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This exam has a title page and 13 pages 4 12
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to loosen the staples ! 18
' . ‘ 8 6
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the lefthand margin beside the statement 9 12
of the question. The total value of all 10 q
questions is 110 points.
11 8
Answer all questions on the exam
paper in the space provided beneath the Total: 110

question. If you need more room, you
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side of the page, but CLEARLY
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[10] 1. (a) Find (2002,897).

(b) Find all integer solutions to 2002z + 897y = (2002, 897).

a 2007 = 9% (2) + 20%

8% = 20% (4) +065
208 = (5(3)413

5 = 12(5)+0

Herer (2002, 397)- 12

) = 2ot (g

= 208+ [ 397 +208 ) [(-3)

- 834 (*3) -\—203(,3)

=397 -3y 4 | zooz +8973 L~7_ﬂ Q3)

= 2002 (13) 4+ 39F(-29)

N 2007 (\3Y + 39 F(-29) 32

SQO&S\ %Ow% ana. !

= 3973
XIS s e e

%: ~29 - Q_?_%Q-t = =29 ~/549 ¢t
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(10] 2. For each of the following linear congruences, find out how many solutions there
are. If solutions exist, you need NOT find them, but you should state a reason

for your answer.
(a) 3388z = 42 (mod 7413)

I3 = 338 (2) + L2
5388 = 37 (8)+zo3
L33 = 202(2) + 28
203 = 2% () +3
28 = F () to

Snet (3388, 3412)=F o 1147

Pt o T salokions

Il

(b) 2500z = 42 (mod 2012)

500 = zo |2 (1D +488
2012 = 488 ( %) +6L0
98% = o (8) +8
Lo = & (F) 44

g = 4(z) +0O

Linet (2@@,20/2):71 ard H ¥ HZ

et o 910 éoa;t@;\g
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(8] 3. Given the public information of an RSA encryption is (n,e) = (2599,107), find

the decrypt key d.
[Hint: One of the two prime factors of 7 is less than 30.]

2599= 2%-1/3

ard so F(2599 ) = F(23) F113)
= 27 /2
= 2964

Voo e Ao 0/5_5///)400(77 SO 20t Bl SOloe

10T ol 21 e 2464

R

= /07 (23)+3 [= 3+ 2¢)
o7 =
7% 3(35) 42 =31 [107+ 53casy]
3 = ZC7) 4 =

O+ 3¢z

= /O -
3( IDE [’?L/(a‘/ 7‘-/07(523)—7 (56)

Z4CY (3, ) /07 (-829)

ﬂ% (|©4X~829> =1 moed z4ey

So d= -829 = |25 Maod 24 (4

Ve dasnet R e LBS,
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[12] 4. Recall d(n) is the number of divisors of n, o(n) is the sum of the divisors of n
" and ¢(n) is the Euler phi function. (229320 = 2°.3%.5.7%-13)

(a) What is d(229320)7 (229320)7 ¢(229320)7

d(228220) = A2HAGEH AR ALY =42 2.3:2 = [ 44

6(229320) = ('2"—/>(é3—31‘><<9)(f“—')(/¢)
=i 3~

=153 65704 = 733660

B(229320) = 2°(2-1>3(3~1)( 5-7> F(F-1D(13=1)

| c 32,4 3002 = 48 28
(b) Show that if n is a square then d(n) is odd.

%“@@‘D&Qﬂ‘b%ﬁm , Y= ym e %M ,,Q/qu_pgwfju
oletompesition § o £ A% R than the o pos
Hecor position _ 5 e e

r A=A

Yoo deny =d(p.2€')a(Pfe‘>.--. e
= (2€+10(26,+1) . (2Cc+1)

So ~ . :
wm%‘ln:\,m e MF%M,(ZQL—#/)J o oau,

So N © 033 .
(¢) Under what conditions is ¢(2n) = ¢(n)7? (Justify your answer.)
%"‘(\b@@&é ‘\/\ML!\ (\1/2_,2)'.21 M so

B (2n) = P> gond
= ﬁ('n)_
[ (Rt
Mo e 2oen | My = 29 cobne e 23D, o
B2 = B (0 = 27 Bl
= 2 (25 3w

= 2w,
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[8] 5. (a) Define what is meant for a number n to be abundant.

T 0 a/{noma( ant ,(//é

Ty -2 > 7

(b) Define what is meant for a number n to be deficient.

Jert) — 2 £« 7L

(c) For what values of a is 2% - 11 abundant?
a i
C%y)-ac i o> 2l

'

ey euy > 271
(ZO\‘%'\_-')(\ZB N ZDLH'\\

12, 2&-\-‘ NP ZQH' n

QA

2 > L2
(d) Show that there are infinitely many deficient numbers.
TEd>- @ = @2 =1 <P

o puimes o d.a%wl\{



UNIVERSITY OF MANITOBA

DATE: December 7, 2012 FINAL EXAMINATION
PAGE: 6 of 13

TIME: 3 hours
EXAMINER: M. Davidson

COURSE NO: MATH 2500
EXAMINATION:
Introduction to Number Theory

[10] 6. (a) Use Wilson's Theorem to find the least residue of 235! (mod 239).

2330 2~ med 239
| - 229 = (AP +5H
(223N 23)(236)2235 ] = ~| smodd 239 o =5CI1D+1

COC=-2)-2) 2251 =

h’lc:c}\Z?)q 1=+ 91D
=6t [239 6 (=39) ] (-1
~b (235)) 2 -\ med Z 25 = 239~ +(140)
© (2251) 2 | mod 239
2350 = 4O mod 229

Qe &mmxmw,mom 25‘%&13155{, o 4HE .

(b) Use Gauss's Lemma to decide if 3 is a quadratic residue or quadratic non-

residue modulo 31.
(No credit will be given for any other method.)

= = =S
2z

(uddg) O e A 12 1S 18 21 24 271 20 33 36 21 42 45

( s
m§M> e A 12 % 8 20 2% 23 2o 2 5 % L 14
mo&%\ .

Mr‘\’hm ?,2 : (\%)1\'9_‘*,7_4&%()) SO %—“—5

5o \%\2 1y = -

\—\QX\Q;L Do w B,J,ga,a&a/toc; %%Ww
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(18] 7. (a) How many primitive roots does the prime 71 have?

p-l = F-1= 3O = 257

BCI0) = B(DS5) E(7)
R A

Lo F tas 29 primilit _soh

(b) What are the possible orders a modulo 71 when (a,71) = 17
(all olursors dZ%)

12,5, %, 0 14, 35, 70

(c) Show that 7 is a primitive root of 71.

[Chack ol ordars <70 ]

v

1

]

1 Moed

k.

q = ‘-‘C‘ MOé \‘H

T
T = 4950 22499 2 14 med ¥

5

[t

16307 =5\ wed

1% () = 5172 201 2 45 med +|

-+
il
—
M
]
~
i

142190 = 54 meo )

1% = (&)= -(%)- (L) = -l ey

me: mi\ij?ﬁ:;—\ oo T )MQV\LS othar
ordurs thed wned \ac Uroedeed UNEAYE) &I‘}_}

Sunee I deer vat e eurdar 2,53, 10,14 o35

Qv W Aect . ' Continued on next page. =
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(d) List two other primitive roots. (How do you know they are primitive roots?)

These should be in least residue.

?k_;ﬁww awst L) (e, Fed=

rsuZ‘\WsMW o O o

LB, D09, 23 273 29 31,33, 3%, 39,4/, +3 17,5/,

53%,5%, 5‘7“,(95(97,(09’[

34>

-
w
il

11

59 med 11

jrq = 49.97

i}

HA 192 6862 4F moed 3|

It

Tz 39724672 319231 medd |

4“4% 231492 819 = 23 ™Moo

1l

59 @ ot Nodts

(e) Given that 78 = 117649 = 71(1657) + 2, what is the order of 2 modulo 717

What is the order of 14 mod 717
: . A
& ‘UJ&ur\% oA é?b %k w CP—l,k5 ?3

Sunes Ziq(o Moo H | '%\/‘u. ordar 51)2

o X° 3o
(30,6) 2

- 55

Swrer % = ij‘\(‘"\oe}j\—\,‘\)\fu— @reburg%\‘-\
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(6] 8. Suppose that a has order t (mod m). What is the order of a? if:
(a) tis odd? (Justify your answer.)

Senes (1’t>:/1 Hee ordor @Q‘Z,‘,‘o e Same

a4 Y oroliv % a

CED CU_/AQA OZo&/u Zé

(b) tis even? (Justify your answer. )

Stnce (2,t)=2 , +h ma&/udz A= cannsoT be &
Wo&,@ Hee owolor % a* wene S e
Cdl)s = QZS 2 | mod w1

J SC‘ Z;L/ZS = t/y_\%

Ondl
1\%.
<&) = a’t =2 | el
| %o S| t/z .

o wead S=Y.
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[12]
Note: 1723 is prime.
499
(a) (—1—@)
o, (1323
499
2.

113616
997

o) (
(&)
2

a1
263

9. Calculate the following Legendre Symbols:

H0 = 3 med Y
1322 = 2 moo 4

22 17223 = 226 MLAL‘C[?
499 ) |
499 = 2 mod §
132 moo/“’

i_i—> HGG9 2 47 mod 113)
S :
=L~r)<j}> 2= 19 mod 47
a 192 43 = 3 medY

4z = q mcx)(cl

263
1%

(=X
( 9\53> ) < :ir%';>:

3o =2" 2% 203
ERVAEL
‘19}> 997

20%
263 263

aqt=1 mod H

)|

9972 | mod3

99 F £ 20§ MeAZ63

2\ /3 x -

<\53 <3“>=<5> 122 | moo!

B 3med 1D
122 meoo >
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(8] 10. We note that for the prime number p = 2819, that 2p + 1 = 5639 is also prime.

Use Euler’s Criterion for quadratic residues (together with calculation of Legendre
symbols) to decide which, if any, of 2,3,5, or 7 are primitive roots of 5639.

We Joyoo Hhal any dlemonds ool 5639 2okl hace
oroler 4,2, 28/9 or 5638,

(oo, .
o wuf e ordarse 23,58 F ame ol JorZ.

A Py an promibie ol Hhen Yy awcld sl
have orole~, 2819 |

. ‘ . 289 o
Cunc}\%o
2z ‘
<5®5‘? | 3nce 5639 F 7 mod 8

539z 4 mod S

5\ /ey /4 | |
5@3? - ) 5 = (’g‘):\ W 52 | moo 4
"J(.,
NEEY _
<5e37>' Al B Al e 32 3 may
. + 3 )= 5639 = med 1

Meree 1 e ngt nawe Sy 2819 | 5o U vk Vaae

oo S8, and o hence oo rodiine weot

YQ\I\U WWS 5&2,535 ane. o 28\

|
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(8] 11. (a) Give a formula for finding integer solutions to 2 +y? = 22
o Solulice a=a y: L z=C «
A= Zwmwn
b - m')__ TLL

a = mrpn

(b) Under what conditions is this solution fundamental?

W, 70 w#asdzﬂvbél%w)
C')’V()'n_):/)

P> M

Y # ool 2-

(c) Find a Pythagorean triple where one of the values is:

i, 11.
2e-a5 =1\
(07_—_ 52.:\\
02296 =60
b=\ So

@ = 3bra5=c) (z,,o, Wl D eom'pb

wwca W

i1, 14.
=23\
O=14 <
b= 43-1 =33 °
o= 50 (1‘7() ‘7‘8) 50) L.O QJW(_Q

M&m@\ﬁ /4
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WISH TO REMOVE THIS SHEET FROM THE EXAM

The following is a list of all primes less than 1000

23

29

31| 37| 41| 43| 47| 53

59

61

67| 71| 73] 79| 83| 89

97

101

103 | 107 | 109 | 113 | 127 | 131

137

139

149 | 151 | 157 | 163 | 167 | 173

179

181

101 | 193 | 197 | 199 | 211 | 223

227

229

933 | 239 | 241 | 251 | 257 | 263

269

271

977 | 281 | 283 | 293 | 307 | 311

313

317

331 | 337 | 347 | 349 | 353 | 359

367

373

379 | 383 | 389 | 397 | 401 | 409

419

421

431 | 433 | 439 | 443 | 449 | 457

461

463

467 | 479 | 487 | 491 | 499 | 503

509

521

523 | 541 | 547 | 557 | 563 | 569

571

ST

587 | 593 | 599 | 601 | 607 | 613

617

619

631 | 641 | 643 | 647 | 653 | 659

661

673

677 | 683 | 691 | 701 | 709 | 719

727

733

739 | 743 | 751 | 757 | 761 | 769

773

787

797 | 809 | 811 | 821 | 823 | 827

829

839

853 | 857 | 859 | 863 | 877 | 831

883

887

907 [ 911 ] 919 | 929 | 937 | 941

947

953

967 | 971 | 977 | 983 | 991 | 997




