%—UO, 0O<z<L.

Separation of variables V(z,t) = X (z)T'(t) on the PDE and boundary conditions leads to the ordinary
differential equations

X"+XX =0, 0<z<L, T +kEXT =0, t>0.
X(0) = X'(L) = 0;

The Sturm-Liouville system was discussed in Section 19.2. According to line 3 of Table 19.1, eigen-

2n — 1)272 2n —1
values are A\, = % and corresponding eigenfunctions are X,,(x) = sin M Since the
auxiliary equation for the differential equation in T'(¢) is m + kA, = 0, with solution m = —k\,, a

general solution of the differential equation is T(t) = be*nt = pe= (=1 n"kt/(4L%)

~@n-1peie/ar?) g, (2n = D

Separated func-

tions are be . Because the PDE and boundary conditions are linear and

homogeneous, we superpose separated functions in the form

= on —1
n=% b, e~ (=1 ke/(AL%) g (2n - )T

The initial condition on V' (z,t) requires the constants b, to satisfy

x )mc
Uo(l—z)———Uo—Zb s1n , O0<zxz< L.

Consequently, the b, are the coefficients in the eigenfunction expansion of the the function on the left
in terms of the eighenfunctions on the right. Thus,

2 [F x Qx (2n — 1)7x
bn—3A |:U0 (1—5)—T—U0:| 81anx.

Integration by parts leads to

_ 8L(=1)" (Uy , Q
bn = (2n —1)2x72 (f + ;) '

The formal solution of problem is therefore

U(x,t) = % + Uy + V(x,t)
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_ .- D" (Uo | QN —@n-12e2kt/ar?) . (2n—Dmz
- +U+Z 2n—1 (L+m)e STTOL
_ Qo Uofi + QL) < o—(n—1)ntke/aL?) o (20— D)7
= T n; 2n — 1 Y

6. The initial boundary value problem for U(x,t) is
oU 02U kI?

ot ox2 +I£A20'7 0<z <L,
U(0,t) =100, t>0,
U(L,t) =100, ¢ >0,
U(z,0) =20, 0<z<L.

Because the nonhomogeneities are time-independent, we set U(z,t) =

t>0,

V(z,t) + ¢ (x), where ¢(z) is the

steady-state solution satisfying
d2
R Y

dx? toare Y

HAQ
¥(0) = ¥(L) = 100.

O<z<L,

Integration of the differential equation gives

1222
=———-—+ Az + B.
(=) 2kA%0 TArE
The boundary conditions require
I’ L2
100 = ¢(0) = B, 100 =9 (L) = — Ao + AL+ B.
. I’L I’z(L — x)
These imply that A = CYEp , and ¥(x) = 100 + EETY e The function V (x,t) will satisfy the PDE
0 0? kI? ov 02V
Vv =k— (V — —=k—=—, 0 L, t>0
gV =g VAt Ty = gy Thge O<w<l 120
the boundary conditions
V(0,t) =U(0,t) —¢(0) = 100 — 100 =0, ¢ >0,
V(L,t)=U(L,t) — (L) =100—-100=0, ¢ >0,
and the initial condition V(2,0) = U(z,0) — (x) = 20 — p(z), 0<z< L.

Separated functions V(x,t)
separately satisfy

= X (x)T(t) satisfy the PDE and boundary conditions if X (z) and T'(t)

X"+XX =0, 0<z<L,

T' + kAT = 0,
X(0) = 0= X(L);

t>0.

The Sturm-Liouville system was discussed in Section 19.2. According to line 1 of Table 19.1, eigenvalues
are A, = n?m?/L? and corresponding eigenfunctions are X,,(x) = sin (n7z/L). Since the auxiliary equa-
tion for the differential equation in T'(¢) is m + kA, = 0, with solution m = —k\,,, a general solution of

nw
the differential equation is 7'(t) = be~**nt = be_"2”2kt/L2. Separated functions are be " ™ R/ L gin 27

Because the PDE and boundary conditions are linear and homogeneous, we superpose separated func-
tions in the form

oo
CnZnlkt/L2 . T
t) = g e~ ™ R/L sin ——.
n=1
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The initial condition requires
= nwx
20 — = bpsin——, 0<ax<L.
P(x) ngl sin — x

Since this is the eigenfunction expansion of 20 — ¢ () in terms of the sin (nmz/L),

2 1 21212
nmx 60 ) [+ (_1)n+1]'

L
b = = 20 — n—der=——+ ——-—
L /0 [ Y(@)]sin r ™ (mr kA20m3n3
The formal solution for temperature in the rod is therefore

> 160 21%2[2 " n2n? 2 . NI
Ulz,t) =v(z) + > - (E + m) [1+ (1) e ™ k/L gin -
n=1

Pa(L—x) 4] 80 1212 22,2 . (2n— 1)z
=100 4 —~ =~ _ =~ —(2n—1)272kt/L? '
- E:[Qn—l_FmA%WQQn—IP}e ST

2kA%20 ™
n=1

. The initial boundary value problem for y(z,t) is

W:CW_;’ O<z<L, t>0, (k>0),
y(0,6) =0, t>0,
y(L,t) =0, t>0,
y(z,0) = f(z), 0<z<L,
y(x,0)=g(z), O0<z<L

Because the nonhomogeneity is time-independent, it may be removed by setting y(z,t) = z(z,t) + ¥(x),
where ¢(z) is the static deflection defined by

>y k
2 _
CW—;—O, O<I<L,
$(0) = (L) =0.
Integration of the differential equation gives ¥ (z) = 202 + Az 4+ B. The boundary conditions require
pe
0=4(0)=18 O*1/)(L)*kL2+AL—I—B
N Y N -~ 2pc? '
kL kx(L —
These imply that A = ——, and ¥ (z) = —M. The function z(z,t) will satisfy the PDE
2pc? 2pc?
0? 0? k 0%z 0%z
ﬁ(2+¢)202@(2+¢)—; - WZC2@7 O<zx<L, t>0,

the boundary conditions

and the initial conditions

2(x,0) = y(z,0) — P(x) = f(x) + %’

zt(x,0) = ye(2,0) —dyp/dt = g(z), 0<z<L.

O<z<L,
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Separated functions z(z,t) = X (z)T(t) satisfy the PDE and boundary conditions if X (z) and T'(t)
separately satisfy

X"+2X =0, 0<z<L,

T+ X*T =0, t>0.
X(0) = 0= X(L); e

The Sturm-Liouville system was discussed in Section 19.2. According to line 1 of Table 19.1, eigenvalues
are \, = n?n?/L? and corresponding eigenfunctions are X, (z) = sin(n7z/L). Since the auxiliary
equation for the differential equation in T'(t) is m? + ¢\, = 0, with solution m = +cv/A,i = £nnci/L,

t t
a general solution of the differential equation is T'(t) = A cos ¢ + Bsin % Separated functions

nmct nmct nmwx
are (A cos + Bsin T) sin - Because the PDE and boundary conditions are linear and
homogeneous, we superpose separated functions in the form
> nm nmct nwx
z(x,t) = A, cos —— +B sin —— | sin —.
() =3 ( " | By sin T ) i
n=1
The first initial condition requires
T
T A, sm , O<ax<L,
f( ) + 2[)62 Z

and therefore the A,, are coefficients in the Fourier sine series of the odd, 2L-periodic extension of the

function on the left,
2 [ kx(L—z)| . nrx
A, = —/O [f(x) + ey ] sin —— dx.

The second condition gives

g(x) = ?anmn_zx’ 0<z<lL,

n=1

and hence the (nwe/L)B,, are coefficients in the Fourier sine series of the odd, 2L-periodic extension of
the function g(x),

nmc 2 [ nmT 2 L nwT
— B, == -d — B, = — in —dx.
T L/o g()smL x nwcog()smL x
The formal solution is therefore
- t
y(z,t) = — 2p02 g (A cos 2 + B, sin %) sin ?,
where A,, and B,, are defined above.
10. The initial boundary value problem for y(z,t) is
Py _ ,0%
w:C@—g, O<(E<L, t>0,
y(0,t) =0, t>0,
ym(Lvt):FO/Ta t>05
y(z,0)=0, 0<z<L,
y(2,0)=0, O0<z<L

Because the nonhomogeneities are time-independent, they may be removed by setting y(x,t) = z(z,t) +
P(x), where ¢(x) is the static deflection defined by
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d2
CQd—;é)— =0, O<z<L,
V(L) = Fo/T
ga?
Integration of the differential equation gives ¥ (z) = 902 + Az 4+ B. The boundary conditions require
c
F L
0=9(0)=8  Z=y¢(L)=27+4
T c
F L —2L F
These imply that A = =2 — 9—2, and () = —% + 7% The function z(x,t) will satisfy the
T c c T
PDE
0? 0? 0%z 02z
w(2+w)202@(2+¢)—g - w202@, O<zx<L, t>0,

the boundary conditions

2(0,¢) = y(0,¢) —¥(0) =0, >0,
m(L,lf)—’Q/JI(L)ZF‘O/T—F‘O/T:0, if>07

and the initial conditions

(2,0 = (2, 0) — i) = 2L T

zt(x,0) =y (2,0) =0, 0<z<L.

O<z<L,

Separated functions z(z,t) = X (2)T(t) satisfy the PDE, the boundary conditions, and the second initial
condition if X (x) and T'(¢) separately satisfy

X"+XX =0, 0<z<L, T" +X*T =0, t>0,
X(0)=0=X'(L); 7'(0) = 0.
The Sturm-Liouville system was discussed in Section 19.2. According to line 3 of Table 19.1, eigenvalues
(2n —1)%x2 (2n — V)mzx Since the auxilia
IV 5T . 11[1:l:2 u);n r.y
equation m? + c2\,, = 0 for the differential equation in T'(t) has solution m = ¢/ A\pi = %,
2n — 1)wct 2n — 1)wet
@n — Dmet @n—Dmet e con

are A\, = and corresponding eigenfunctions are X, (z) = sin

+ Bsin
2n — 1)mct 2n —1
(2n — 1)me sin( n—1)rx

2L
the PDE, boundary conditions, and second initial condition are linear and homogeneous, we superpose

separated functions in the form

a general solution of the differential equation is T'(t) = A cos

dition T7(0) = 0 requires B = 0. Separated functions are A cos . Because

= 2n — 1)met 2n —1
z(m,t):ZAncos( n 2L)7rc sin( n2L)mE.

n=1

The first initial condition requires

gr(x —2L) Fyx _ Z A s (2n — 1)z 0<z<l,

2¢2 T

and therefore the A,, are coefficients in the eigenfunction expansion of the function on the left,
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2 (L lgx(x—2L) Fyx (2n — )7z
A, == = |sin————du.

L /0 [ 22 P )

Integration by parts leads to
L —l6L% SLEy(—1)"
" (2n—1)372¢2 T (2n —1)2727
The formal solution is therefore
gr(z —2L)  Fyr & —16L%g 8LFy(—1)" (2n—1)wet . (2n—1)mx
ty=—""—*~ -
y(@ 1) 2¢? + ; (2n—1)373¢2 ~ (2n—1)2n27 o8 2L S 2L

S

262 R (G ) AT CYE y el R oL

gr(x —2L) n For 8L [ —2Lg Fo(—=1)™ ] @2n—1)met . 2n—1)7
1

T



