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MATH2132 Test2 November 5, 2020 60 minutes

(a) Find a 1-parameter family of solutions for the differential equation

ldy 4y

zdr 241

(b) Is your family a general solution? Explain.

(a) When we write the differential equation in the form,

dy 4dxy
hat:4 —
der  x22+4+1 ’

we see that it is linear with integrating factor

ef4r/(x2+1)dr — 2ln(@®+1) _ (xQ 4 1)2.
Multiplication of the differential equation by this gives
d d
(22 + 1)2d—z +ar(@+ )y =@ +1)? = @+ 1% =@’ +1)%

Integration now gives

@+ Y= (@) HC = ) = @)+ o

6 6 (z24+1)%

(b) Because we have a 1-parameter family of solutions to a linear, first-order differential equation,
the solution is general.
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2. Find a general solution for the differential equation

d*y dy .
e —1—2% — 3y = 3sin 2z.

The auxiliary equation is
0=m3+2m—3=(m—1)(m?>+m+3),

with solutions m = 1 and m = (=1 £+/1—12)/2 = (=1 £ +/114)/2. A general solution of the
associated homogeneous equation is

V1l V11
yn(x) = Cre® + e /2 <02 COS Tx + C5 sin Tx> ‘

If we substitute a particular solution y,(x) = Asin 2z+ B cos 2z into the nonhomogeneous equation,
we get
(—8Acos2x + 8Bsin 2x) 4+ 2(2A cos2x — 2B sin 2z) — 3(Asin 2z + B cos2z) = 3sin 2.

When we equate coefficients of sin 2z and cos 2z, we get

9 12
8B—-—4B—-3A=3, —-8A+4A-3B=0, = Af—%, =3
9 . 12 . .
Thus, y,(z) = % sin 2z + %5 cos 2z, and a general solution of the nonhomogeneous equation is
van! vant 9 12
y(x) = Cre® + e /2 (Cg cos — a; + C3sin 5 a:) ~ 9 sin 2x + % cos 2.



8 3. (a) Solve the following initial-value problem

d?y dy
227 41202 418y =0 0)=0, ¢'(0)=1.
Tz 720 +18y=0,  y(0)=0, ¥'(0)

(b) Find the maximum value for y(z).

(a) The auxiliary equation is 0 = m? 4+ 10m + 9 = (m + 1)(m + 9) with solutions m = —1 and
m = —9. A general solution of the differential equation is

y(z) = Cre™™® 4+ Coe %,

The initial conditions require

0=y(0)=Ci+Co, 1=y(0)=-C1—-9C; — C)= % C :_%.
Thus,
y(e) = Se — )
(b) y(z) is a maximum when
0=1y'(z) = é(—eﬂc +9¢7%) — =9 — 2= éln9.
The maximum value of y(x) is therefore
1

L(,—(1/8)In9 _ (—9/8)In9
(e e ).
8



8 4. Solve the following initial-value problem

Py dy dy ,

Since both z and y are missing, there are two solutions.

d d? dv
Solution 1: Because y is explicitly missing, we set v = & and 4y _ —,
dx dz?  dzx

dv dv

i (1+ 2v)v — o1+ 20) =duzx, provided v #0, v # —1/2.

A one-parameter family of solutions is defined implicitly by

1 2
/<—— >dv—x+C Injv|—In|1+2v|=2+C.

v 1+2v
Thus,
In ‘ ‘ =z+C = U _ De”
1+ 2v 1+ 2v
When we multiply by 1+ 2v,
De”
v = (14 2v)De" = v(x) = 9D
Since v = —1/2 when x = 0,
E = D — 142D =2D, an impossibility.
2 1-2D
We must therefore have v = 0 or v = —1/2. The first is not possible since y'(0) = —1/2. Thus
U:%:—% = y(x)z—%%—E.

The initial condition y(0) = 1 requires E = 1, and the solution is y(z) = 1 — /2.

d d? d
Solution 2: Since z is explicitly missing we set v = & and 2Y — v—v,
dz dx? dy

dv dv
Udy (1+2v)v 1420

dy, provided v#0, v#-—1/2.
A one-paraneter family of solutions is defined implicitly by
1
§ln\1+2v|:y+C’ == In |14 2v| = 2y + 2C.
Exponentiation gives
2y+2C 2 1 D,
|1+ 20| = e = 1+ 2v = De™ = v:—§+§ey.

Since v = —1/2 whe y = 1,



1 1 D,
3Tt
This gives D = 0, which is not possible since D = +e?¢. We must therefore have v = 0 or
v = —1/2. The first is not possible since y’(0) = —1/2. Thus
:%:—% — y(x):—g+E.
The initial condition y(0) = 1 requires E = 1, and the solution is y(z) = 1 — /2.
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