MATH 1210 Assignment 2 Solutions Fall 2018

1. Find all exponential representations for

(14 4)"(2 + 2v/30)?
464(1 — 1)

(a) (=V3-1)° (b)
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2. What is the remainder when P(z) = (1 — 2i)2® + 3iz? + 42 — 2i is divided by 2z — 1 + 34?
The remainder is

P<1—23z’> :(1_21,)<1—23z’>3+3i<1—23z’>2+4<1—23z’> o

_ (Z5-50)(=8 — 6i) + ﬁ(—8 —6i) + 2(1 — 3i) — 2i
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1 . 3 . .
= §(10+701) + 1(6—81) +2—-8i
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3. Find h and k so that remainders are 1291/2 and 123/16 when z* + ha? — x + k is divided by 2 + 5
and 2x — 3, respectively.

If P(z) = 2* + ha? — x + k, then we can write that

4 2
1291 123 3 3 3
— = P(-5) = (=5)%2+h(-5)*— (- k — =P3/2)=| = h{=] —=+k.
o = PO = (5P -5 - (-5 vk =P =(3) +h(3) —3+
These simplify to
31 9h 33
S5h+k 5 4+k‘ 3

Solutions are h = 1/2 and k = 3.



4. Show that z = —1 + 2i is a zero of the polynomial
P(x) = z* + 22° 4 (5 4 i)a® + 2ix + 5i.

When we substitute —1 4 2¢ into the polynomial,

P(—1+2i) = (=14 2))* +2(—=1+2i)> + (5 + i) (=1 + 20)? + 2i(—1 + 2i) + 5i
= (=3 —4i)® +2(—1+2i)(—3 —4i) 4+ (54 1) (=3 — 44) — 4 — 2i + 53
= (=7 + 24i) + 2(11 — 20) + (=11 — 23) + (=4 + 34)
= (=7+22—11—-4)+ (24 —4 —23+3)i = 0.
Hence, x = —1 + 2¢ is a zero of the polynomial.

5. In each part of this question: (i) use Descartes’ rules of signs to state the number of possible positive
and negative zeros of the polynomial; (ii) use the bounds theorem to find bounds for zeros of the
polynomial; (iii) use the rational root theorem to list all possible rational zeros of the polynomial.
Take the results of (i) and (ii) into account in (iii).

(a) 1528 — 22" 4 32 — 12 (b) 24z* —132° + 227 — 52 + 21

(a)(i) Since P(:E) = 152% — 22* 4+ 32 — 12 has three sign changes, there is 3 or 1 positive zero. Since
P(—x) = 1528 — 22* — 32 — 12 has one sign change, there is one negative zero.

(ii) Since M = 12, the bounds theorem states that || < 12/15+ 1 =9/5.

(iii) Possible rational zeros are +1,+1/3,4+2/3,+4/3, £1/5,£2/5,+3/5,4+4/5,+6/5, £1/15,
+£2/15, £4/15.

(b)(i) Since P(x) = 242* — 132 4 222 — 52 + 21 has four sign changes, there is 4 or 2 or 0 positive
zeros. Since P(—z) = 24x* + 1323 4 222 + 5 + 21 has no sign change, there are no negative zeros.
(ii) Since M = 21, the bounds theorem states that |x| < 21/24 +1 = 15/8.

(iii) Possible rational zeros are 1,1/2,3/2,1/3,1/4,3/4,7/4,1/6,7/6,1/8,3/8,7/8,1/12,7/12,1/24,
7/24.

6. In each part of this question, use the procedure of Problem 5 to find all roots of the equation:
(a) 122* 4+ 72% + 222 + T2 — 10 =0
(b) x* + 223 — 4122 — 422 + 360 = 0
(c) 22° — 25 + 42 -2=0
(d) 25 +23+1=0

(a) Since P(z) = 12x* 4+ 72% + 222 + 7z — 10 has one sign change, there is one positive root.
Since P(—z) = 122* — 723 4+ 222 — 7z — 10 has 3 sign changes, there is 3 or 1 negative root.
Since M = 10, the bounds theorem states that |x| < 10/12+4 1 = 11/6. Possible rational roots
are +1,+1/2,+1/3, £2/3,+5/3,+1/4,+5/4,+1/6,+5/6, £1/12, +5/12, Trial and error shows that
x = =£1,+1/2,+1/3 are not roots, but z = 2/3 is. We factor it from the quartic,

P(z) = (3z — 2)(42® 4 52° 4 42 + 5).
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Possible rational zeros of the cubic are —1/2,—3/2, —1/4,—5/4. Trial and error shows that = =
—5/4 is a solution. We factor it from the cubic,

P(z) = (3z — 2)(4x + 5) (2% + 1).
The remaining two solutions are z = +1.
(b) Since P(x) = x* + 22% — 4122 — 42 + 360 has two signs changes, there is 2 or 0 positive roots.
Since P(—x) = z* — 22% — 4122 + 422 4 360 has 2 sign change, there is also 2 or 0 negative roots.

Since M = 360, the bounds theorem states that |z| < 360/1+ 1 = 361. Possible rational solutions
are

41,42, 43, +4, +5, 46, +8, +9, £10, £12, £15, +18, £20, £24,

+30, £36, 40, £45, 60, £72, £90, £120, 180, £360.
Trial and error shows that 41, £2 are not solutions, but x = 3. We factor it from the polynomial,
P(z) = (z — 3)(2® + 52% — 262 — 120).
Possible rational solutions of the cubic are
13, 4, +5, 46, £8, £10, £12, £15, £:20, 24, £30, £40, £60, £120.

Trial and error shows that +3,4 are not zeros of the cubic, but z = —4 is. We factor it from the
cubic,

P(z)=(z—3)(x+4)(z* + 2 —30) = (z — 3)(z + 4)(xz — 5)(z + 6).
The remaining two solutions are z = 5 and = = —6.
(c) Since P(x) = 22% — 2° + 42 — 2 has three signs changes, there is 3 or 1 positive roots. Since
P(—x) = 2254+2°—42—2 has one sign change, the equation has one negative solution. Since M = 4,

the bounds theorem states that |z| < 4/2 + 1 = 3. Possible rational solutions are +1, £2, +1/2.
Since & = 1/2 is a solution, we factor it from the polynomial,

P(z) =225 — 2° + 42 — 2 = (20 — 1)(2° + 2).
The remaining solutions satisfy
" 4+2=0 or r° = 2.
We write —2 in exponential form
25 = 9T — 9pmit2kmi _ 9, (2k+1)mi.
We now take fifth roots, = 21/5e@k+Dmi/5 For = 0,1, 2, 3,4, we obtain the solutions
zo = 21/5e™/% = 21/5(cos (nr/5) + sin (7/5) 1],
x1 = 21/5e37/5 = 21/5(cos (31 /5) + sin (37/5) ],
xy = 2Y/%e™ = 2Y/°[cos (1) + sin (n) i] = —21/,
xg = 21575 = 21/5(cos (T /5) + sin (77 /5) ],
xg = 21/5e7™/5 = 21/5(cos (97 /5) + sin (97 /5) ).

(d) If we set y = 22, the equation becomes



-1y T-4  —1£3i

Y +y+1=0 with solutions Yy

2 2
Thus,
s —1+£/3i
= ——.
2
To solve with the positive root, we set
1 3 , , , ,
23 = ;\/71 _ 2mi/3 _ p2mi/3 2kmi _ (6k+2)mi/3

When we take cube roots, x = eS*T27/9 For k = 0,1, 2, we obtain the roots

2o = €279, 2y = 87/, zg = 14Ti/9.
To solve with the negative root, we set
I —2\/§z _ o 2mif3 _ —2mi/3 2kmi _ (6h—2)mi/3
When we take cube roots = ¢8%=27/9 For k =0, 1,2, we obtain the roots
2y = €279, g = ATI/9, g = e107/9
. Prove that if a, is greater than 2|a,_1|, 2|an—2|, ..., 2|ag|, then every zero of the polynomial
P,(7) = apz™ + ap_12" "1 + -+ -+ a1z + ap must satisfy
2] <3
Tl < =.
2

M
According to the bounds theorem, |z| < Tl + 1. Since |a,| > 2M, we can write that
(2%

o< M 23
Tsom T Ty

. Prove that if P(x) is a polynomial having only even powers of x, and P(a) = 0, then P(z) is

divisible by z? — a?.

If P(z) has only even powers of x, then when x = a is a zero of the polynomial, so alsois © = —a. It

follows that x —a and x+a are both factors of P(x), and therefore so also is (z—a)(z+a) = 2* —a?;

that is, P(z) is divisible by 2% — a?.



