MATH 1210 Assignment #2
Solutions

Due: February 3, 2016; At the start of class
Reminder: all assignments must be accompanied by a signed copy of the honesty declaration
available on the course website.

1. Simplify and express the complex numbers in Cartesian form
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2. Simplify and express the complex numbers in polar and exponential forms using the
principal value of the argument 6, 6 € (—m, 7]

() (VB + 3@)2
(b) = — iy

(c) (=12 +4)3(=12 —1)3

Solution:




(W)Q _ (\/ﬁ— 32,)2 = —6—i6V3=06(—1—1iV3) = 12(_% B ﬁ)

Polar form: 12(cos(—27/3) + isin(—27/3))
Exponential form: 12¢~%27/3

(b)
V2 ov2 1
Ve Ne
2 2 V2 V2
Polar form: cos(—3m/4) 4 isin(—3m/4)
Exponential form: e=%7/4
()
(=12 +0)3 (=12 —4)® = (=12 + i) (=12 — 0))® = ((—12)? + 1%)® = 145

Polar form: 1453 (cos(0) + isin(0))
Exponential form: 1453¢%

3. Find all solutions of the equation

204+ 23 +1=0.

Solution: The polynomial is a polynomial of degree 6. From the Fundamental
Theorem of Algebra II, there are 6 solutions to this polynomial equation.

Consider u = 2%. The polynomial equation
B2+ 1=+ () +1=0

can be rewritten as follows
wHu+1=0.

Roots of the quadratic equation are u; 5 = %5

Now, we have to find the cubic roots of # Solve
; —1—4y3
P

and
s —1+iV3
-2

T
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First, we solve

3 —1— iv3 _ RT/BRT) (318 (oi(-2m/342km) V13

v 2

with £ = 0,1, 2. We obtain 3 roots, equally spaced on the circle of radius 1, with an
angle 27/3 between successive roots; the first root zy has an argument —27/9. The
roots are then

To 26—1271'/9’
o) :ez47r/97
29 =09 or with the principal value z, = e 57/,

Second, we solve

e —1 —;zx/g _ pi2n/3+2km) (x3)1/3 _ (ei(27r/3+2k7r))1/3

with k£ = 0,1, 2. We obtain 3 roots, equally spaced on the circle of radius 1, with an
angle 27/3 between successive roots; the first root x3 has an argument 27/9. The
roots are then

2y —e27/9.
g =79,
x5 =e'7/%  or with the principal value x5 = e =™/,

The 6 solutions are z; with ¢ € {0,1,2,3,4,5}.

4. Find all solutions of the equation
22 =-1.
Solution: Find the 8 roots of -1:
28 - 1= 6i(—7r+2k7r) = (28)1/8 _ (ei(—w+2k7r)>1/8 _ 6i(—7r/8-&—l€7r/4)

with k =0,1,2,3,4,5,6,7.

The 8 solutions are equally spaced on the circle of radius 1, with an angle /4 between
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successive roots; the first root has an argument —m /8. The solutions are
20 :efiﬂ/S’
2 :eiﬂ*/S’
2 :ei37r/87
23 :6i57r/8’
2 =eiTT8,
z5 =e™8  or with the principal value z; = e~ /8,
26 =" ™8 or with the principal value zg = e/,
27 =38 or with the principal value z7 = e >™/5.

5. Let z; and 25 be 2 complex numbers. Show that

21+ 29 = 21 + Z9.

Solution: Define z; = a1 + ib; and 29 = ay + iby. Their sum is
21+ 29 =a; +as + Z(bl + bg)

Take the conjugate on both sides:

21+22:a1+a2+i(b1+bg)
:a1+a2—i(bl+b2)
:al—’ib1+a2—ib2

=21+ 2.

6. Let z be a complex number. Using mathematical induction prove that

Zv=7" foralln > 1.

Solution: Preliminary result: Define two complex numbers z; = 7€' and 2z, =
r2€2: multiply:

21729 = rree 01 t02),

Take the conjugate on both sides:

2129 = T1r2€i(91+92)

i(01+62)

= rirqee” — 7‘17‘26_1016_7'92 _ T16—201T26—162 -5 7
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We want to prove that P, : z* = z", for all n > 1.

1. If n = 1, we have z! = Z = z!. Therefore P is true.

2. Assume that P, : 2% = Z¥ is true for some k > 1.

When n =k +1,
2kt = 2k z
= zkzZ [Z1z2 = Z1 Z2, 21,22 € C]
— 7"z [k = ZF use P
_ Skt

We have proved that Py is true when Py is true.

3. By the Principle of Mathematical Induction, we can conclude that P, is a true
proposition for all n > 1.

7. Consider the following polynomial P(z) = z° — 2z% + 423 + 22° — 5.
(a) Verify that 1+ 2i is a root of P(z) = 0.
(b) Find all the roots of P(z) = 0.

(¢) Factor P(x) into the product of real linear and irreducible real quadratic factors.

Solution:

(a) P(1+4 2i) =0 therefore 1 + 2i is a root.

(b) P(z) is a polynomial of degree 5. By the Fundamental Theorem of Algebra II,
P has exactly 5 roots (counting multiplicities).

As P has real coefficients, if z is a complex root then Z is also a root of P.
Therefore, as 1 + 2i is a root, 1 — 2 is also a root of P.

Moreover, x can be factored as
P(x) = x(2" — 22° + 42® + 22 — 5),
so 0 is also a root. So far, we have:
P(z) =2(x —1—2i)(x — 14 20)Qq(x) = 2(2® — 22 + 5)Qa()

where Q2(x) is a polynomial of degree 2. To find the last 2 roots, we first need
to find Qy(z). Performing for instance the long division of 2* — 223 +42% 422 —5
by 2% — 2z + 5 gives

ot — 2% +42® + 20 — 5 = (2* — 22 + 5)(2* — 1),
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where Qq(x) =22 — 1= (z — 1)(x + 1).

Otherwise, to find the last 2 roots, we could have noticed that P(1) = 0 and
P(-1) =0.

Summing up, roots of P are 0, 1 + 27 and +1.
(c) So P(z) is factored into a product of real linear and irreducible real quadratic

factors as
P(x) = z(x — 1)(z + 1)(2* — 22 + )

(a) Show that (z —i) and (x — 1) are linear factors of
ot —2(1 +4)2® + 4ix® + 2(1 — i)z — 1 = 0.
(b) Factor the polynomial z* — 2(1 + i)2® + 4iz? + 2(1 — i)z — 1 in linear factors.

Solution:

(a) P(i) =d*—2(1+4)3 + 40> +2(1 —4)i—1 = 1+2(1+i)i —4i +2(1 —4)i— 1 = 0.
By the Factor Theorem, as P(i) = 0, (x — ) is a linear factor of P.
P(1)=1-2(141¢)+4i+2(1—i)—1 = 0. By the Factor Theorem, as P(1) = 0,
(x — 1) is a linear factor of P.

(b) Factor the polynomial: From (a)
P(z) =2 —2(1+4)2® + 4ix® +2(1 —i)x — 1 = (z — i) (2 — 1)Qa(x)

where Q2(x) is a polynomial of degree 2 that can be found by long division or
by identification.

By identification: Assume that Qs(z) = ax?® + bx + ¢, then
P(z) = (2 — (1 4+ i)z + i) (az® + bx + ¢)
where 2*> — (1 + %)z +i = (z — i)(x — 1). Expand
(% — (14 i)z + i) (az® + bx + c)
and identify the coefficients of the terms of same degree:

P(z) =2* = 2(1 +i)2® + 4iz® +2(1 — i)z — 1
=ax’ + ba® + cx® — a(1 +i)2* — b(1 + )2 — (1 + i)z + aiz® + biz + ci.

e Terms of degree n =4: 1 = a.

e Terms of degree n =3: —2(1+41) =b—a(l +1).
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e Terms of degree n = 2: 4i = ¢ — b(1 + i) + ai.
e Terms of degree n = 1: 2(1 — i) = —c(1 4 17) + bi.

e Terms of degree n = 0: —1 = ci.

We obtain ¢ =i, a = 1 and b = —(1 +4). Finally,
Plz)=(z—i)(z—1)(2* - Q+id)z+i)=(z—i)(z—1)(z —i)(z—1).

So P(z) has 2 linear factors (z —¢) and (z — 1) of multiplicity 2.

9. Consider the following polynomial
P(z) = 2° — 112* + 432% — 732% + 56z — 16.
(a) Show that P(x) can be rewritten as P(z) = Q(z)(z —4) and P(z) = T(x)(z — 1)
where Q(z) and T'(z) are polynomials in z. Give the degree of Q(z) and T'(z).
(b) Show that 4 is a root of multiplicity 2 of P(z).
(c) Factor P(z).

Solution:

(a) P(4) =0, so by the Factor Theorem, (z—4) is a linear factor of P(x). Therefore,
we can write P(x) = (x — 4)Q(x), where Q(x) is a polynomial of degree 4.

P(1) = 0, so by the Factor Theorem, (z—1) is a linear factor of P(x). Therefore,
we can write P(x) = (x — 1)T'(z), where T'(x) is a polynomial of degree 4.
(b) P(z) can be rewritten as

P(z) = (v — 1)(z — 4)Qs(z) = (2 — 5z + 4)Q3(7)

where @Q3(x) is a polynomial of degree 3. To find Q3(z), perform long division
or identification of like parameters as in Question 8. We find

Qs3(7) = 2° — 62> + 9z — 4.

As Q3(4) = 0, (z —4) is a linear factor of Q3(z) and so (z — 4) appears for a
second time in the factorization of P(z):

P(x) = (v —1)(x —4)(z* — 62° + 97 — 4) = (v — 1) (2 — 4)(z — 4)Q2(x)

where (Q5(z) is a polynomial of degree 2 that we can obtain by dividing Q3(z) =
3 — 622 + 9z — 4 by (x — 4). The result of the long division of Q3(z) =
3 — 622 + 9x — 4 by (z — 4) gives Qo(x) = 2°> —2x+ 1= (z — 1)*. z — 4 is not
a factor of Qo(x). The factor (z — 4) appears only 2 times in the factorization
of P, therefore the root x = 4 has multiplicity 2.
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(c¢) So P(x) factors as

P(z) = (z — 1)3(x — 4)?
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