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Introduction to Number Theory

FAMILY NAME: (Print in ink) . vo
TSI

GIVEN NAME(S): (Print in ink) __I,

STUDENT NUMBER: v
SEAT NUMBER: VT
SIGNATURE: (in ink)

(I understand that cheating is a serious offense)

INSTRUCTIONS TO STUDENTS:

This is a 3 hour exam. Please show
your work clearly.

A single line display, simple calculator is

permitted. No texts, notes, or other aids Question | Points Score

are permitted. There are no cellphones or

electronic translators, or other electronic 1 14

devices permitted. ) 12

This exam has a title page, 14 pages of 3 10

questions, which includes 1 blank pages A 19

for rough work and one page with a table

of primes. Please check that you have all 5 20

the pages. You may remove the blank 6 18

page and table if you want, but be careful

not to loosen the staples. 7 20

The value of each question is indicated in 8 14

the lefthand margin beside the statement 9 10

of the question. The total value of all

questions is 150 points. 10 20
Total: 150

Answer all questions on the exam
paper in the space provided beneath the
question. If you need more room, you
may continue your work on the reverse
side of the page, but CLEARLY
INDICATE that your work is continued.
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[14] 1. Recall d(n) is the number of divisors of n, o(n) is the sum of the divisors of
and ¢(n) is the Euler phi function. (169884 = 22 3%.112.13)

(a) What is d(169884)? o(169884)? ¢(169884)?
doegsed) = Az d G Aa®dG) = 3¢4-3-2 = 12

Sy - scmey o - [N BN

Crea+d) 183439 +23)0CI e 1201+ 13) = 740733 44
52) 360
PULTIRYY = B2 BRYF(12) b L1D)

= 2(2-) 32D =) 12~ = 47520

M}

i

(b) Show that if d(n) is odd then n is a square.

e _e Ck .
L/t 77,’/01 /92 /9,4 E‘Q \IL’ﬂLﬁ /O/Lu'n,L /Dcujf,u ﬁlL&D?V?OOSL/Z:D-/u

& 7. Then c/cm=(e,+/)(ez+/)-~<em/)-

Su@ dch_)/{’p oo(a/)

ALQ OO[O( 50 7[:94’" /S(j'_é,/e

tSO gw Sere /,_/,Vz'_’ej(/\‘ :5 S (%:2;6

;L‘S 2%?1
PR o CRip pl )
( P .

z

eciche /AQ/C;/E/‘ JZ) dcn) rnesld

, (%""/ o odol , //L,a/m,u é_! L LUl

(c) Prove that if ¢ | ab and (c,a) = d then ¢ | db.

§uwu (C3Q3=d) Hore oo u«.tq%b\;: %'(l.!‘\f)\ + St \HI'\QI.

CS+olb =4 . M&E‘Pkﬁ“\ﬁ \@‘5\0 e %d\
Cod+ ot =\d .

Sunce ol and c\ ab Hoan C\Cﬁb33+°‘bct> )

. so ol od.
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[12] 2. Find all solutions to the following Diophantine equations:
(a) 2743 = + 663 y = 42
(b) 2166 = + 678 y = 42

Q) 2343= (L 349
blb3= 9/(3)+26

Q! =26 (3)+ 13
26 = 13(2) +0

il

1

Bence
(2743, 663)=13 ool 13442 e /%Waap IFI3x + b3y = 42
/LM o cSOLWaO/;I\S . j

b) 21l = 7
BL3)+ 122 .
Su
618 - 122(5) 4 (g (‘S (%\%,ma:(a and 42 =63
122 = 1 3(H) Y (o Sblions Q»(Loh}

b= 1322 + 18(~3)

13291678 4132 (5] (g

GFE(-7) + /37 (36)

TGI8 (-3t [2iel 4 Las -3)[(a¢)

226630 + (7% (-115)

216l (3¢)Y 4 78 (~115) = (

2
‘et lzs2y ¢ C18(~805)= 42

aLe Solutics,s g, -

A= 252 4 678
o & =..952+ 34

y =805 - 26,
o C * -8065-3¢s¢
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[10] 3. Prove the following is true for n > 1 using induction:

14+44+7+10+...4+ (6n—2) =n(6n—1).

‘z)é PCTL) e Ha J—M

e R # ot Llop—2) = 1l -1 ).

S

( Suves GUY-2=4 ) |+Y =5

arnd X Gu)-1)=5

P Lo b .

43“75’700@0- Py <o Trwe |

|+ 44+ 3+ 10+ --

At (odi-2) = fellok-1)

gL\J.J'\_
H94 3 +10+ - + (Llhk+y-2)

[Hd+d 1Ot + (ek=2) 4 (bk+1) + (ke y)
o= 1) + Clok +1) + (loJe 4

= k™ v 2 ks

L™ +1lk+5

(s M Llkts)

t

i}

(e Llks) = 1)

e Ples D oo aloe oo .

Ve PO e Brve and Plke) Mk@\,g_o_/a Pl v V) Mo,

\0)3 T‘)S\«\'_\—_ )’\Dgr\B,;o Tuue g’@v‘ a0 x|,




UNIVERSITY OF MANITOBA
DATE: April 22, 2010

FINAL EXAMINATION

COURSE NO: MATH 2500 g‘;\ﬁgf ;ﬁf}i
EXAMINATION: ' y cert Ao
Introduction to Number Theory EXAMINER: M. Davidson

[12] 4. Write as a single congruence (if possible):
3 mod 43
5 mod 47
27 mod 107

e

T
T
A

=3+ 43k,

3193k, 25 ypod 47 H72430+4 [= o+ 3¢-1)

43 =4uo)+3
434k, 2 wmod 4% g 30004

ey ) = 430 +4 )
-/ = —

, 2 (-12)Z modd? = Y30y + [47+43C0]C)
=A2CH )+ 430-12)

1)

=442y ]-0)

b,z ~24 293 meocl 43
'\_DQ,: 23 +L":|,kl

X = 3+ 430023447 ky)

=992+ 202\ ke,

A92 + 20 2 4y = I ved o3 103=9500+ 2

2021 k,; = -5 med 1073 4521203 )+
(=0 +
954k, = 1065 rwd 107
<_q>q‘5'kl E(*C;))DS meoel 163 I
= /24['-95—’-/9‘('?)_](-/)

Jo, 2 -F45:18 mod 103 = 950-1)+12(3 )

| = 95¢-D4[107 +95¢1)] (5
\’k;: \8“\-\0:}/&% |

S /0(8) + G5 (-9)

X292+ 2021 (18 +10% k)

= 3131 + 216 247 k5

Xz 33 370 med 21247
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[20] 5. (a) i. State Fermat’s Theorem.
Jor P oo prum, (ay0) =/

o P’/:’ J maod P
ii. Find the least residue of 1872312 (mod) 463.

#

(‘S)LHLC,( 63 ,(;O/Q/u_,;(_( /87 25 | mcal 43

2312 4
> (373 - (}81-)G2(5)+2

Mool 46 2
z yoz\ 2 2
Cr83")™ a1 Mod e 2
= 5
= 17 31969 moo 463
= 24 mod Y63
(b) i State Eulers’s Theorem.
w)
JA (m)=) thens O =/ ool

ii. Find the least residue of 18723!? (mod) 468.

A8 = 2% 117 = 2% 3%3
do B (H68) = 2-3(>NC13~) - /14Y

23/2 I
/84 = (183"")". /8??v ool g
= 1 s s
= (337" med 468
= 3,37 el 46 §

W

15 7 meocl 46 &
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(c) i. State Wilson’s Theorem.

P o /O/u}nz A =)= =/ ool p

ii. Find the least residue of 453! (mod) 457.

Soae 457 o rme 456! = ~ mod 457
&D
(456)(155Y454) 4531 = -1 mod 457
ED-2)-3) 45 = | mod 457 H57=((3¢)+
e(1531) = | med 457 /=457 +( (-7, )

<_7¢>((05(‘f55’> 2 (~3) | mmod 451

4530 = - = A\ Mmody 57

(d) 1. State Gauss’s Lemma.

J ong the Aeaot :
L&m g eaclies AZ a,2a,3aq, ., Za ém:d;;)

Hhaw  one OC} j/l,m]tou Fhhan /?‘j/ Yo (%):Ch/)g

ii. Use CGauss's Lemma to find if 7 is a quadratic residue or nonresidue

modulo 19.

S

ljl_q
ne |y H{u‘a% 25 41\%’\6@‘4,5
med \q | T /*1\2 9 /ul#'//)/gfg

Sunce YHewe ane 4 Loaal uLwoLueo 5/1407&& Yhan 9
J

Ci = (- ‘}z ) .
|C]> ') / ) //w“f——ﬁ + o w B/L(DLOCL&/t(/C) Neacelecy

9 /9.
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[18] 6. Calculate the following Legendre Symbols:

(a) (167958184> (Recall 169884 = 92.3%.11%.13)

(I(aﬁ"z‘ssq i 2_3"/ _Cj_L/ = (t\/ﬁ 13
351 >’3761 351 \BINA5] 751

132 [ mocd
7’5/ = 5 i’)’lC)O( ‘\/

CerlE0E) - o (3))
-G '%@Xz‘z) = enen(2) = (2 2)
=(3) = (%):
o) ()

e ) (38)-(3h)- (22 + 2 )
- ($)Fm)li) - (5 T Emt
- (B —|

® ()

(T (5 (53 E g

(NS LR (T
/ 3
(Bl 0 () - o £)en(Z)
2 2
= Q—|)<Z§/>(a> = (=1)(-1)

3?5 SMOO/ 8

i
—_—
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[20] 7. (a) How many primitive roots does the prime 79 have?

p-1=38 =233
BARY = (2)(3-1)(131) =272 =2
F9 has 24 /Qum@h&ﬁ Aools .

(b) Show that 3 is a primitive root of 79.

Jhe ososlle eroles & aw il supoledo 79 ane :
L2,3,6,13 26, 39 and 78 (dwirses 4 Bczqy)

32—3 9 mw{??

3.—-

3 = 2% fY’toé\:IC]
2= /8 mod 39

2% = 24  med 39
3% =23 meddq
2 = 38 (2-1) meddn

wee e endorc 61\‘5»0 nol 1,2,38, 6,113,960 ar 39
u&xmmm:\%‘)’é@%md\@ot‘

(c) List two other primitive roots. (How do you know they are primitive roots?)
Stines (3R,9)=1 and (38,1) =1, Ve Jocdh Nuadures SL
5 .
3) and 5:(— ane [O/Lu%ut—uu—ﬁ u{-&O\/S .
3°= 24326 med3q B =221%3 = 54 med 39
(o ond 54 are f)%“butwﬁ (/LE)O‘&A- Caj/wm ate o\/'lpwul>

(d) Given that 3° = 19683 = 79(229) + 12, what is the order of 12 mod 797
What is the order of 36 mod 797

- = 29 : .33 . 33
2= 5 19, & = 18 .
Dunte maod C\) 5SS oder o (38,9) 2 2 .

. o ,
e 3e = 3 med 3T, (IS erdur o 15 - 3B = a9
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[14] 8. (a) Are any of the following numbers k-perfect? If so, for what value of k7
(Hint: the primes in the prime power decomposition of the following are all

less than 50)

i. 32760
32360 = 2° 3% 5. 2.3

[

G (32360) = |5 2 (. 8.4
131040 = 4(32360)

Hernce 3230 o ‘%/&luébot .

1)

i, 27720
JFI20=2 3.
6(23320) = 15713 (.32,

=112 320

Snee 23720 £ 112 220, 29720 5 9t he-@efect
iii. 523776 - 27.3. /. 3

i

C(522330)=1023.49. ;2. 32
I 53712328

= 3(523 73¢)
Fence 523376 o 3 Renfech

(b) If n is odd and 4-perfect, is 4n k-perfect? If so, for what value of k7
(Justify your steps carefully!)

\

Linee 7 o eold (1,4) = .

Jhwfou € Cln) = 66 ©ny (6 vl golicaltioe )
(24 4y (4n)
T (4n)

1

It

S 4n w1 p/u%gdi
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[10] 9. (a) For an RSA encryption scheme, the publicly listed (N,e) pair is (2257,997).
Find the secret decrypt key.

2259 = 33 .,

F(2257) = ¢(27) A1) = 3o O - 2160

I d o the OLQ&?/QL//&? Hhors

997-61( =/ iocl 2] (o

h

160 = 9973 (2) + 11,
997 = 166 oy + )

SO ! = 99 3 7‘/@6} C*@)
=997 T+ [’ZI(QD _'quq(-ﬂ)](_é)

e 0&03%/@%’ ”@g wa /3

(b) You have intercepted the coded message 1761, decode it.
d'>\:> N b QCL%“-’P\Q& EBSGISESTS Thon
— 'S
M= (e mod 22 57

_ NS
= (Ve el med 2253

= 3% \30) mMod. 22 57

it

123536 =1393  ,.d 2257

hs. MenRotk  decodas e Q7
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[20] 10. (a) Use Euler’s Criterion to show:
If p is an odd prime, then

(i> =1 if p=1 (mod4)
p

and

<"71> ——1 if p=3 (mod4)

Fem Eders erincon e ey Yha

P!

aC -
<75):(a) ool p

%PE\MOC\‘—\ o P:‘f//%Jrl

<—PL>5 (-S‘uz:_ |

A T s 2k

med B s ()~

Question continued on next page.
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(b) Find a similar formula for deciding if —2 is a quadratic residue or nonresidue
modulo p where p is an odd prime.
(Hint: this should be in terms of modulo 8.)

swer () ($)5)

N P=imed 8 Hhan O=1med 4 so (B)=1 erd ()=

50 (‘%% (Y= |,

P2 Bmod e 05 Benedy 50 (B) -1 and (2b)--1

o (5) -y

QS%\ = 5 mod R \H\mPa\moo\‘—l 5@(—‘253:.—\ and L“‘PB—-l

> (‘%% GOCEY= -
J, P=3 eds thin = Bmedd w0 (B)= 1 and (5)=-|

0 (—%)%‘X—Dh\

(c) For what values of p (modulo 8) is it possible for both 2 and p — 2 to be
primitive roots of p?

dk%mmwwéﬁ?)w(%>z_\.

T

Bee 5 mod

($)--1 9

1

%ﬁ%%)f‘ =P

Devr 4 mMod &

NS OB
\LBQ%M Valduoen &EPW P=5 recl §-
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EXAMINATION:
Introduction to Number Theory

FAMILY NAME: (Print in- ink) AWNSTBI [/{
GIVEN NAME(S): (Print in ink) h
STUDENT NUMBER:
SIGNATURE: (in ink)

(I understand that cheating is a serious offense)

INSTRUCTIONS TO STUDENTS:

This is a 50 minute exam. Please show
your work clearly.

A single line display, simple calculator is
permitted. No texts, notes, or other aids are
permitted. There are no cellphones or
electronic translators, or other electronic

devices permitted. Question | Points Score

This exam has a title page, 4 pages of 1 10

questions and also 2 blank pages for rough

work. Please check that you have all the 2 !

pages. You may remove the blank pages if 3 3

you want, but be careful not to loosen the

staples. 4 10
5 10

The value of each question is indicated in the

lefthand margin beside the statement of the Total: 40

question. The total value of all questions is

40 points.

Answer all questions on the exam
paper in the space provided beneath the
question. If you need more room, you may
continue your work on the reverse side of the
page, but CLEARLY INDICATE that your

work is continued.
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EXAMINATION:
Introduction to Number Theory

[10] 1. Use mathematical induction to show that 2+5+8 +... + (671» — 1) =n(6n+1).

Lt Py de Mo Staliment
H+5+ &5+ coit (lom—1) =N (br+r)

Hn=t  dhen  ots5=17%
and ety =+

Tence Pud o thun -

Qosiime Per) is tros !
21 5+8+ F k1) = £ bhet1).

Thas Z+5+8+ . - +((o(/c+/)—/)

=2+ 5+8 4+ . 4 (k=1 +(ltfo+2) + (b £+5)

K ob+1d 4 pprg , oh i<

bk *+ JQ+;2,}Q +7
T kTt g 4y
: (v/i+/>C(o,k+1)

T (k)b ks 1)
Jo 2+548+ - T (el 1) = s DNk D + ) ;e Pikary v b

n - () . .
s e e o tj\/u“e &J‘—Ol ({D(_ JQ > VUTLO(—L%‘ pCJQ+ / ) J % P/(’/ _Z—
Py ’

(M) o Trva éw all s/,
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Introduction to Number Theory

[7) 2. (a) Show: If a = b (mod m) and d | m, then a = b (mod d). Justify each step.

e A=l medm , we har o a-b .
Stiner 9m la-b , thaow o an thLg;u» 1 swchthad
A== rm.

Suce Al |, thow & an vlegee S soch dhat
ds=m.

Yo adsoue Lge_%d( a_—-brolﬁl" ; Sl SC v A
w'v&«gu ,dla-b | hawee o=b mod A .

(b) Using the above, show that the following system has no solution.

z = 47 (mod 77)
z = 14 (mod 43)
z =74 (mod 121)

1247 mdFr and U131 so x =47 medil er X=3med I

w= 3 mod 12\ and 0 hizt 50 x= 3 med i or x = & med Ul

Yo Vare 0o 0 x“cho\ EMLQ;D o alsoue

[3] 3. For what primes m is the following congruence true :
1815 = 1542 (mod m)

o | 181D 1942

SO ’hf\\ 233
Jhs guime power ditemponifion J), 273 w3 1D

Hence o coulol be Deor F e 1D
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EXAMINATION: TIME: 50 minutes
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[10] 4. (a) Use the Euclidean algorithm to find (7364, 553).
(b) Find all solutions to 7364z + 553y = 91.
(c) Find all solutions to 553z = 91 (mod 7364)

) 3204 = 5523(12)+ 115

553 = 135(3)+ 238
I#5 25 Ce)y+ 7
23 + 4) +to

Tenee (730 553)= 3

I

It

b) T =135 + 28 ()

175 +[ 553 +1350-3)] (¢

n

N

5836 + 175 (19)
T953¢e) [ 130t + 553(3)](19)

= 3369 (19) + 553 (-253)
So 364 ( )+ 553(-QS3> = 3
1364297y &+ 553(-3289y - g,
A solufions i 15@47{*5537:?/ are
<

X = 2 553
+ TOETE - 247 4+ F9¢

Y < -3289 - 1364,
7 & " 3289-/082¢

) QM 3 %OW‘H@,qB e

99, 1931, 3o0z3 1075, 5127, 6 /79, 723/
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[10] 5. Write the following as a single congruence, if possible. If it is not possible, explain why
not.

z =2 (mod 9)
z =7 (mod 13)
r = 13 (mod 380)

it

X =2 med A

S0 =2+ 9k,

/’Z-’_q,'é/ = —‘)‘ mcﬁ\?:

. ARtinnalaly 1329+
q,k\ = 5 moé\ 15 9 =4N+ |
~ (=9 +4(-2)
qk, = 13 madia =9+ aeniea)y
=13G-2)+9(3
k. =2 med 1 ‘ )
G[Jg‘ T 5 maedld
X, =2+ \3k, 29k, =2 25 med 13
J,Q\ = V5 med (3
X = 2+ 9021200, .= 2 mod3

S N 2 S

A0 + 117 ks =13 med 350
580 = 133 + 29

17 ks -7 mod 286 HF = 29 (4 + |
Vklf"cﬂ I’V\Odggg :/'/-7‘1‘:29(-7&)

= //F +/ . _
%, = 289 mod 3%0 L3806 +117¢-2)](~yy

= B8O (Y + 117 (13)
Ko 7 289 + 380k,

X = 20+ 117 (289 + 380y )

- 33833 + 49460 &k,

‘_M%& =2 3/%%»/; i o
X = 33833 wmod 44 460 &
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- EXAMINER: M. Davidson

DATE: March 10, 2010
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EXAMINATION:
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-
FAMILY NAME: (Print in ink) N i) b\z
RN =
GIVEN NAME(S): (Print in ink) BV\ SN
STUDENT NUMBER: Keyf

SIGNATURE: (in ink)

(I understand that cheating is a serious offense)

INSTRUCTIONS TO STUDENTS:

This is a 50 minute exam. Please show
your work clearly.

A single line display, simple calculator is
permitted. No texts, notes, or other aids
are permitted. There are no cellphones or
electronic translators, or other electronic

devices permitted.

Question | Points Score
This exam has a title page, 5 pages of 1 15
questions and also 2 blank pages for 0 10

rough work. Please check that you have

all the pages. You may remove the blank 3 8

pages if you want, but be careful not to . 10

loosen the staples.
5 7

The value of each question is indicated in
the lefthand margin beside the statement Total: 50

of the question. The total value of all
questions is 50 points.

Answer all questions on the exam
paper in the space provided beneath the
question. If you need more room, you
may continue your work on the reverse
side of the page, but CLEARLY
INDICATE that your work is continued.
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[15] 1. (a) Given the prime factorization of n = 45864 is 2°- 32 - 72 .13, find d(45 864),
o(45864) and $(45 864).

dusgei): 433 2= 12
o (45%64) = (v i+2+9) (VR4 +13)
S (2 0DCREDIED ez = 15135744
2 (#2Y

= 1595 6io

(f (16864)= QN (a-D 3 (3= F(F=0013-1)
S 42016\ = 12096

(b) If p and g are distinct primes, what is d(p*q), o(p?q) and ¢(p*q)?

d(p’tcp = 2:2=0
G gD - Crapr PXINY) Q??___jl*)t )

}Z[(_ P"cb) = ?C(\}- L )( 7)'|3

(c) Prove that if n is odd then ¢(2n) = ¢(n) and if n is even then ¢(2n) = 2¢(n).
[Hint: recall that if n is even then it can be express as n = 2°m where e > 1

and m is odd.]

&\) T o edd Hwn (2,m)=1
B2a) = BB i) = (2-1) Py = Dn)

e .
% 2N R SCS 372 w n= 2 AR DJM e\ cu\c\mua 063

[N}

Se F(2ad= BC2n)  sowr (T )=
= B ) Bemd
- 2520 gy = Q5B )
and BlnY = BC2%) = AT (2-D ﬁ(m\:,zé";dﬁﬂ’\)

S ,d(ﬂn)’ 2 & n)
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[10] 2. Find the least residue of z (mod m) for the following. State any theorem that
you use.

(a) = = 107?163 and m =433  [Note: 433 is prime]

Upiney Fereneds dhecum 1619 2 | ed 433

s 216D

5
X = 167 = (o1 o3 ” meddsd

= 167 medd?3
= | 225 04D red 433
z B moed 433
(b) £ =1072'% and m =432  [Note: 432 is obviously not prime]
ibmvn\c) Eloks Jhusaen @ 132:2° 2 @(%32%;?5.1(3"’)
S \Q":t'w Z { nod 432 - 149

A w9 ) :
01 (167) 1677 meddna

1225 o4>  mod 432

(R

Z A2 Mmed 4 32

(c) = = (432)(431) - - (44)(43)(41)(40) - - - (3)(2)(1) and m = 433

[Note: 433 is still prime. Here, z is the product of all numbers less than or
equal to 432 EXCEPT 42.]

Lodsons Jhuowm 4220 = -1 mad $33

S {42 x = 4320 = —| rod 433
H432 =42 1) + 13

2 =12 (2)4 3 > 4 Ld 24+ 3 N\ 9)
ICIENGRE DR

424 + 1BUR)

_,_
1"

12+ >0-4)

it

th

11

g -+ (33 +42(-1)]02)

= 33O B) 442 (- 13Y4)
G)3\l)"’ZX = (= 14)CD o 433

X = 1 >4 med 433
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[8] 3. (a) Define what if means for a number n to be perfect.

GCrY—VYe = T

(b) Define what if means for a number n to be abundant.

Srn>dy—n > "

(c) If n is an even perfect number, what is known about the prime factorization
of n?

Q«\b SRS T TS S o i:g_,\lS,d( Yoo dger  thoan
Pt oS
w20 (20
prhine 7 Pl (ond hancap) o s
(d) Show that if n is an even perfect number then 5n is abundant.
%B’E TLUD G 2asen p/t'\%jud UL w-Jue_,r “Hr\.t;\._
Pt P N : - P
Y\ = 2 (2_~'(> Sy unCe 2 -1 <o Rr—me 5 {/o?\‘
\:\u\u (&ﬂ Sy=\
Se G (5n) = G §wn)
=(5+1)H(A2n)
= {Zn

2 =D W 2 5

Se 5n o o lbanokaasth .
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[10] 4. (a) Define amicable and show that if m and n are amicable then o(m) = o(n).
r_jibL W/L‘*\'J" S L8 Ci/ I Cing CMC’&[){(’
«% Tlrmd-m = and € GARY— YL = nA .

S Cpn)—vN =0y = S ) = P M

Y- = = Tun)d) T men
S Gy = Snd

(b) Show that 6232 and 6368 are an amicable pair.
[Hint: 199 is prime and 779 is divisible by 19.]

b2 32 25194
L3Ls = d 149

Sr>L)- 2D = 1D A0 42 - 62>2
L 2606232 = 62303
FCLaLd - (6oLs = D100 ~6 268

C 2650 b 26Y = 0ZDZ

(c) Use 168 and 297 to show that is possible to have a(m) = o(n) without m
and n being amicable.

og- 2737 297351/
S Ue)= 1549 6(297)=4D i2
= 480 TS

1

Bok SO - 16E = 4oLy = 312 # 297
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[7] 5. Given the public information of an RSA encryption key of (n,e) = (2599,73),
find the decrypt key d. [Hint: One of the two prime factors of n is less than 30.]

I599= 935113
& 9599 =22 112 = L1767
( wend 4o solee 3% = mod 296¢ )
26 = 73 (33 + 55

73 =550C1>+ 3B
55 = (g (D) + i

55 5 1% (—3)
554 [ 3D +55060 TC-3)

Do |

\i

323(-3) £55CH4)

=93 (-2 B P90d + 22-33))(4)

= IFEITFE QUL () + B¢ 135)

Jhe de crgpt kery o 2329
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12

10
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[10] 1. (a) Find (2002,897),
(b) Find all integer solutions to 2002z + 897y = (2002, 897).

al 200 7 = 397 (2) + 208

39F = 20% (4) +65
208

ti

G5 (3)+13
695

"

I2(95)Y+0

Hener (2002, §97)=2

b)Y 1% = zosy (ga

= 208+ [ 397 +208 -2

=893 (=3) + 205 (13)

=397 -3y 4 Ezool +39% L—Zﬂ G3)

= 2002 (03) + 897F(-29)

Qw2002 (3 4 B9 ¥ (-29) 3

SQQ.QD\ %O\.A.\j:«% AL |
- 393
X2 e oy 9t

Fa =29 - Q—?%Zt = =29 ~-/59 £
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[10] 2. For each of the following linear congruences, find out how many solutions there
are. If solutions exist, you need NOT find them, but you should state a reason

for your answer.

(a) 3388z = 42 (mod 7413)

3413 = 3388 (2) + (3%
5388 = (37 (B)+ 203
G331 = ,205(%3 +23
203 = 23 () +3
28 = F ) to

Swrer (338%, 3412)=F  ad 7142

H_\“* are 1 osoliRiens

(b) 2500z = 42 (mod 2012)

zo (2 1D + 488

p

2500
2012 = “488( %) 460
488 = o (8) +8
Lo = & (F) 4+
g = H(z) +O

Berer (2500 ,20)2) =4 and A4 ¥ 42

Hew are 910 soa;?:@;g
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(8] 3. Given the public information of an RSA encryption is (n,e) = (2599, 107), find

the decrypt key d.
[Hint: One of the two prime factors of 7 is less than 30.]

2599=2%-1/3

ard so F(2599 ) = B(23) F(113)
= 722 /2
= 296+

Vo woe Aenemo 0/5,5//1/1(;6(71 SO 20 Zeedl Sl

107 ol 21 e 2464

R

= /07 (23)+23 = 3+ 20
67 =
335 +2 = 3*'[/O7+5c~3s)](‘/)
S = 2cs)y 4y =

1031+ 3¢30)

= 103~
T [ 246 1092307 (a

ZACY (3¢, ) /07 (-829)

ﬂ% (loﬂr>(~829) =1 med 24,y

So d= =829 = |29 Mod 24

'3\\2 M\’%Pt },q},\é) ‘o o35
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[12] 4. Recall d(n) is the number of divisors of n, o(n) is the sufn of the divisors of n
" and ¢(n) is the Euler phi function. (229320 = 23.32.5.7%.13)

(a) What is d(229320)7 o(229320)? ¢(229320)7

d(228520) = AZHHAEY AE)AEHALB) =43 2-32 = ( %4

¢(229%20) = ('2"—/>(%3')(c,><?-3‘—‘)(/%)
- 3 -
=153 6574 = 953(0@0

©6(229320) = 2°(2-1> 3(3-(5-s)F(F-10013~1)

: =324 7612 T 4/8958‘%
(b) Show that if n is a square then d(n) is odd.

%u@pouvn\b%cﬁuw , sout= T W) the JOrerme OBt
UW@S(;&@AJ % 7 o'cv'F,el /Qzeamlo.rer Haon FHhe /O‘Lu;LL pouib
olecon pesition . e e

s % 7/&’/O’ Pz /Dr,zer

Yoo deny =A@ A dep*D

=(2e+ 128 +1) - (2€c+1)

Se . . .
oA s Mo preckacck, (zeirr) so odd,
So AN v 6dd.

(¢) Under what conditions is ¢(2n) = ¢(n)? (Justify your answer.)

Do w2 @D Yan (A2 =] anel so

il

B (2n) = B2 Fr)

@C%)_

]

{_(mwzv
RNeo |y wle aotn | Yy = 25 ot m;oéa, =
2y = @ () = 2 Bn)
= Z(Z_C_\ﬁuxﬂ)

= 2 &Bw),
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[8] 5. (a) Define what is meant for a number n to be abundant.

W o dbézww/ anl ,u/é

Tln) - 21> 7

(b) Define what is meant for a number n to be deficient.

. o al&fbc/t.e,n/é ,%

deryt) —r 4~ 7L

(¢) For what values of a is 2% - 11 abundant”?

raty-ato oo atu

t

c2yeuy > 2
(Zo\»f\_,)(\rz_3 N zcu\.\\

\

(2. 2% ey 27 1

axt

2 > 12

©OxL 2H

(d) Show that there are infinitely many deficient numbers.
TEd>~ @ »®@vD "=\ <P
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[10] 6. (a) Use Wilson's Theorem to find the least residue of 235! (mod 239).

238 V2 -\ med 2329
| ' 229 = L (B +5
(23323 236)2235 ! = ~| w00l 239 =501 +1

-1 -2y - -
-2 2250 = med. 239 1= ot 51D

| 26+ [ 289 1G]
—b (2331) = -\ mad 239 = 239 (-1 +140)

Qe Seask suadios ,medindo 239, 4 235! H4O

(b) Use Gauss's Lemma t0 decide if 3 is a quadratic residue or quadratic non-

residue modulo 31. :
(No credit will be given for any other method.)

P B L
E Z '2%=\5
So

(g3 5 e 4 1Z 1S 18 20 24 23 20 33 3 29 42 45

( Meas
ms'M> XN LA 12 15 % 20 2% 23 2o o2 5 %\ 4
mod 2t .

’io.r\cgr‘\(\r\w P2 (1,21, 24,23 830 ) e o=

e \%\2 = -

Heonct O o o Wa/toé/ %%W
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(18] 7. (a) How many primitive roots does the prime 71 have?

p-l = #-i= 10 = 2257

BF0) = B(2DE(5) F(7)
= 196 =24

do F Sus 29 it sl

(b) What are the possible orders a modulo 71 when (a, 71) = 17
(Al docsers & 70)

12205, 2,10,14, 35, 70

(c) Show that 7 is a primitive root of 71.

[Check ol ordars < o ]

v

+

= 7} moed
qlz_'-\,(:\ (ﬂoé :H
372 16867 25) e W)

T2 49.5) 2 24992 14 med 3

1% ()Y =2 51%= 201 2 45 med *

W

2 (A r g0 =54 med T

bl

17 = (%Ba ~<‘%>-: ’QL}B = =1 mea T\

r‘V\D—tQ.'. cmbjf%g’—;~\ oo F ,%M othaor
ordurs Phed wred Vol Uhsederd AN FAYe &!ﬁ‘_}

Sunee T deer Mt Ve ardac 2,5 3, 10, 14 or 35
53 st st erdur 30, and o s

W Prumafiu ook ' Continued on next page. =
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(d) List two other primitive roots. (How do you know they are primitive roots?)

These should be in least residue.
k
3 e o ol st o), Lk, T
e 24 romdoucs J\L,\QM% ?wad- o O o

LD, D09, 23 27 29 31,33, 3%, 39,4/, #3, 17,50,

53,5% 57,6, 7,69 |

%

3= a4 = 557 meel T/

9 >
T =2 49T 2 49092 6862 4F med 3

B

"2 3724573 315231 modR |

|
3]

?‘3 = 349 221492 519 =23 med

1

(e) Given that 7°® = 117649 = 71(1657) + 2, what is the order of 2 modul

What is the order of 14 mod 717
: R kN
R ‘U\M% ordase &D %k w (P—l,kB %

Stact Z 237 med B, Ve order g, 2

o Yo 1o
(20,0) z 55

Suvu \4'5_\‘[(1‘\11'\0(5?\,‘%\@_ @r@\,ur%\‘-\

o717
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(6] 8. Suppose that a has order ¢ (mod m). What is the order of a? if:

(a) tis odd? (Justify your answer.)

SA‘IWCX t: .
(1) ) l} H\/L @V'OLU JZQZM 7L/\‘Q e

as Hu orolcv % a.

o CLL /A@d 020&/‘, oy

(b) tis even? (Justify your answer.)

Strce (Z,é):‘Z)Wmaéuucg a’ CANNOT he .
Suppose the oclor ) AT e 8. Han

az)s - 2s '

( A 2] med M, so Zlzs = YHls
Ondl

\%
C&) = C(/t 2 | el
o\ n Lo 5{{:/2

S0 w= ol =9z
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[12] 9. Calculate the following Legendre Symbols:

Note: 1723 is prime.
499
(a) <1~7-i_2§>
- 1323 - 22
199 499
= —|\ Z\ne2
H97 )\ 499

= L~0c—(><m . <4vr>

'3 ETES

~(59) () - ()

=) -

(b) (119396716>

<%ﬁ¥j&ﬂﬂ¥>&§:i> (i%J(f__
()38 - (2A55) (&

H3q z 3 med Y
132% = 2 mod Y-

1723 = 226 medddq

499 = 2 pod 8
1132 | wmod ¢

499 2 47 mod 113)

3= 19 mod 47
9= 472 3 meaY
LI?:_C( moJfCi

W3G\6 =23 203

097z 1 mod 4
\3 9972 | med3
> 263 993 = 208 medZbd

(R RO e

1!

DI 3med 13
122\ mee 3
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(8] 10. We note that for the prime number p = 2819, that 2p + 1 = 5639 is also prime.

Use Euler's Criterion for quadratic residues (together with calculation of Legendre
symbols) to decide which, if any, of 2,3,5, or 7 are primitive roots of 5639.

W J{W ‘H’)oju honiond ool 5639 2ol haoe
orelev 7,2, 28/9 or 54@38.

(Obuisws
° (‘3> e ordarsd 23,58 1 an mel Jor2,

have erole~ 2819 |
28/9

uw% budeds Culinors |, (L = (5%39> mod 5639

Ganc)\ SO

2.
(5950 - St 5639 = 3 med 8

> (56379 | |
=221 L 2 .
2e5) 05 (%) eoenmt s sesr73ms

|
() (9 (3 = e
(

539z 4 mod S

j_
5637>:~\<5(f5? L 1 53T = 32 3 raay
_ + ool el 5639 = medt

b\\chv‘-/f:& jré\bt.bno“\v ot ngic\)kgod: X Vrase.

YQ\I\SD WS 5&2,535 are o 2319

|
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(8] 11. (a) Give a formula for finding integer solutions to =* + y? = 2%
o selutide z=a Y= b z-C
a= Zmwn
b - m—l—'_ '}’LL

a = m

(b) Under what conditions is this solution fundamental?

- vgl moa(L

(c) Find a Pythagorean triple where one of the values is:

i. 11.
-5 =1\
(07.__57_:\\
02256 =60
=\ Yo

e = 3vA5=0)\ <(DQJ \\)(0‘3 B ij
@\c/hd\ukaa W\

. 14.
M=20\
G=14
b= 43-1 =% e
¢ = 50 (14, 48, 80) cu-[/u?b(p

Mw@ﬁa /4
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FILL IN THE ABOVE IF YOU

PAPER

WISH TO REMOVE THIS SHEET FROM THE EXAM

The following is a list of all primes less than 1000

23

29

31| 37| 41| 43| 47| 53

59

61

67| 71| 73] 79 83| 89

97

101

103 | 107 | 109 | 113 | 127 | 131

137

139

149 | 151 | 157 | 163 | 167 | 173

179

181

101 | 193] 197 | 199 | 211 | 223

227

229

933 | 239 | 241 | 251 | 257 | 263

269

271

277 | 281 | 283 | 293 | 307 | 311

313

317

331 | 337 | 347 | 349 | 353 | 359

367

373

379 | 383 | 389 | 397 | 401 | 409

419

421

431 | 433 | 439 | 443 | 449 | 457

461

463

467 | 479 | 487 | 491 | 499 | 503

509

521

593 | 541 | 547 | 557 | 563 | 569

571

577

587 | 593 | 599 | 601 | 607 | 613

617

619

631 | 641 | 643 | 647 | 653 | 659

661

673

677 | 683 | 691 | 701 | 709 | 719

727

733

730 | 743 | 751 | 757 | 761 | 769

773

787

707 | 800 | 811 | 821 | 823 | 827

829

839

853 | 857 | 859 | 863 | 877 | 831

883

887

907 | 911 | 919 | 929 | 937 | 941

947

953

967 | 971 | 977 | 983 | 991 | 997




