MATH 1210 Assignment #1

Solutions

1. Use mathematical induction to prove

14549413+ ---+An+1)=(n+1)2n+1) for all n > 1.

Solution:
Let P, be the statement 1 +54+9+ 13+ ---+ (4n+1) = (n+1)(2n+1).

If n =1 then, since 4(1) + 1 = 5 we have
1+5=6and
() +1)2(1)+1)=2-3=6

Hence P, is true.

Suppose that for some integer k > 1 P, were true. IE suppose
1+54+9+13+---+(4k+1) = (k+1)(2k+ 1) is true

(We now want to show that Py is also true. IE we want to show
I+54+9+13+--+@k+D)+1)=((F+1)+12Kk+1)+1)).
Now

1+5+9+13+---+ (4(k+1)+1)
=14+5+9+13+---+ (4k +5)
=14+5+9+13+---+ (4k+ 1) + (4k +5)
=(k+1)2k+1)+ (4k +5)
=2k* + 3k + 1 + (4k + 5)
=2k*+ Tk +6
=(k+2)(2k +3)
=((k+1)+1)2k+1)+1)

Showing that Py is true whenever Py is true.

Since P; is true and Py is true whenever Py is true, by the Principle of Mathematical
Induction, P, is true for all n > 1.




2. Use mathematical induction to prove

3n(9n + 1)

24+54+8+114---4+9n—-1)= for all n > 1.

Solution:

3n(9n +1
Let P, be the statement 2 +5+8+11+4---+ (In—1) = %
If n =1 then, since 9(1) — 1 = 8 we have
24+5+8=15and

3((O(M)+1) 30 _
=5 =15

Hence P, is true.
Suppose that for some integer k > 1 P, were true. IE suppose
2+5+8+11+---+(9k—1):% is true

(We now want to show that Py is also true. IE we want to show
245+ 8+ 114+ (9(k +1) — 1) = 2EELOETDF )
Now

245+8+ 11+ +(9(k+1)—1)
=2+5+8+ 11+ -+ (9 +8)
=24+5+8+114+---+ 9k —1)+ (95 +2)+ (9% +5) + (9 +8)
~ 3k(9k +1)

2
1
- % LTk + 15
27k* 4 3k | B4k +30
- 2 2
27K 4 57k + 30
N 2
(3k + 3)(9% + 10)

+ (9% + 2) + (9% +5) + (9k + 8)

3k + 1)(9(k +1) +1)
2

Showing that Py; is true whenever P is true.

Since P is true and P 1 is true whenever P is true, by the Principle of Mathematical
Induction, P, is true for all n > 1.




3. Use mathematical induction to prove

n+n+1)+n+2)+n+3)+---+(5n) =3n(dn+1) for all n > 1.

Solution:

Let P, be the statement n+ (n+ 1)+ (n+2)+ (n+3) +--- + (5bn) = 3n(dn + 1).
If n = 1 then, since 5(1) = 5 we have

1+2+34+4+5=15and

3(1)(4(1) +1) =3-5=15

Hence P, is true.

Suppose that for some integer k& > 1 P, were true. IE suppose
k4+(k+1)+(k+2)+ (k+3)+ -+ (5k) = 3k(4k + 1) is true

(We now want to show that Py is also true. IE we want to show
(k+1D)+((k+D)+D)+((k+1)+2)+((k+1)+3)+- - -+ (5(k+1)) = 3(k+1)(4(k+1)+1)).
Now

k+D+((E+D)+D)+((k+D)+2)+(k+1)+3)+---+ (B(k+1))
(k+1)+(k+2)+(k+3)+(k+4)+ -+ (5k+5)
(k+1)+(k+2)+(k+3)+ (k+4)+ -+ (5k)

+ (bk + 1) + (5k + 2) + (5k + 3) + (5k + 4) + (5k + 5)
=k+(k+1)+(k+2)+(k+3)+(k+4)+ -+ (5k)

+ (5k+1)+ (5k+2) + (5k+3) + (5k+4) + (5k+5) — k

=3k(4k+ 1)+ 5k + 1) + 5k +2) + (5k + 3) + (5k +4) + (5k +5) — k
=12k* + 3k + 24k + 15
=12k* + 27k + 15
= (3k + 3)(4k +5)
=3k+1)(4k+1)+1)

Showing that Py is true whenever Py is true.

Since P is true and Py is true whenever Py is true, by the Principle of Mathematical
Induction, P, is true for all n > 1.




4. Use mathematical induction to prove
5 n(2n+1)(4n +1)

124224324424+ (2n) 3 :

Solution:
Let P, be the statement 12 + 22 + 32 4+ 42 4 ... 4 (2p)2 = 22ntDlnt]),

3
If n =1 then, since 2(1) = 2 we have

12422=1+4=5 and

EOHIEL) _ 66 _

Hence P, is true.
Suppose that for some integer £ > 1 P, were true. IE suppose
12422 4 3% 442 4+ - 4 (2k)2 = HEEHEUERHD g e

(We now want to show that Py is also true. IE we want to show
12 + 22 + 32 + 42 4ot (2(1{} + 1))2 _ (k+1)(2(k+1)+1)(4(k+1)+1))

3 .
Now

P4+224+3+4%+- 4 (2(k+1))?

=P+ 22437 +42 4+ + (2k+2)°

=124+ 224+ 3+ 4%+ 4+ (2k)* + (2k +1)° + (2k + 2)°
k(2k + 1)(4k + 1)

= 3 + (2k +1)* + (2k + 2)*

8k3 + 6k* +k  3(4k®> + 4k +1)  3(4k* + 8k + 4)
= + +
3 3 3
_ 8k* 4 30k% + 37k 4 15
B 3
(k + 1)(8k* + 22k + 15)
3
(k+1)(2k + 3)(4k + 5)
3
(E+1D2k+1)+1)4(k+1)+1)
3

Showing that Py, is true whenever Py is true.

Since P is true and Py is true whenever Py is true, by the Principle of Mathematical
Induction, P, is true for all n > 1.




5. Use mathematical induction to prove

33" — 1 is divisible by 13 for all n > 1.

Solution:
Let P, be the statement 3%" — 1 is divisible by 13.

If n =1 then
3 _1=3"-1=27—1=26and
26 = (13)(2), so 26 is divisible by 13.

Hence P, is true.
Suppose that for some integer k > 1 P, were true. IE suppose
3%% — 1 is actually divisible by 13.

(We now want to show that Py, is also true. IE we want to show
33(k+1) 1 is divisible by 13).

Now
33(k‘+1) -1
— 33k+3 -1
=3.3% -1

:33‘33k_33+33_1
=33B% -1)+3% -1
=333 — 1) + 26
Since 3% — 1 is divisible by 13 (by assumption), and 26 is divisible by 13 (base case)

we know that 33(3% —1)+26 is divisible by 13. This shows that Py, is true whenever
P, is true.

Since P is true and P is true whenever P is true, by the Principle of Mathematical
Induction, P, is true for all n > 1.




6. Write each of the following using sigma notation:

(a)

. 49
5 6 7 8 j+4 k
ERE VTR T I 100 szﬂo §2k+2
(c) 24+6+10+14+---+ (8n+6)

Solution:

2n+2
246+ 10+ 14+ -+ (Bn+6)= > (4 —2)

j=1

14+34547+---+111

Solution:
56

L4345+ 7+ +111=) (2j—1)
j=1

5 6 7 8 49
12+14+16+18+ +100

Solution:

7. Using the known formulas, evaluate each of the following:

(a) 352,05 +1)°

Solution:
S+ 1)
=32 +2i+ 1)
Z] 1] _'_22] lj Z;ill

12)(13)(25 12)(13
= 120908 4 (203 4 (1)

= 650 + 156 + 12 = 818

(b) Yj264i—7

Solution:
25‘16 45 — 7
= k: 4k +5) =7

=0 4k +20 — 7




=40 k20350, =7

=49 4 (90)(15) — 7

=480+ 300 — 7 =773

This was the intended (but incorrect) solution:
>ils(45 = 7)

= lej):1(4k +13)

AP kY

= 4 W8 4 (13)(15)

=480 + 195 =675

SR —5)+3)

Solution:
Y 2e(G—5)(j+3)
=Y (k) (k+8)

=Y k8 k

_ (15)(166)(31) n 8(15)2(16)

= 1240 + 960 = 2200




