Vectors

Definition
Vectors are directed line segments.

Notation for vectors:
» by boldface type, e.g., v;
» by the initial and terminal points, e.g., OP;
X

» by components, e.g., (x,y,2), (x,y,z), |y]|-
X



Definition
The length of a vector v = (vy, vy, vz) is

V| = \/vZ+ v+ V2
The length of v = (vq,...,vp) is
V| = /v + -+ V2

If |[v| = 1 then v is called a unit vector, denoted by v.



Let u= (u1,...,un) and v = (v1,...,v,) be two vectors.

» Two vectors are equal if and only if they have the same length
and direction, or if and only if they have the same
components.

» Multiplication of a vector and a scalar:
AMVi, oo, vn) = (Av, oo Avp).
» Addition or subtraction of two vectors:
(U1, ... up) (v, vy = (up £ vi, ..o up £ vp).



Definition : Scalar/Dot/Inner Product of Vectors

Let u= (u1,...,up) and v = (wvq,...,v,) be two vectors. The dot
product of u and v is

n
u-v=uvi+- -+ uUpvy = E ujvi.
i=1

Properties of dot products:
» The dot product is scalar valued.

> u-v=v-u.

v

u-v = |u||v|cosf, where 0 is the angle between u and v.

» u-v =0 if and only if u and v are orthogonal (in dimensions
2 and 3, we also say “perpendicular”).

v

cosf = B4V
[ul[v]



Definition : Vector/Cross/Outer Product

Let u = (uy, uy, uz) and v = (vx, vy, v;) be two vectors,
i=1(1,0,0), j=(0,1,0) and k = (0,0, 1) be the standard basis
vectors. Then
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or

uxv= (usz - UZV)/)?'i_ (UZVX - UXVZ)I—F (UXVy a uyvx)i

Properties of cross product:
» The cross product is vector valued.
» u X v is perpendicular to both u and v.
|u x v| = |u||v|sin 6, where 0 is the angle between u and v.

v

[uxv|
|ullv]

sinf =

v



Theorem

The equation for the plane through the point (xo, yo, 20)
perpendicular to the vector (A, B, C) is

A(x —xo0) + B(y — yo) + C(z — zp) = 0.

The vector (A, B, C) is called a normal vector to the plane.



Theorem
Let L be the line through the point (xo, Yo, Zo) in direction
v = (Vy, vy, V7). Then the vector equation for L is:

r=rg+ tv,

or
<X,y,Z> = <X0ay0720> + t<VX7 Vy, Vz>-

The parametric equations for L are

X =Xp + Vxt,
.y :)/0 + Vyt7

Z =29 + Vi t.

If none of v, vy, and v, is equal to zero, the line L has symmetric
equations
X=X _Yy—Yo _

Z— 2

Vy Vy Vs



