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CHAPTER 14

EXERCISES 14.1

1. Open, connected, simply-connected domain
2. Closed, connected
3. Open, connected, domain, but not a simply-connected domain
4. Connected
5. Open, connected, simply-connected domain
6. Closed, connected
7. Open, connected, simply-connected domain
8. Open
9. Open, connected, domain, but not a simply-connected domain

10. For interior, exterior, and boundary points replace circle with sphere in planar definitions. Open, closed,
connected, and domain definitions are identical. A domain is simply-connected if every closed curve in
the domain is the boundary of a surface that contains only points of the domain.

11. Open, connected, simply-connected domain
12. Closed, connected
13. Open, connected, simply-connected domain
14. Connected
15. Open, connected, domain, but not a simply connected domain
16. Open
17. Open
18. Open, connected, simply-connected domain
19. Open, connected, domain, but not a simply-connected domain
20. To be open a set must not contain any of its boundary points. To be closed it must contain all of its

boundary points. The only way to satisfy both conditions is for the set to have no boundary points.
The whole plane is the only nonempty set that has no boundary points.

21. ∇f = 6xyî + (3x2 − 3y2z2)̂j − 2y3zk̂

22. ∇f = −1
2
(x2 + y2 + z2)−3/2(2xî + 2yĵ + 2zk̂) = −(x2 + y2 + z2)−3/2(xî + yĵ + zk̂)

23. ∇f =
1

1 + y2/x2

(
− y

x2
î +

1
x
ĵ
)

=
−yî + xĵ
x2 + y2

24. ∇f |(1,2) = (3x2y − 2 cosy)̂i + (x3 + 2x sin y)̂j|(1,2) = (6 − 2 cos 2)̂i + (1 + 2 sin 2)̂j

25. ∇f |(1,−1,4) = exyz(yzî + xzĵ + xyk̂)|(1,−1,4) = e−4(−4̂i + 4ĵ− k̂)

26. ∇ ·F = 2ey + 0 − 2x2y = 2(ey − x2y)
27. ∇ ·F = ln y − 3y2ex

28. ∇ ·F = 2x cos (x2 + y2 + z2) − sin (y + z)
29. ∇ ·F = ex + ey

30. ∇ ·F(1,1,1) = (2xy3 − 3x + 2z)(1,1,1) = 2 − 3 + 2 = 1.
31. ∇ ·F|(−1,3) = [2(x + y) + 2(x + y)]|(−1,3) = 8
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32. ∇ · F =
∂

∂x

(
x√

x2 + y2 + z2

)
+

∂

∂y

(
y√

x2 + y2 + z2

)
+

∂

∂z

(
z√

x2 + y2 + z2

)

=

[
1√

x2 + y2 + z2
− x2

(x2 + y2 + z2)3/2

]
+

[
1√

x2 + y2 + z2
− y2

(x2 + y2 + z2)3/2

]

+

[
1√

x2 + y2 + z2
− z2

(x2 + y2 + z2)3/2

]

=
3(x2 + y2 + z2) − (x2 + y2 + z2)

(x2 + y2 + z2)3/2
=

2√
x2 + y2 + z2

33. ∇ ·F =
−y

1 + x2y2
+

x

1 + x2y2
=

x − y

1 + x2y2

34. ∇×F =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z
x2z 12xyz 32y2z4

∣∣∣∣∣∣
= (64yz4 − 12xy)̂i + x2ĵ + 12yzk̂

35. ∇×F =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z
xey −2xy2 0

∣∣∣∣∣∣
= (−2y2 − xey)k̂

36. ∇×F =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z
x2 y2 z2

∣∣∣∣∣∣
= 0

37. ∇×F|(1,−1,1) =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z
xz3 −2x2yz 2yz4

∣∣∣∣∣∣
|(1,−1,1)

= [(2z4 + 2x2y)̂i + 3xz2ĵ− 4xyzk̂]|(1,−1,1) = 3ĵ + 4k̂

38. ∇×F|(2,0) =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z

y −x 0

∣∣∣∣∣∣
|(2,0)

= (−2)k̂

39. ∇×F =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z

ln (x + y + z) ln (x + y + z) ln (x + y + z)

∣∣∣∣∣∣
= 0

40. ∇×F =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z

Sec−1(x + y) Csc−1(y + x) 0

∣∣∣∣∣∣

=

(
−1

(y + x)
√

(y + x)2 − 1
− 1

(x + y)
√

(x + y)2 − 1

)
k̂ =

−2
(x + y)

√
(x + y)2 − 1

k̂

41. Since ∇×F =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z
x2y −2xz 2yz

∣∣∣∣∣∣
= (2z + 2x)̂i + (−2z − x2)k̂,

∇×∇×F =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z

2z + 2x 0 −2z − x2

∣∣∣∣∣∣
= (2 + 2x)̂j.

42. (a) For f(x, y, z), the equation ∇ · ∇f = 0 can be written in the form

0 = ∇ ·
(

∂f

∂x
î +

∂f

∂y
ĵ +

∂f

∂z
k̂
)

=
∂2f

∂x2
+

∂2f

∂y2
+

∂2f

∂z2
,

which is equation 12.12.
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(b) Since
∂f

∂x
=

−x

(x2 + y2 + z2)3/2
, it follows that

∂2f

∂x2
=

−1
(x2 + y2 + z2)3/2

+
3x2

(x2 + y2 + z2)5/2
=

2x2 − y2 − z2

(x2 + y2 + z2)5/2
.

Similarly,
∂2f

∂y2
=

2y2 − x2 − z2

(x2 + y2 + z2)5/2
and

∂2f

∂z2
=

2z2 − y2 − x2

(x2 + y2 + z2)5/2
. When these second partial derivatives

are added together, the result is zero.

43. 14.7: ∇(f + g) = (fx + gx)̂i + (fy + gy )̂j + (fz + gz)k̂
= (fxî + fy ĵ + fzk̂) + (gxî + gy ĵ + gzk̂) = ∇f + ∇g

14.8: ∇ · (F + G) =
∂

∂x
(Fx + Gx) +

∂

∂y
(Fy + Gy) +

∂

∂z
(Fz + Gz)

=
(

∂Fx

∂x
+

∂Fy

∂y
+

∂Fz

∂z

)
+
(

∂Gx

∂x
+

∂Gy

∂y
+

∂Gz

∂z

)
= ∇ ·F + ∇ ·G

14.9: ∇× (F + G) =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z

Fx + Gx Fy + Gy Fz + Gz

∣∣∣∣∣∣

=
[

∂

∂y
(Fz + Gz) −

∂

∂z
(Fy + Gy)

]
î +
[

∂

∂z
(Fx + Gx) − ∂

∂x
(Fz + Gz)

]
ĵ

+
[

∂

∂x
(Fy + Gy) − ∂

∂y
(Fx + Gx)

]
k̂

=
[(

∂Fz

∂y
− ∂Fy

∂z

)
î +
(

∂Fx

∂z
− ∂Fz

∂x

)
ĵ +
(

∂Fy

∂x
− ∂Fx

∂y

)
k̂
]

+
[(

∂Gz

∂y
− ∂Gy

∂z

)
î +
(

∂Gx

∂z
− ∂Gz

∂x

)
ĵ +
(

∂Gy

∂x
− ∂Gx

∂y

)
k̂
]

= ∇×F + ∇×G

14.10: ∇(fg) =
∂

∂x
(fg)̂i +

∂

∂y
(fg)̂j +

∂

∂z
(fg)k̂

=
(

g
∂f

∂x
+ f

∂g

∂x

)
î +
(

g
∂f

∂y
+ f

∂g

∂y

)
ĵ +
(

g
∂f

∂z
+ f

∂g

∂z

)
k̂

= g

(
∂f

∂x
î +

∂f

∂y
ĵ +

∂f

∂z
k̂
)

+ f

(
∂g

∂x
î +

∂g

∂y
ĵ +

∂g

∂z
k̂
)

= g∇f + f∇g

14.11: ∇ · (fF) =
∂

∂x
(fFx) +

∂

∂y
(fFy) +

∂

∂z
(fFz)

=
(

∂f

∂x
Fx + f

∂Fx

∂x

)
+
(

∂f

∂y
Fy + f

∂Fy

∂y

)
+
(

∂f

∂z
Fz + f

∂Fz

∂z

)

=
(

∂f

∂x
,
∂f

∂y
,
∂f

∂z

)
· (Fx, Fy, Fz) + f

(
∂Fx

∂x
+

∂Fy

∂y
+

∂Fz

∂z

)
= ∇f · F + f ∇ · F

14.12: ∇× (fF) =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z
fFx fFy fFz

∣∣∣∣∣∣

=
(

∂f

∂y
Fz + f

∂Fz

∂y
−

∂f

∂z
Fy − f

∂Fy

∂z

)
î +
(

∂f

∂z
Fx + f

∂Fx

∂z
−

∂f

∂x
Fz − f

∂Fz

∂x

)
ĵ

+
(

∂f

∂x
Fy + f

∂Fy

∂x
− ∂f

∂y
Fx − f

∂Fx

∂y

)
k̂

=
[(

∂f

∂y
Fz − ∂f

∂z
Fy

)
î +
(

∂f

∂z
Fx − ∂f

∂x
Fz

)
ĵ +
(

∂f

∂x
Fy − ∂f

∂y
Fx

)
k̂
]
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+f

[(
∂Fz

∂y
− ∂Fy

∂z

)
î +
(

∂Fx

∂z
− ∂Fz

∂x

)
ĵ +
(

∂Fy

∂x
− ∂Fx

∂y

)
k̂
]

=

∣∣∣∣∣∣

î ĵ k̂
∂f/∂x ∂f/∂y ∂f/∂z

Fx Fy Fz

∣∣∣∣∣∣
+ f

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z
Fx Fy Fz

∣∣∣∣∣∣
= ∇f ×F + f(∇×F)

14.14: ∇× (∇f) =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z
∂f/∂x ∂f/∂y ∂f/∂z

∣∣∣∣∣∣

=
(

∂2f

∂y∂z
−

∂2f

∂z∂y

)
î +
(

∂2f

∂z∂x
−

∂2f

∂x∂z

)
ĵ +
(

∂2f

∂x∂y
−

∂2f

∂y∂x

)
k̂ = 0

14.15: ∇ · (∇×F) = ∇ ·

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z
Fx Fy Fz

∣∣∣∣∣∣

=
∂

∂x

(
∂Fz

∂y
− ∂Fy

∂z

)
+

∂

∂y

(
∂Fx

∂z
− ∂Fz

∂x

)
+

∂

∂z

(
∂Fy

∂x
− ∂Fx

∂y

)

=
(

∂2Fz

∂x∂y
− ∂2Fz

∂y∂x

)
+
(

∂2Fy

∂z∂x
− ∂2Fy

∂x∂z

)
+
(

∂2Fx

∂y∂z
− ∂2Fx

∂z∂y

)
= 0

44. From the schematic,
dρ

dt
=

∂ρ

∂t
+

∂ρ

∂x

dx

dt
+

∂ρ

∂y

dy

dt
+

∂ρ

∂z

dz

dt

=
∂ρ

∂t
+
(

∂ρ

∂x
î +

∂ρ

∂y
ĵ +

∂ρ

∂z
k̂
)
·
(

dx

dt
î +

dy

dt
ĵ +

dz

dt
k̂
)

=
∂ρ

∂t
+ ∇ρ · dr

dt
.

r

x y zt
t t t

45. If ∇f = 2xyî + x2 ĵ, then
∂f

∂x
= 2xy,

∂f

∂y
= x2. Integrating the first gives f(x, y) = x2y + v(y).

Substitution into the second requires x2+v′(y) = x2 =⇒ v(y) = C = constant. Thus, f(x, y) = x2y+C.

46. If ∇f = F, then
∂f

∂x
= 3x2y2 + 3,

∂f

∂y
= 2x3y + 2. From the first of these, f(x, y) = x3y2+3x+v(y),

which substituted into the second requires 2x3y + v′(y) = 2x3y + 2. Thus, v(y) = 2y + C, where C is a
constant, and f(x, y) = x3y2 + 3x + 2y + C.

47. If ∇f = ey î + (xey + 4y2)̂j, then
∂f

∂x
= ey,

∂f

∂y
= xey + 4y2. Integrating the first gives f(x, y) =

xey + v(y). Substitution into the second requires xey + v′(y) = xey + 4y2 =⇒ v(y) = 4y3/3 + C, where
C is a constant. Thus, f(x, y) = xey + 4y3/3 + C.

48. If ∇f = F, then
∂f

∂x
=

1
x + y

,
∂f

∂y
=

1
x + y

. From the first, f(x, y) = ln |x + y| + v(y), which

substituted into the second requires 1/(x + y) + v′(y) = 1/(x + y). Thus, v(y) = C, where C is a
constant, and f(x, y) = ln |x + y| + C.

49. If ∇f = −xy(1 − x2y2)−1/2(yî + xĵ), then
∂f

∂x
=

−xy2

√
1 − x2y2

,
∂f

∂y
=

−x2y√
1 − x2y2

. Integration of

the first gives f(x, y) =
√

1 − x2y2 + v(y). Substitution into the second requires

−x2y√
1 − x2y2

+ v′(y) =
−x2y√
1 − x2y2

=⇒ v(y) = C = constant.

Thus, f(x, y) =
√

1 − x2y2 + C.

50. If ∇f = xî + yĵ + zk̂, then
∂f

∂x
= x,

∂f

∂y
= y,

∂f

∂z
= z. From the first, f(x, y, z) = x2/2 + v(y, z),
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which substituted into the second requires ∂v/∂y = y. Thus, v(y, z) = y2/2 + w(z), and f(x, y, z) =
x2/2+ y2/2+w(z). Substitution into the third equation gives w′(z) = z. Thus, w(z) = z2/2+C, where
C is a constant, and f(x, y, z) = x2/2 + y2/2 + z2/2 + C.

51. If ∇f = yzî + xzĵ + (yx − 3)k̂, then
∂f

∂x
= yz,

∂f

∂y
= xz,

∂f

∂z
= yx − 3. From the first, f(x, y, z) =

xyz + v(y, z), which substituted into the second requires xz + ∂v/∂y = xz. Thus, v(y, z) = w(z),
and f(x, y, z) = xyz + w(z). Substitution into the third equation gives xy + w′(z) = yx − 3. Thus,
w(z) = −3z + C, where C is a constant, and f(x, y, z) = xyz − 3z + C.

52. If ∇f = (1 + x + y + z)−1(̂i + ĵ + k̂), then

∂f

∂x
=

1
1 + x + y + z

,
∂f

∂y
=

1
1 + x + y + z

,
∂f

∂z
=

1
1 + x + y + z

.

From the first, f(x, y, z) = ln |1 + x + y + z| + v(y, z), which substituted into the second requires

1
1 + x + y + z

+
∂v

∂y
=

1
1 + x + y + z

.

Thus, v(y, z) = w(z), and f(x, y, z) = ln |1 + x + y + z| + w(z). Substitution into the third equation

gives
1

1 + x + y + z
+ w′(z) =

1
1 + x + y + z

. Thus, w(z) = C, and f(x, y, z) = ln |1 + x + y + z| + C.

53. If ∇f = (2x/y2 + 1)̂i − (2x2/y3)̂j − 2zk̂, then
∂f

∂x
=

2x

y2
+ 1,

∂f

∂y
= −2x2

y3
,

∂f

∂z
= −2z. From the

first, f(x, y, z) = x2/y2 + x + v(y, z), which substituted into the second requires −2x2

y3
+

∂v

∂y
= −2x2

y3
.

Thus, v(y, z) = w(z), and f(x, y, z) = x2/y2 + x + w(z). Substitution into the third equation gives
w′(z) = −2z, from which w(z) = −z2 +C, where C is a constant. Thus, f(x, y, z) = x2/y2 +x− z2 +C.

54. If ∇f = (1+x2y2)−1(yî+xĵ)+zk̂, then
∂f

∂x
=

y

1 + x2y2
,

∂f

∂y
=

x

1 + x2y2
,

∂f

∂z
= z. From the first,

f(x, y, z) = Tan−1(xy) + v(y, z), which substituted into the second requires

x

1 + x2y2
+

∂v

∂y
=

x

1 + x2y2
.

Thus, v(y, z) = w(z), and f(x, y, z) = Tan−1(xy) + w(z). Substitution into the third equation gives
w′(z) = z. Thus, w(z) = z2/2 + C, where C is a constant, and f(x, y, z) = Tan−1(xy) + z2/2 + C.

55. If ∇f = F, then
∂f

∂x
= 3x2y + yz + 2xz2,

∂f

∂y
= xz + x3 + 3z2 − 6y2z,

∂f

∂z
= 2x2z + 6yz − 2y3 + xy.

Integrating the first gives f(x, y, z) = x3y + xyz + x2z2 + v(y, z). Substitution into the second requires

x3 + xz +
∂v

∂y
= xz + x3 + 3z2 − 6y2z =⇒ v(y, z) = 3yz2 − 2y3z + w(z).

Thus, f(x, y, z) = x3y + xyz + x2z2 + 3yz2 − 2y3z + w(z). Substitution into the third equation gives

xy + 2x2z + 6yz − 2y3 + w′(z) = 2x2z + 6yz − 2y3 + xy =⇒ w(z) = C, a constant.

Thus, f(x, y, z) = x3y + xyz + x2z2 + 3yz2 − 2y3z + C.

56. (a) F is irrotational if

0 = ∇×F =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z

x2 + 2y + az bx − 3y − z 4x + cy + 2z

∣∣∣∣∣∣
= (c + 1)̂i + (a − 4)̂j + (b − 2)k̂.

Thus, a = 4, b = 2, c = −1.



EXERCISES 14.1 945

(b) If ∇f = F, then
∂f

∂x
= x2 + 2y + 4z,

∂f

∂y
= 2x − 3y − z,

∂f

∂z
= 4x − y + 2z. From the first,

f(x, y, z) = x3/3+2xy+4xz+v(y, z), which substituted into the second requires 2x +
∂v

∂y
= 2x − 3y − z.

Thus, v(y, z) = −3y2/2−yz+w(z), and f(x, y, z) = x3/3+2xy+4xz−3y2/2−yz+w(z). Substitution
into the third equation gives 4x− y + w′(z) = 4x− y + 2z. Thus, w(z) = z2 + C, where C is a constant,
and f(x, y, z) = x3/3 + 2xy + 4xz − 3y2/2− yz + z2 + C.

57. (a) Since ∇·F = (4x+8y2z)+(3x3 −3x)− (8y2z +2x3) = x+x3 6= 0, this vector field is not solenoidal.
For the second field,

∇ ·F = ∇(xyz2) · F + xyz2(∇ ·F)

= (yz2, xz2, 2xyz) · [(2x2 + 8xy2z)̂i + (3x3y − 3xy)̂j− (4y2z2 + 2x3z)k̂] + xyz2(x + x3) = 0.

This vector field is solenoidal.

(b) ∇ · (∇f ×∇g) = ∇ ·

∣∣∣∣∣∣

î ĵ k̂
fx fy fz

gx gy gz

∣∣∣∣∣∣

= ∇ · [(fygz − fzgy )̂i + (fzgx − fxgz )̂j + (fxgy − fygx)k̂]

= (fyxgz + fygzx − fzxgy − fzgyx) + (fzygx + fzgxy − fxygz − fxgzy)

+(fxzgy + fxgyz − fyzgx − fygxz) = 0

58. (a) ∇V = −E = −F
Q

= − q

4πε0|r|3
r =

−q

4πε0

xî + yĵ + zk̂
(x2 + y2 + z2)3/2

. This implies that

∂V

∂x
=

−q

4πε0

x

(x2 + y2 + z2)3/2
,

∂V

∂y
=

−q

4πε0

y

(x2 + y2 + z2)3/2
,

∂V

∂z
=

−q

4πε0

z

(x2 + y2 + z2)3/2
.

From the first, V (x, y, z) =
q

4πε0
√

x2 + y2 + z2
+ w(y, z), which substituted into the second requires

−q

4πε0

y

(x2 + y2 + z2)3/2
+

∂w

∂y
=

−q

4πε0

y

(x2 + y2 + z2)3/2
.

Thus, w(y, z) = k(z), and V (x, y, z) =
q

4πε0
√

x2 + y2 + z2
+ k(z). Substitution into the third equation

gives
−q

4πε0

z

(x2 + y2 + z2)3/2
+ k′(z) =

−q

4πε0

z

(x2 + y2 + z2)3/2
. Hence, k(z) = C, where C is a constant,

and V (x, y, z) =
q

4πε0
√

x2 + y2 + z2
+ C.

(b) ∇V = −E = −F
Q

= − σ

2ε0
k̂. This implies that

∂V

∂x
= 0,

∂V

∂y
= 0,

∂V

∂z
= − σ

2ε0
.

These require V (x, y, z) = − σz

2ε0
+ C.

59. If v = ωω × r =

∣∣∣∣∣∣

î ĵ k̂
ωx ωy ωz

x y z

∣∣∣∣∣∣
= (zωy − yωz )̂i + (xωz − zωx)̂j + (yωx − xωy)k̂, then

1
2
(∇× v) =

1
2

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z

zωy − yωz xωz − zωx yωx − xωy

∣∣∣∣∣∣
=

1
2
[(ωx + ωx)̂i + (ωy + ωy )̂j + (ωz + ωz)k̂] = ωω.

60. Exercise 42(a) indicates that if f(x, y, z) satisfies Laplace’s equation, then ∇ · (∇f) = 0. In other
words, ∇f is solenoidal. On the other hand, for any function whatsoever, equation 14.14 indicates that
∇× (∇f) = 0; i.e., ∇f is irrotational.
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61. (a) If F = P î + Qĵ + Rk̂ = ∇× v =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z

L M N

∣∣∣∣∣∣
, then

P =
∂N

∂y
− ∂M

∂z
, Q =

∂L

∂z
− ∂N

∂x
, R =

∂M

∂x
− ∂L

∂y
.

(b) Since F × (x, y, z) =

∣∣∣∣∣∣

î ĵ k̂
P Q R
x y z

∣∣∣∣∣∣
= (zQ − yR)̂i + (xR − zP )̂j + (yP − xQ)k̂,

v =
∫ 1

0

[t(zQ − yR)̂i + t(xR − zP )̂j + t(yP − xQ)k̂] dt,

where the arguments of P , Q and R are tx, ty, and tz. Consequently,

L =
∫ 1

0

t[zQ(tx, ty, tz)− yR(tx, ty, tz)] dt, M =
∫ 1

0

t[xR(tx, ty, tz) − zP (tx, ty, tz)] dt,

N =
∫ 1

0

t[yP (tx, ty, tz) − xQ(tx, ty, tz)] dt.

We now show that P = ∂N/∂y − ∂M/∂z. To do this we set a = tx, b = ty, and c = tz. Then

∂N

∂y
− ∂M

∂z
=
∫ 1

0

t

[
y
∂P (a, b, c)

∂b
t + P (a, b, c) − x

∂Q(a, b, c)
∂b

t

]
dt

−
∫ 1

0

t

[
x

∂R(a, b, c)
∂c

t − z
∂P (a, b, c)

∂c
t − P (a, b, c)

]
dt

=
∫ 1

0

t

[
2P + t

(
y
∂P

∂b
+ z

∂P

∂c

)
− xt

(
∂Q

∂b
+

∂R

∂c

)]
dt,

where the arguments of P , Q, and R are a, b, and c. Now F is solenoidal so that
∂P

∂a
+

∂Q

∂b
+

∂R

∂c
= 0.

Hence
∂N

∂y
− ∂M

∂z
=
∫ 1

0

t

[
2P + t

(
y
∂P

∂b
+ z

∂P

∂c

)
− xt

(
−∂P

∂a

)]
dt

=
∫ 1

0

t

[
2P + t

(
x

∂P

∂a
+ y

∂P

∂b
+ z

∂P

∂c

)]
dt.

But
dP

dt
=

∂P

∂a

da

dt
+

∂P

∂b

db

dt
+

∂P

∂c

dc

dt
= x

∂P

∂a
+ y

∂P

∂b
+ z

∂P

∂c
, and therefore

∂N

∂y
− ∂M

∂z
=
∫ 1

0

t

(
2P + t

dP

dt

)
dt =

∫ 1

0

d

dt
(t2P ) dt =

{
t2P

}1

0
= P (x, y, z).

A similar proof shows that Q =
∂L

∂z
− ∂N

∂x
and R =

∂M

∂x
− ∂L

∂y
.

The vector v defined by this equation is unique, but the vector v satisfying F = ∇×v is not. Equation
14.14 indicates that for any function u, ∇× (∇u) = 0. This means that if to v we add any gradient ∇u,
then

∇× (v + ∇u) = ∇× v + ∇× (∇u) = ∇× v = F.

Thus, we can add to v any gradient and still have a vector whose curl is F.
(c) If we use part (b) to define v,

v =
∫ 1

0

t(tn)F(x, y, z) × (x, y, z) dt = F(x, y, z) × (x, y, z)
{

tn+2

n + 2

}1

0

=
1

n + 2
F × r.
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62. Since ∇ · F = 1 + 1 − 2 = 0, F is solenoidal. Because F(tx, ty, tz) = tF(x, y, z), we use the formula in
Exercise 61(c) to obtain

v =
1
3
F× r =

1
3

∣∣∣∣∣∣

î ĵ k̂
x y −2z
x y z

∣∣∣∣∣∣
=

1
3
(3yzî− 3xzĵ) = yzî− xzĵ.

63. Since ∇ · F = 1 − 1 = 0, the vector field is solenoidal. We use the formula in Exercise 61(b) to find v.
Since

F(tx, ty, tz) × (x, y, z) =

∣∣∣∣∣∣

î ĵ k̂
1 + tx 0 −tx − tz

x y z

∣∣∣∣∣∣

= y(tx + tz)̂i + (−tx2 − txz − z − txz)̂j + y(1 + tx)k̂,

v =
∫ 1

0

[ty(tx + tz)̂i− t(tx2 + 2txz + z)̂j + ty(1 + tx)k̂] dt

=
{

t3

3
(xy + yz)̂i−

(
t3x2

3
+

2t3xz

3
+

t2z

2

)
ĵ +
(

t2y

2
+

t3xy

3

)
k̂
}1

0

=
1
3
(xy + yz)̂i−

(
x2

3
+

2xz

3
+

z

2

)
ĵ +
(y

2
+

xy

3

)
k̂.

64. Since ∇ · F = 4x − 2y + 2y − 4x = 0, F is solenoidal. Because F(tx, ty, tz) = t2F(x, y, z), we use the
formula in Exercise 61(c) to obtain

v =
1
4
F× r =

1
4

∣∣∣∣∣∣

î ĵ k̂
2x2 −y2 2yz − 4xz
x y z

∣∣∣∣∣∣

=
1
4
[
(−y2z − 2y2z + 4xyz)̂i + (2xyz − 4x2z − 2x2z)̂j + (2x2y + xy2)k̂

]

=
1
4
[
(4xyz − 3y2z)̂i + (2xyz − 6x2z)̂j + (2x2y + xy2)k̂

]
.

EXERCISES 14.2

1. Using x as the parameter along the curve,
∫

C

x ds =
∫ 1

0

x
√

1 + (2x)2 dx =
{

1
12

(1 + 4x2)3/2

}1

0

=
1
12

(5
√

5 − 1).

2.
∫
©∨

C

(x2 + y2) ds =
∫

C1

(x2 + y2) ds +
∫

C2

(x2 + y2) ds

+
∫

C3

(x2 + y2) ds +
∫

C4

(x2 + y2) ds

=
∫ 1

−1

(1 + t2) dt +
∫ 1

−1

(t2 + 1) dt

+
∫ 1

−1

(1 + t2) dt +
∫ 1

−1

(t2 + 1) dt

= 4
∫ 1

−1

(1 + t2) dt = 4
{

t +
t3

3

}1

−1

=
32
3

y

x

C x
y t
t

C x
y t

C x t y

C x t y

1: =1
=

-1 1

4: = =

2: =- =1

-13:
= -
=

b b

,
,

, , t-1 1b b

t-1 1b b

,
,

, , t-1 1b b

-1
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3. With parametric equations C : x = 2 cos t, y = −2 sin t, −π < t ≤ π,
∫
©∨

C

(2 + x − 2xy) ds =
∫ π

−π

(2 + 2 cos t + 8 cos t sin t)
√

(−2 sin t)2 + (−2 cos t)2 dt

= 4
∫ π

−π

(1 + cos t + 4 cos t sin t) dt = 4
{
t + sin t + 2 sin2 t

}π

−π
= 8π

4. With parametric equations C : x = 1 + 2t, y = 2, z = −1 + 6t, 0 ≤ t ≤ 1,
∫

C

(x2 + yz) ds =
∫ 1

0

[(1 + 2t)2 + 2(−1 + 6t)]
√

22 + 0 + 62 dt

= 2
√

10
{

1
6
(1 + 2t)3 +

1
6
(−1 + 6t)2

}1

0

=
50

√
10

3

5. With parametric equations x = cos t, y = sin t, z = sin t, 0 ≤ t ≤ π/2,
∫

C

xy ds =
∫ π/2

0

cos t sin t
√

(− sin t)2 + (cos t)2 + (cos t)2 dt =
∫ π/2

0

cos t sin t
√

1 + cos2 t dt

=
{
−

1
3
(1 + cos2 t)3/2

}π/2

0

=
2
√

2 − 1
3

.

6. With parametric equations C : x = 1 − 4t, y = −1/2 + 4t, z = 1/2, 0 ≤ t ≤ 1,
∫

C

x2yz ds =
∫ 1

0

(1 − 4t)2
(
−1

2
+ 4t

)(
1
2

)√
(−4)2 + (4)2 dt =

√
2
∫ !

0

(1 − 4t)2(8t − 1) dt

=
√

2
∫ 1

0

(128t3 − 80t2 + 16t − 1) dt =
√

2
{

32t4 − 80t3

3
+ 8t2 − t

}1

0

=
37

√
2

3

7. Parametric equations for x2 + y2 = r2 are x = r cos t, y = r sin t, −π < t ≤ π. Its length is

L =
∫

C

ds =
∫ π

−π

√
(−r sin t)2 + (r cos t)2 dt = r

∫ π

−π

dt = 2πr.

8. L =
∫

C

ds =
∫ 12π

0

√
(−3 sin t)2 + (3 cos t)2 + [3/(4π)]2 dt

=
∫ 12π

0

√
9 +

9
16π2

dt =
3
4π

√
16π2 + 1

{
t
}12π

0
= 9
√

1 + 16π2 cm

9. If C is the first quadrant part of the astroid,

A = 4
∫

C

(x2 + y2) ds = 4
∫ π/2

0

(cos6 θ + sin6 θ)
√

(−3 cos2 θ sin θ)2 + (3 sin2 θ cos θ)2 dθ

= 12
∫ π/2

0

(cos6 θ + sin6 θ) cos θ sin θ dθ

= 12
{
−1

8
cos8 θ +

1
8

sin8 θ

}π/2

0

= 3

y

x

11

1

10. With parametric equations C : y = x2, z = 1 − x2, 0 ≤ x ≤ 1,
∫

C

xz ds =
∫ 1

0

x(1 − x2)
√

12 + (2x)2 + (−2x)2 dx =
∫ 1

0

x(1 − x2)
√

1 + 8x2 dx.

If we set u = 1 + 8x2 and du = 16x dx, then
∫

C

xz ds =
∫ 9

1

[
1 −

(
u − 1

8

)]√
u

(
du

16

)
=

1
128

∫ 9

1

(9
√

u − u3/2) du =
1

128

{
6u3/2 − 2

5
u5/2

}9

1

=
37
80

.
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11.
∫

C

(x + y)5 ds =
∫ 4

1

(2t)5
√(

1 − 1
t2

)2

+
(

1 +
1
t2

)2

dt = 32
√

2
∫ 4

1

t3
√

1 + t4 dt

= 32
√

2
{

1
6
(1 + t4)3/2

}4

1

=
16

√
2(257

√
257− 2

√
2)

3
12. With parametric equations C : x = 1 − t, y = 9t/14, z = 1 + 4t/7, 0 ≤ t ≤ 1,

∫

C

x
√

y + z ds =
∫ 1

0

(1 − t)

√
9t

14
+ 1 +

4t

7

√
(−1)2 +

(
9
14

)2

+
(

4
7

)2

dt =
√

341
14

√
14

∫ 1

0

(1 − t)
√

14 + 17t dt.

If we set u = 14 + 17t and du = 17 dt, then
∫

C

x
√

y + z ds =
√

341
14

√
14

∫ 31

14

[
1 −

(
u − 14

17

)]√
u

(
du

17

)
=

√
341

4046
√

14

∫ 31

14

(31
√

u − u3/2) du

=
√

341
4046

√
14

{
62u3/2

3
− 2u5/2

5

}31

14

= 0.78.

13. Using y as the parameter along the curve,
∫

C

xy ds =
∫ 1

0

(1 − y2)y
√

1 + (−2y)2 dy.

If we set u = 1 + 4y2 and du = 8y dy, then
∫

C

xy ds =
∫ 5

1

(
1 − u − 1

4

)√
u

(
du

8

)
=

1
32

∫ 5

1

(5
√

u − u3/2) du

=
1
32

{
10u3/2

3
− 2u5/2

5

}5

1

=
25

√
5 − 11
120

14. With parametric equations C : y = x, z = 1 + x4, −1 ≤ x ≤ 1,
∫

C

(x + y)z ds =
∫ 1

−1

(x + x)(1 + x4)
√

1 + 1 + (4x3)2 dx = 2
∫ 1

−1

(x + x5)
√

2 + 16x6 dx = 0,

since the integrand is an odd function of x.
15. Using x as the parameter along the curve,

∫

C

1
y + z

ds =
∫ 2

1

1
x2 + x2

√
1 + (2x)2 + (2x)2 dx =

1
2

∫ 2

1

√
1 + 8x2

x2
dx.

If we set x = [1/(2
√

2)] tan θ and dx = [1/(2
√

2)/ sec2 θ dθ, then for θ1 = Tan−1(2
√

2) and θ2 =
Tan−1(4

√
2),

∫

C

1
y + z

ds =
1
2

∫ θ2

θ1

8 sec θ

tan2 θ

1
2
√

2
sec2 θ dθ =

√
2
∫ θ2

θ1

sec θ(1 + tan2 θ)
tan2 θ

dθ

=
√

2
∫ θ2

θ1

(csc θ cot θ + sec θ) dθ =
√

2
{
− csc θ + ln | sec θ + tan θ|

}θ2

θ1

= 1.013.

16. With parametric equations C : x = t2, y = −t, z = −t3, 0 ≤ t ≤ 2,
∫

C

(2y + 9z) ds =
∫ 2

0

(−2t − 9t3)
√

(2t)2 + 1 + (−3t2)2 dt = −
∫ 2

0

(2t + 9t3)
√

1 + 4t2 + 9t4 dt.

If we set u = 1 + 4t2 + 9t4 and du = (8t + 36t3) dt = 4(2t + 9t3) dt, then
∫

C

(2y + 9z) ds = −
∫ 161

1

√
u

(
du

4

)
= −

{
1
6
u3/2

}161

1

=
1 − 161

√
161

6
.
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17. (a) When a small length ds at position (x, y) on C is rotated around the y-axis, it traces a ribbon with
approximate area 2πx ds. The total surface area is therefore the limit of the summation of all such

ribbons, namely,
∫

C

2πx ds.

(b) The surface area in this case is
∫

C

2πy ds.

18. When we use x as parameter along the curve,

A =
∫

C

2πy ds = 2π

∫ 2

1

x3
√

1 + (3x2)2 dx = 2π

∫ 2

1

x3
√

1 + 9x4 dx = 2π

{
(1 + 9x4)3/2

54

}2

1

=
(145

√
145− 10

√
10)π

27
.

19. Since y = x3/24 + 2/x, (ds)2 =

[
1 +

(
x2

8
− 2

x2

)2
]

(dx)2 =
[
1 +

x4

64
− 1

2
+

4
x4

]
(dx)2

=
(

x2

8
+

2
x2

)2

(dx)2. The surface area is

A =
∫

C

2πx ds = 2π

∫ 2

1

x

(
x2

8
+

2
x2

)
dx = 2π

{
x4

32
+ 2 ln x

}2

1

=
π(15 + 64 ln 2)

16
.

20. We double the area obtained by rotating the first quadrant part of the curve.

A = 2
∫

C

2πy ds where

ds =

√
1 +

[
1

2
√

2

(√
1 − x2 − x2

√
1 − x2

)]2
dx

=

√
1 +

1
8

(
1 − 2x2

√
1 − x2

)2

dx

=

√
8(1 − x2) + (1 − 2x2)2

8(1− x2)
dx =

3 − 2x2

2
√

2
√

1 − x2
dx

y

x-1 1

C

y x x=
2 2

1- 2,
,

Thus, A = 4π

∫ 1

0

x
√

1 − x2

2
√

2
3 − 2x2

2
√

2
√

1 − x2
dx =

π

2

∫ 1

0

(3x − 2x3) dx =
π

2

{
3x2

2
− x4

2

}1

0

=
π

2
.

21. L =
∫ 1

0

√
1 + (2x)2 dx =

∫ 1

0

√
1 + 4x2 dx If we set x = (1/2) tan θ and dx = (1/2) sec2 θ dθ,

L =
∫ Tan−12

0

sec θ(1/2) sec2 θ dθ =
1
2

∫ Tan−12

0

sec3 θ dθ

=
1
4

{
sec θ tan θ + ln | sec θ + tan θ|

}Tan−12

0
(see Example 8.9)

=
1
4
[2
√

5 + ln (
√

5 + 2)].
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22. Using x as the parameter along the curve,
∫

C

xy ds =
∫ 1/2

0

x4
√

1 + (3x2)2 dx =
∫ 1/2

0

x4
√

1 + 9x4 dx

=
∫ 1/2

0

x4

[
1 +

1
2
(9x4) +

(1/2)(−1/2)
2

(9x4)2 + · · ·
]

dx

=
∫ 1/2

0

(
x4 +

9
2
x8 −

92

222!
x12 +

933
233!

x16 −
943 · 5
244!

x20 + · · ·
]

dx

=
{

x5

5
+

x9

2
− 92x13

222!13
+

933x17

233!17
− 943 · 5x21

244!21
+ · · ·

}1/2

0

=
1

5 · 25
+

1
210

− 92

2152!13
+

933
2203!17

− 943 · 5
2254!21

+
953 · 5 · 7
2305!25

+ · · · .

Because this series is alternating (after the first term), and absolute values of terms decrease and approach
zero, the sum is between any two consecutive partial sums. Since the sum of the first two terms is 0.007 22
and the sum of the first three terms is 0.007 13, we can say that to three decimals, the value of the integral
is 0.007.

23. Using parametric equations x = −1 + t, y = 3 − 2t, z = t, 0 ≤ t ≤ 1,
∫

C

e−(x+y−2)2ds =
∫ 1

0

e−t2
√

(1)2 + (−2)2 + (1)2 dt =
√

6
∫ 1

0

e−t2dt

=
√

6
∫ 1

0

(
1 − t2 +

t4

2!
− t6

3!
+ · · ·

)
dt =

√
6
{

t − t3

3
+

t5

5 · 2!
− t7

7 · 3!
+ · · ·

}1

0

=
√

6
(

1 − 1
3

+
1

5 · 2!
− 1

7 · 3!
+ · · ·

)
.

Because this series is alternating and absolute values of terms decrease and approach zero, the sum is
between any two consecutive partial sums. Since the sum of the first six terms is 1.829 11 and the sum
of the first seven terms is 1.829 38, we can say that to three decimals, the value of the integral is 1.829.

24. With parametric equations C : x = 2 cos t, y = 2 sin t, −π < t ≤ π,

f =
1

2π(2)

∫

C

x2y2 ds =
1
4π

∫ π

−π

4 cos2 t 4 sin2 t
√

4 sin2 t + 4 cos2 t dt =
8
π

∫ π

−π

cos2 t sin2 t dt

=
8
π

∫ π

−π

(
sin 2t

2

)2

dt =
2
π

∫ π

−π

(
1 − cos 4t

2

)
dt =

1
π

{
t − sin 4t

4

}π

−π

= 2.

25. Since L =
∫ π

0

√
(− sin t)2 + (cos t)2 + 1 dt =

∫ π

0

√
2 dt =

√
2π,

f =
1√
2π

∫

C

(x2 + y2 + z2) ds =
1√
2π

∫ π

0

(cos2 t + sin2 t + t2)
√

2 dt

=
1
π

∫ π

0

(1 + t2) dt =
1
π

{
t +

t3

3

}π

0

=
3 + π2

3
.

26. With parametric equations C : y = x2, z = x2, 0 ≤ x ≤ 1, the length of the curve is

L =
∫ 1

0

√
1 + (2x)2 + (2x)2 dx =

∫ 1

0

√
1 + 8x2 dx. If we set x = [1/(2

√
2)] tan θ, then

L =
∫ θ

0

sec θ
1

2
√

2
sec2 θ dθ (θ = Tan−1(2

√
2))

=
1

4
√

2

{
sec θ tan θ + ln | sec θ + tan θ|

}θ

0
(see Example 8.9)

=
1

4
√

2
[6
√

2 + ln (3 + 2
√

2)].
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The average value of the function is f =
1
L

∫ 1

0

xyz ds =
1
L

∫ 1

0

x5
√

1 + 8x2 dx. If we set u = 1 + 8x2,

then du = 16x dx, and

f =
1
L

∫ 9

1

(
u − 1

8

)2 √
u

(
du

16

)
=

1
1024L

∫ 9

1

(u5/2 − 2u3/2 +
√

u) du

=
1

1024L

{
2u7/2

7
− 4u5/2

5
+

2u3/2

3

}9

1

= 0.242.

27. Since ds2 =

[
1 +

(
3x2

4
− 1

3x2

)2
]

dx2 =
(

1 +
9x4

16
− 1

2
+

1
9x4

)
dx2 =

(
3x2

4
+

1
3x2

)2

dx2, the length of

the curve is L =
∫ 2

1

(
3x2

4
+

1
3x2

)
dx =

{
x3

4
− 1

3x

}2

1

=
23
12

. The average value is

f =
12
23

∫

C

y ds =
12
23

∫ 2

1

(
x3

4
+

1
3x

)(
3x2

4
+

1
3x2

)
dx

=
12
23

∫ 2

1

(
3x5

16
+

x

3
+

1
9x3

)
dx =

12
23

{
x6

32
+

x2

6
− 1

18x2

}2

1

=
241
184

.

28. A = 4
∫

C

√
x2 + y2 ds where C is that part of the

lemniscate in the first quadrant. According to
formula 9.14,

ds =

√
r2 +

(
dr

dθ

)2

dθ.

Hence,

A = 4
∫ π/4

0

r

√
r2 +

(
dr

dθ

)2

dθ

= 4
∫ π/4

0

√
cos 2θ

√

cos 2θ +
sin2 2θ

cos 2θ
dθ = 4

∫ π/4

0

dθ = π.

z

y

x
r2=cos 21 q

29. M =
∫

C

(
1 − |x|

40

)
ds = 2

∫ 20

0

(
1 − x

40

)√
1 + sinh2

( x

40

)
dx = 2

∫ 20

0

(
1 − x

40

)
cosh

( x

40

)
dx

If we set u = 1 − x/40, dv = cosh (x/40) dx, du = −dx/40, and v = 40 sinh (x/40),

M = 2
{(

1 − x

40

)
40 sinh

( x

40

)}20

0
− 2

∫ 20

0

40 sinh
( x

40

)(−dx

40

)

= 40 sinh
(

1
2

)
+ 2

{
40 cosh

( x

40

)}20

0
= 31.05 kg.

30. With ds =

√
r2 +

(
dr

dθ

)2

dθ =
√

(2 − sin θ)2 + (− cos θ)2 dθ =
√

5 − 4 sin θ dθ, we obtain

∫

C

x√
x2 + y2

ds =
∫ π/2

0

r cos θ

r

√
5 − 4 sin θ dθ =

{
−1

6
(5 − 4 sin θ)3/2

}π/2

0

=
5
√

5 − 1
6

.
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31.
∫
©∨

C

(x2 + y2) ds =
∫ π

−π

r2

√
r2 +

(
dr

dθ

)2

dθ =
∫ π

−π

(1 + cos θ)2
√

(1 + cos θ)2 + (− sin θ)2 dθ

=
∫ π

−π

(1 + cos θ)2
√

2 + 2 cos θ dθ =
√

2
∫ π

−π

(1 + cos θ)5/2 dθ

=
√

2
∫ π

−π

[1 + 2 cos2 (θ/2) − 1]5/2 dθ = 8
∫ π

−π

cos5 (θ/2) dθ

= 8
∫ π

−π

cos (θ/2)[1 − sin2 (θ/2)]2 dθ = 8
∫ π

−π

cos (θ/2)[1 − 2 sin2 (θ/2) + sin4 (θ/2)] dθ

= 8
{

2 sin (θ/2) − 4
3

sin3 (θ/2) +
2
5

sin5 (θ/2)
}π

−π

=
256
15

32. With ds =

√
r2 +

(
dr

dθ

)2

dθ =
√

e2θ + e2θ dθ =
√

2eθ dθ,

∫

C

xy ds =
∫ 2π

0

r cos θ r sin θ
√

2eθ dθ =
√

2
∫ 2π

0

sin θ cos θ e3θdθ =
1√
2

∫ 2π

0

e3θ sin 2θ dθ

=
1√
2

{
e3θ

13
(3 sin 2θ − 2 cos 2θ)

}2π

0

=
√

2(1 − e6π)
13

.

33.
∫
©∨

C

cos3 2θ ds =
∫ π/2

0

cos3 2θ

√
sin 2θ +

(
cos 2θ√
sin 2θ

)2

dθ =
∫ π/2

0

cos3 2θ√
sin 2θ

dθ

=
∫ π/2

0

(1 − sin2 2θ) cos 2θ√
sin 2θ

dθ =
{√

sin 2θ −
1
5

sin5/2 2θ

}π/2

0

= 0

34. With parametric equations C : y = 1 − x, z = 2x2 − 2x + 1, −1 ≤ x ≤ 1,

I =
∫ 1

−1

[x2(1 − x) + 2x2 − 2x + 1]
√

1 + (−1)2 + (4x − 2)2 dx

=
∫ 1

−1

(1 − 2x + 3x2 − x3)
√

6 − 16x + 16x2 dx =
√

2
∫ 1

−1

(1 − 2x + 3x2 − x3)
√

3 − 8x + 8x2 dx.

If we denote the integrand by f(x), then Simpson’s rule with 10 equal subdivisions gives

I ≈
√

2
(

1/5
3

)[
f(−1) + 4f(−0.8) + 2f(−0.6) + · · · + 2f(0.6) + 4f(0.8) + f(1)

]
= 17.08.

35. With parametric equations C : x = 3 cos t, y = 2 sin t, −π < t ≤ π,
∫
©∨

C

x2y2 ds = 4
∫ π/2

0

(9 cos2 t)(4 sin2 t)
√

(−3 sin t)2 + (2 cos t)2 dt

= 144
∫ π/2

0

cos2 t sin2 t
√

9 sin2 t + 4 cos2 t dt.

If we denote the integrand by f(t), then Simpson’s rule with ten equal subdivisions gives
∫
©∨

C

x2y2 ds ≈ 144(π/2)
30

[f(0) + 4f(π/20) + 2f(π/10) + · · · + 2f(2π/5) + 4f(9π/20) + f(π/2)] = 71.74.

36. Using the result of Exercise 17, and parametric equations C : x = a + b cos t, y = b sin t, −π < t ≤ π,

A =
∫

C

2πx ds = 2π

∫ π

−π

(a + b cos t)
√

(−b sin t)2 + (b cos t)2 dt

= 2πb

∫ π

−π

(a + b cos t) dt = 2πb
{
at + b sin t

}π

−π
= 4π2ab.
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37. Suppose that a curve C has parametrization

C : x = x(t), y = y(t), z = z(t), α ≤ t ≤ β,

and we change parameters by setting t = t(u) (or u = u(t)). Then

C : x = x[t(u)], y = y[t(u)], z = z[t(u)], a = u(α) ≤ u ≤ u(β) = b.

According to equation 14.20,

∫

C

f(x, y, z) ds =
∫ β

α

f [x(t), y(t), z(t)]

√(
dx

dt

)2

+
(

dy

dt

)2

+
(

dz

dt

)2

dt,

and if we change the variable of integration by t = t(u), then dt = t′(u) du, and

∫

C

f(x, y, z) ds =
∫ b

a

f{x[t(u)], y[t(u)], z[t(u)]}

√(
dx

du

du

dt

)2

+
(

dy

du

du

dt

)2

+
(

dz

du

du

dt

)2

dt

=
∫ b

a

f{x[t(u)], y[t(u)], z[t(u)]}

√(
dx

du

)2

+
(

dy

du

)2

+
(

dz

du

)2

du.

But this is equation 14.20 with f(x, y, z) and ds expressed in term of parameter u instead of t. In other
words, the value of the line integral is the same for any parametrization of the curve.

EXERCISES 14.3

1. Using x as parameter along the curve,
∫

C

x dx + x2y dy =
∫ 2

−1

x dx + x2(x3)(3x2 dx) =
∫ 2

−1

(x + 3x7) dx =
{

x2

2
+

3x8

8

}2

−1

=
777
8

.

2. Using x as parameter along the curve,
∫

C

x dx + yz dy + x2 dz =
∫ 2

−1

[x dx + xx2 dx + x2(2x dx)] =
∫ 2

−1

(x + 3x3) dx =
{

x2

2
+

3x4

4

}2

−1

=
51
4

.

3. Using parametric equations x = 1 + t2, y = −t, −1 ≤ t ≤ 1,
∫

C

x dx + (x + y) dy =
∫ 1

−1

(1 + t2)(2t dt) + (1 + t2 − t)(−dt) =
∫ 1

−1

(−1 + 3t − t2 + 2t3) dt

=
{
−t +

3t2

2
− t3

3
+

t4

2

}1

−1

= −8
3
.

4. With parametric equations C : x = −2 + 3t, y = 3 − 3t, z = 3 − 3t, 0 ≤ t ≤ 1, for the straight line,
∫

C

x2 dx + y2 dy + z2 dz =
∫ 1

0

[(−2 + 3t)2(3 dt) + (3 − 3t)2(−3 dt) + (3 − 3t)2(−3 dt)]

= 3
∫ 1

0

[(−2 + 3t)2 − 2(3− 3t)2] dt = 3
{

1
9
(−2 + 3t)3 +

2
9
(3 − 3t)3

}1

0

= −15.

5. Using y as parameter along the curve,
∫

C

(y + 2x2z) dx =
∫ 1

−2

[y + 2(y2)2(y4)](2y dy) = 2
∫ 1

−2

(y2 + 2y9) dy = 2
{

y3

3
+

y10

5

}1

−2

= −2016
5

.
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6.
∫
©∨

C

x2y dx + (x − y) dy =
∫

C1

x2y dx + (x − y) dy +
∫

C2

x2y dx + (x − y) dy

=
∫ 1

−2

[(1 − t2)2t(−2t dt) + (1 − t2 − t) dt]

+
∫ 3

0

[t2(1 − t)(−dt) + (−t − 1 + t)(−dt)]

=
∫ 1

−2

(−2t6 + 4t4 − 3t2 − t + 1) dt +
∫ 3

0

(t3 − t2 + 1) dt

=
{
−2t7

7
+

4t5

5
− t3 − t2

2
+ t

}1

−2

+
{

t4

4
− t3

3
+ t

}3

0

= − 99
140

y

x

C x t
y t

t

C x t
y

2

1

:

:

=-
=1-

0 3

=1- 2

t

,
,

,
,

b b

t-2b b
=

1

1

1

(-3,-2)

7. With parametric equations C : x = cos t, y = − sin t, −π/2 ≤ t ≤ π/2,
∫

C

y2 dx + x2 dy =
∫ π/2

−π/2

sin2 t(− sin t dt) + cos2 t(− cos t dt) =
∫ π/2

−π/2

[−(1 − cos2 t) sin t − (1 − sin2 t) cos t] dt

=
{

cos t − 1
3

cos3 t − sin t +
1
3

sin3 t

}π/2

−π/2

= −4
3
.

8. With parametric equations C : x = 1 − y, z = 2y2 − 2y + 1, 0 ≤ y ≤ 2,
∫

C

y dx + x dy + z dz =
∫ 2

0

[y(−dy) + (1 − y) dy + (2y2 − 2y + 1)(4y − 2) dy]

=
∫ 2

0

[−2y + 1 + (2y2 − 2y + 1)(4y − 2)] dy =
{
−y2 + y +

(2y2 − 2y + 1)2

2

}2

0

= 10.

9. With parametric equations C : x = cos t, y = sin t, z = 1 − cos t − sin t, −π < t ≤ π,
∫
©

C

x2y dy + z dx =
∫ π

−π

cos2 t(sin t)(cos t dt) + (1 − cos t − sin t)(− sin t dt)

=
∫ π

−π

(
cos3 t sin t − sin t + cos t sin t +

1 − cos 2t

2

)
dt

=
{
−1

4
cos4 t + cos t +

1
2

sin2 t +
t

2
− 1

4
sin 2t

}π

−π

= π.

10.
∫
©∨

C

y2 dx + x2 dy =
∫

C1

y2 dx + x2 dy +
∫

C2

y2 dx + x2 dy +
∫

C3

y2 dx + x2 dy +
∫

C4

y2 dx + x2 dy

=
∫ 1

0

[(1 − t)2 dt + t2(−dt)] +
∫ 0

−1

[(t + 1)2(−dt) + t2(−dt)]

+
∫ 0

−1

[t2(−dt) + (t + 1)2 dt] +
∫ 1

0

[t2 dt + (t − 1)2 dt]

=
∫ 1

0

2(t − 1)2 dt +
∫ 0

−1

(−2t2) dt

=
{

2(t − 1)3

3

}1

0

+
{
−2t3

3

}0

−1

= 0

y

x

C

C

C

C

x t
y t

t

x t
y t

x t
y t

x t
y t

4: 1:

2:
3:

=
=

=
=

=
==

=

1-
0 1

-
- -1- -1

-1

,

,
,

,
,

,
,

,

b b

t 01b b-t 01b b-

t 01b b-
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11. With parametric equations C : x = 1 + 5t, y = 5t, 0 ≤ t ≤ 1,

W =
∫

C

F · dr =
∫

C

x2y dx + x dy =
∫ 1

0

(1 + 5t)2(5t)(5 dt) + (1 + 5t)(5 dt)

= 5
∫ 1

0

(1 + 10t + 50t2 + 125t3) dt = 5
{

t + 5t2 +
50t3

3
+

125t4

4

}1

0

=
3235
12

.

12. (a)
∫

C

xy dx + x2 dy =
∫ π/2

0

[3 cos t(3 sin t)(−3 sin t dt) + 9 cos2 t(3 cos t dt)]

= 27
∫ π/2

0

[− sin2 t cos t + cos t(1 − sin2 t)] dt = 27
{
−

2
3

sin3 t + sin t

}π/2

0

= 9

(b)
∫

C

xy dx + x2 dy =
∫ 3

0

[
√

9 − y2(y)

(
−y√
9 − y2

dy

)
+ (9 − y2) dy

]
=
∫ 3

0

(9 − 2y2) dy

=
{

9y − 2y3

3

}3

0

= 9

13. (a) Along the straight line with parametric equations C1 : x = −5 + 9t, y = 3 − 3t, 0 ≤ t ≤ 1,
∫

C1

xy dx + x dy =
∫ 1

0

(−5 + 9t)(3 − 3t)(9 dt) + (−5 + 9t)(−3 dt)

= 3
∫ 1

0

(−40 + 117t− 81t2) dt = 3
{
−40t +

117t2

2
− 27t3

}1

0

= −
51
2

.

(b) Along the parabola with parametric equations C2 : x = 4 − t2, y = −t, −3 ≤ t ≤ 0,
∫

C2

xy dx + x dy =
∫ 0

−3

(4 − t2)(−t)(−2t dt) + (4 − t2)(−dt) =
∫ 0

−3

(−4 + 9t2 − 2t4) dt

=
{
−4t + 3t3 − 2t5

5

}0

−3

= −141
5

.

(c) Along the parabola with equation C3 : y = (x2 − 16)/3, −5 ≤ x ≤ 4,
∫

C3

xy dx + x dy =
∫ 4

−5

x

(
x2 − 16

3

)
dx + x

(
2x dx

3

)
=

1
3

∫ 4

−5

(x3 + 2x2 − 16x) dx

=
1
3

{
x4

4
+

2x3

3
− 8x2

}4

−5

=
141
4

.

14. With parametric equations C : x = a cos t, y = b sin t, −π ≤ t < π,

W =
∫
©∨

C

F · dr =
∫
©∨

C

x dx + y dy =
∫ π

−π

[a cos t(−a sin t dt) + b sin t(b cos t dt)]

= (b2 − a2)
∫ π

−π

sin t cos t dt = (b2 − a2)
{

sin2 t

2

}π

−π

= 0.

15. With parametric equations C : x = cos t, y = sin t, z = sin t, π/4 ≤ t ≤ 3π/4,
∫

C

1
yz

dx =
∫ 3π/4

π/4

1
sin2 t

(− sin t dt) =
∫ 3π/4

π/4

− csc t dt = −
{
ln | csc t − cot t|

}3π/4

π/4
= 0.
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16. With parametric equations C : x = 2 + cos t, y = − sin t, 0 ≤ t < 4π,
∫
©

C

(x2 + 2y2) dy =
∫ 4π

0

[(2 + cos t)2 + 2(− sin t)2](− cos t dt)

= −
∫ 4π

0

(4 + 4 cos t + cos2 t + 2 sin2 t) cos t dt = −
∫ 4π

0

(5 + 4 cos t + sin2 t) cos t dt

= −
∫ 4π

0

[5 cos t + 2(1 + cos 2t) + sin2 t cos t] dt = −
{

5 sin t + 2t + sin 2t +
1
3

sin3 t

}4π

0

= −8π.

17. With parametric equations C : x = 1 + cos t, y = sin t, z =
√

2 − 2 cos t, 0 ≤ t ≤ π,
∫

C

y dx − y(x − 1) dy + y2z dz =
∫ π

0

sin t(− sin t dt) − sin t(cos t)(cos dt) + sin2 t
√

2 − 2 cos t

(
sin t dt√
2 − 2 cos t

)

=
∫ π

0

[
cos 2t− 1

2
− cos2 t sin t + (1 − cos2 t) sin t

]
dt

=
{

1
4

sin 2t − t

2
+

2
3

cos3 t − cos t

}π

0

=
2
3
− π

2
.

18. With parametric equations C : x = t − 1, y = 1 + 2t2, z = t, 1 ≤ t ≤ 2,
∫

C

x2y dx + y dy +
√

1 − x2 dz =
∫ 2

1

[(t − 1)2(1 + 2t2) dt + (1 + 2t2)(4t dt) +
√

1 − (t − 1)2 dt]

=
∫ 2

1

[2t4 + 4t3 + 3t2 + 2t + 1 +
√

1 − (t − 1)2] dt.

In the last term we set t − 1 = sin θ and dt = cos θ dθ,
∫

C

x2y dx + y dy +
√

1 − x2 dz =
{

2t5

5
+ t4 + t3 + t2 + t

}2

1

+
∫ π/2

0

cos2 θ dθ

=
192
5

+
∫ π/2

0

(
1 + cos 2θ

2

)
dθ =

192
5

+
{

θ

2
+

sin 2θ

4

}π/2

0

=
192
5

+
π

4
.

19. With parametric equations C : x = 2 + t, y = −1 + 2t, z = 4 − 5t, 0 ≤ t ≤ 1,
∫

C

x dx + xy dy + 2 dz =
∫ 1

0

(2 + t) dt + (2 + t)(−1 + 2t)(2 dt) + 2(−5 dt)

=
∫ 1

0

(−12 + 7t + 4t2) dt =
{
−12t +

7t2

2
+

4t3

3

}1

0

= −43
6

.

20. The line integral along C is equal to the sum of the line integrals along C1, C2, and C3; that is,∫

C

x3

(1 + x4)3
dx + y2ey dy +

z√
1 + z2

dz

=
∫ 1

0

x3

(1 + x4)3
dx +

∫ 0

−1

y2ey dy

+
∫ 2

1

z√
1 + z2

dz

=
{

−1
8(1 + x4)2

}1

0

+
{
y2ey − 2yey + 2ey

}0

−1

+
{√

1 + z2

}2

1

=
67
32

+
√

5 −
√

2 − 5
e
.

z

x
y

C

C

C

1

2

3

(0,-1,1)

(1,-1,1)
(1,0,1)

(1,0,2)
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21. Since the spring is stretched an amount ` at A,
its natural length is L =

√
a2 + d2 − `.

Its stretch at x is therefore
√

x2 + d2 − L.
The force necessary to counteract the spring at this
position is

k(
√

x2 + d2 − L)
(xî− dĵ)√

x2 + d2
.

x

D

A Bx
x

d

=0

The work done by this force along that part C
of the x-axis from A to B is

∫

C

F · dr =
∫ b

a

k(
√

x2 + d2 − L)

(
xî − dĵ√
x2 + d2

)
· (dx î) = k

∫ b

a

(
√

x2 + d2 − L)
x√

x2 + d2
dx

= k

∫ b

a

(
x − Lx√

x2 + d2

)
dx = k

{
x2

2
− L

√
x2 + d2

}b

a

= k

[(
b2

2
− L

√
b2 + d2

)
−
(

a2

2
− L

√
a2 + d2

)]

22. At position x, the magnitude of the force F1 of q1 on q3 is |F1| =
q1q3

4πε0[(x − 5)2 + 25]
. Since a unit

vector in the direction of F1 is

F̂1 =
(x − 5,−5)√
(x − 5)2 + 25

,

it follows that
F1 =

q1q3

4πε0[(x − 5)2 + 25]3/2
(x − 5,−5).

Similarly, the force F2 of q2 on q3 is

F2 =
q2q3

4πε0[(x + 2)2 + 9]3/2
(x + 2,−3).

The work done by these forces is

y

x

q

q

q
2

3

1

-1 1x

(5,5)

(-2,3)

W =
∫

C

(F1 + F2) · dr =
∫

C

(F1 + F2) · (dx î)

=
∫

C

{
q1q3

4πε0[(x − 5)2 + 25]3/2
(x − 5) +

q2q3

4πε0[(x + 2)2 + 9]3/2
(x + 2)

}
dx

=
∫ 1

−1

{
q1q3

4πε0[(−t − 5)2 + 25]3/2
(−t − 5) +

q2q3

4πε0[(2 − t)2 + 9]3/2
(2 − t)

}
(−dt)

=

{
−q1q3

4πε0
√

(t + 5)2 + 25
+

−q2q3

4πε0
√

(2 − t)2 + 9

}1

−1

=
1

4πε0

[
q1q3

(
1√
41

− 1√
61

)
+ q2q3

(
1

3
√

2
− 1√

10

)]
.

23. Using points A and D we obtain k2 = 12 000 and k1 = 20 000. Designating the four parts of the cycle
starting at A by C1, C2, C3, and C4,

W =
∫

C1

P dV +
∫

C2

P dV +
∫

C3

P dV +
∫

C4

P dV

=
∫ 1/5

3/5

k2

V
dV + 0 +

∫ 3/5

1/5

k1

V
dV + 0 = (k1 − k2)

∫ 3/5

1/5

1
V

dV = (k1 − k2)
{
ln V

}3/5

1/5
= 8.8× 103 J.
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24. Using points A and D we obtain k2 = 1000 and k1 = 20 000. Designating the four parts of the cycle
starting at A by C1, C2, C3, and C4,

W =
∫

C1

P dV +
∫

C2

P dV +
∫

C3

P dV +
∫

C4

P dV =
∫ 1/100

1/10

k2

V
dV +

∫ 1/5

1/100

105 dV +
∫ 2

1/5

k1

V
dV +

∫ 1/10

2

104 dV

= k2

{
ln V

}1/100

1/10
+ 105

(
1
5
− 1

100

)
+ k1

{
ln V

}2

1/5
+ 104

(
1
10

− 2
)

= 4.4× 104 J.

25. Using points B and C we obtain k2 = 4.64 and k1 = 6.89. Designating the four parts of the cycle
starting at A by C1, C2, C3, and C4,

W =
∫

C1

P dV +
∫

C2

P dV +
∫

C3

P dV +
∫

C4

P dV =
∫ 2×10−4

8×10−4

k2

V 1.4
dV + 0 +

∫ 8×10−4

2×10−4

k1

V 1.4
dV + 0

= (k1 − k2)
∫ 8×10−4

2×10−4

1
V 1.4

dV = (k1 − k2)
{

−1
0.4V 0.4

}8×10−4

2×10−4

= 72 J.

26. Using points A and D we obtain k2 = 15.0 and k1 = 66.6. Designating the four parts of the cycle
starting at A by C1, C2, C3, and C4,

W =
∫

C1

P dV +
∫

C2

P dV +
∫

C3

P dV +
∫

C4

P dV

=
∫ 2×10−4

20×10−4

k2

V 1.4
dV +

∫ 5.75×10−4

2×10−4
(23 × 105) dV +

∫ 20×10−4

5.75×10−4

k1

V 1.4
dV + 0

= k2

{
−1

0.4V 0.4

}2×10−4

20×10−4

+ 23 × 105(5.75× 10−4 − 2 × 10−4) + k1

{
−1

04.V 0.4

}20×10−4

5.75×10−4

= 1.5 × 103 J.

27. Using points A and D we obtain k2 = 2.62 and k1 = 32.2. Designating the four parts of the cycle
starting at A by C1, C2, C3, and C4,

W =
∫

C1

P dV +
∫

C2

P dV +
∫

C3

P dV +
∫

C4

P dV

=
∫ 10−4

4×10−4

k2

V 1.4
dV +

∫ 6×10−4

10−4
(10.4 × 105) dV +

∫ 24×10−4

6×10−4

k1

V 1.4
dV +

∫ 4×10−4

24×10−4
(1.5 × 105) dV

= k2

{
−1

0.4V 0.4

}10−4

4×10−4

+ 10.4× 105(5 × 10−4) + k1

{
−1

0.4V 0.4

}24×10−4

6×10−4

+ 1.5 × 105(−20× 10−4)

= 7.8× 102 J.

28. Designating the four parts of the cycle by C1, C2, C3, and C4,

W =
∫

C1

P dV +
∫

C2

P dV +
∫

C3

P dV +
∫

C4

P dV

= 0 +
∫ V2

V1

P2 dV +
∫ V3

V2

CV −γ dV +
∫ V2

V3

P3 dV

= P2(V2 − V1) + C

{
V 1−γ

1 − γ

}V3

V2

+ P3(V2 − V3)

= P2(V2 − V1) +
C

1 − γ
(V 1−γ

3 − V 1−γ
2 ) + P3(V2 − V3).

P

V

C

CC

C

P

P

V V

2

31

4

321

2

3

V

PV C=
g

Since P2V
γ
2 = C = P3V

γ
3 , it follows that P3 = P2(V2/V3)γ , and

W = P2(V2 − V1) +
P2V

γ
2

1 − γ
(V 1−γ

3 − V 1−γ
2 ) + P2

(
V2

V3

)γ

(V2 − V3).
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29.
∫

C

xy dx + xy2 dy =
∫ 2

0

x√
1 + x3

dx +
x

1 + x3

[
−3x2

2(1 + x3)3/2
dx

]
=
∫ 2

0

2x(1 + x3)2 − 3x3

2(1 + x3)5/2
dx

If we set f(x) = [2x(1 + x3)2 − 3x3]/(1 + x3)5/2, and use Simpson’s rule with 10 equal subdivisions,
∫

C

xy dx + xy2 dy ≈ 1/5
2(3)

[f(0) + 4f(1/5) + 2f(2/5) + · · · + 2f(8/5) + 4f(9/5) + f(2)] = 0.8584.

30. When we use y as the parameter along the curve, the value of the line integral is

I =
∫ 1

−1

y2y3(2y dy) + tan y2 dy + ey3
(3y2 dy) =

∫ 1

−1

(2y6 + 3y2ey3
+ tan y2) dy

=
{

2y7

7
+ ey3

}1

−1

+ 2
∫ 1

0

tan y2 dy.

If we use Simpson’s rule with 10 equal subdivisions on the remaining integral

I ≈
(

2
7

+ e

)
−
(
−2

7
+ e−1

)
+

1/5
3
[
tan (0) + 4 tan (0.01) + 2 tan (0.04)

+ · · · + 2 tan (0.64) + 4 tan (0.81) + tan (1)
]

= 3.719.

31.
∫

C

√
1 + y2 dz + zy dy =

∫ π/2

0

√
1 + cos6 t(3 sin2 t cos t dt) + cos3 t sin3 t(−3 cos2 t sin t dt)

= 3
∫ π/2

0

(sin2 t cos t
√

1 + cos6 t − cos5 t sin4 t) dt

If we set f(t) = sin2 t cos t
√

1 + cos6 t − cos5 t sin4 t, and use Simpson’s rule with 10 equal subdivisions,
∫

C

√
1 + y2 dz + zy dy ≈

3(π/20)
3

[f(0) + 4f(π/20) + 2f(2π/20) + · · · + 2f(8π/20) + 4f(9π/20) + f(π/2)]

= 0.9934.

32.
∫

C

xyz dy =
∫ 1

−1

(
1 − t2

1 + t2

)[
t(1 − t2)
1 + t2

]
t

[
(1 + t2)(1 − 3t2) − (t − t3)(2t)

(1 + t2)2

]
dt

=
∫ 1

−1

t2(1 − t2)2(1 − 4t2 − t4)
(1 + t2)4

dt

If we denote the integrand by f(t), then Simpson’s rule with 10 equal subdivisions gives
∫

C

xyz dy ≈ 2/10
3

[f(−1) + 4f(−0.8) + 2f(−0.6) + · · · + 2f(0.6) + 4f(0.8) + f(1)]

= −4.26× 10−4.

33. With x = r cos θ = (1 − cos θ) cos θ and y = r sin θ = (1 − cos θ) sin θ,∫
©∨

C

y dx =
∫ π

−π

(1 − cos θ) sin θ(− sin θ + 2 cos θ sin θ) dθ

=
∫ π

−π

(− sin2 θ + 3 sin2 θ cos θ − 2 sin2 θ cos2 θ) dθ

=
∫ π

−π

(
cos 2θ − 1

2
+ 3 sin2 θ cos θ − sin2 2θ

2

)
dθ

=
∫ π

−π

(
cos 2θ − 1

2
+ 3 sin2 θ cos θ − 1 − cos 4θ

4

)
dθ

=
{
−3θ

4
+

1
4

sin 2θ + sin3 θ +
1
16

sin 4θ

}π

−π

= −3π

2
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34. Since x = r cos θ, y = r sin θ, and r = θ, it follows that x = θ cos θ and y = θ sin θ. Hence,∫

C

y dx + x dy =
∫ π

0

θ sin θ(cos θ − θ sin θ) dθ + θ cos θ(sin θ + θ cos θ) dθ

=
∫ π

0

[2θ sin θ cos θ + θ2(cos2 θ − sin2 θ)] dθ

=
∫ π

0

[θ sin 2θ + θ2 cos 2θ] dθ =
{

θ2

2
sin 2θ

}π

0

= 0.

35. With parametric equations x = r cos t, y = r sin t, z = 1, −π < t ≤ π,

(a) Γ =
∫

C

x dx + y dy + z dz

(x2 + y2 + z2)3/2
=
∫ π

−π

r cos t(−r sin t dt) + r sin t(r cos t dt)
(r2 + 1)3/2

= 0

(b) Γ =
∫

C

−y dx + x dy =
∫ π

−π

−r sin t(−r sin t dt) + r cos t(r cos t dt) = r2

∫ π

−π

dt = 2πr2

36. When C: x = x(t), y = y(t), z = z(t), α ≤ t ≤ β are parametric equations for C, then parametric
equations for −C are x = x(t), y = y(t), z = z(t), β ≥ t ≥ α. To obtain an increasing parameter along
−C, we set u = −t, in which case

−C : x = x(−u), y = y(−u), z = z(−u), −β ≤ u ≤ −α.

If F = P î+ Qĵ+ Rk̂, then the value of the line integral along −C can be expressed as a definite integral
with respect to u:

∫

−C

F · dr =
∫

−C

P dx + Q dy + R dz

=
∫ −α

−β

{
P [x(−u), y(−u), z(−u)]

dx

du
+ Q[x(−u), y(−u), z(−u)]

dy

du

+ R[x(−u), y(−u), z(−u)]
dz

du

}
du.

If we now change variables of integration by setting t = −u,

dx

du
=

dx

dt

dt

du
= −dx

dt
,

and similarly for dy/du and dz/du. Consequently,
∫

−C

F · dr =
∫ α

β

{
P [x(t), y(t), z(t)]

(
− dx

dt

)
+ Q[x(t), y(t), z(t)]

(
− dy

dt

)

+ R[x(t), y(t), z(t)]
(
−

dz

dt

)}
(−dt)

= −
∫ β

α

{
P [x(t), y(t), z(t)]

dx

dt
+ Q[x(t), y(t), z(t)]

dy

dt

+ R[x(t), y(t), z(t)]
dz

dt

}
dt

= −
∫

C

F · dr.

37. For F to satisfy f = F · T̂, we must have f = |F| cos θ. This leaves us the freedom to choose the
magnitude |F| and the angle θ so that f = |F| cos θ. This can be done in many ways so that F is not
unique. For example, suppose C is that part of the x-axis from x = a to x = b, and f(x, y, z) > 0 is
given. Then for f = |F| cos θ, one possible choice is |F| = f and θ = 0. Another is |F| =

√
2f and

θ = π/4.
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38. (a) Since the centre of the circle has coordinates (Rθ, R), the direction of the unit force is

(Rθ − Rθ + R sin θ, R − R + R cos θ) = R(sin θ, cos θ).

Hence, the unit force has components F = (sin θ, cos θ). The work done during a half revolution is

W =
∫

C

F · dr =
∫

C

sin θ dx + cos θ dy =
∫ π

0

[sin θ(R − R cos θ) dθ + cos θ(R sin θ) dθ

= R

∫ π

0

sin θ dθ = R

{
− cos θ

}π

0

= 2R.

(b) The work done by the vertical component is

W =
∫

C

cos θĵ · dr =
∫

C

cos θ dy =
∫ π

0

cos θ(R sin θ) dθ =
{

R

2
sin2 θ

}π

0

= 0.

39. Suppose we divide the integral into three separate integrals
∫
©

C

f(x) dx + g(y) dy + h(z) dz =
∫
©

C

f(x) dx +
∫
©

C

g(y) dy +
∫
©

C

h(z) dz.

To evaluate the first integral, we could evaluate an antiderivative F (x) of f(x) at initial and final points
on the curve. But because the curve is closed, these are the same point, and the value is zero. The same
is true for the second and third terms.

EXERCISES 14.4

1. Since ∇(x2y2/2) = xy2î + x2yĵ, the line integral is independent of path in the xy-plane, and
∫

C

xy2 dx + x2y dy =
{

x2y2

2

}(1,1,0)

(0,0,0)

=
1
2
.

2. Since ∇(x3 + xy) = (3x2 + y)̂i + xĵ, the line integral is independent of path in space, and
∫

C

(3x2 + y) dx + x dy =
{

x3 + xy
}(−3,2,4)

(2,1,5)
= −43.

3. Since ∇(x2ey + 3y) = 2xey î + (x2ey + 3)̂j, the line integral is independent of path in the xy-plane, and
∫

C

2xey dx + (x2ey + 3) dy =
{
x2ey + 3y

}(−1,0,0)

(1,0,0)
= 1 − 1 = 0.

4. Since ∇(x3yz − 2z2) = 3x2yzî + x3zĵ + (x3y − 4z)k̂, the line integral is independent of path in space,
and

∫

C

3x2yz dx + x3z dy + (x3y − 4z) dz =
{
x3yz − 2z2

}(1,1,−1)

(−1,−1,1)
= −2.

5. Since ∇
(y

z
cosx

)
=
(
−y

z
sinx

)
î +
(

1
z

cosx

)
ĵ−
( y

z2
cosx

)
k̂, the line integral is independent of path

in any domain not containing points in the xy-plane. Since C does not pass through the xy-plane,
∫

C

−y

z
sin x dx +

1
z

cosx dy − y

z2
cosx dz =

{y

z
cosx

}(2,0,4π)

(2,0,2π)
= 0.

6. Since ∇(y sin x) = y cosx î + sin x ĵ, the line integral is independent of path in the xy-plane, and
∫
©∨

C

y cosx dx + sinx dy = 0.
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7. Since ∇(x3/3 + y3/3 + z3/3) = x2 î + y2ĵ + z2k̂, the line integral is independent of path in space, and

∫

C

x2 dx + y2 dy + z2 dz =
{

x3

3
+

y3

3
+

z3

3

}(1,0,0)

(−2,3,3)

=
(

1
3

)
−
(
−8

3
+ 9 + 9

)
= −15.

8. Since ∇(xy + z2/2) = yî + xĵ + zk̂, the line integral is independent of path in space, and

∫

C

y dx + x dy + z dz =
{

xy +
z2

2

}(−1,2,5)

(1,0,1)

= 10.

9. Since ∇(x/y + z) = (1/y)̂i − (x/y2)̂j + k̂, the line integral is independent of path in any domain not
containing points in the xz-plane. Since C does not pass through the xz-plane,

∫

C

1
y
dx −

x

y2
dy + dz =

{
x

y
+ z

}(3,10,−11)

(0,1,1)

=
(

3
10

− 11
)
− 1 = −

117
10

.

10. Since ∇(x3y3) = 3x2y3î + 3x3y2ĵ, the line integral is independent of path in the xy-plane, and
∫

C

3x2y3 dx + 3x3y2 dy =
{
x3y3

}(1,e)

(0,1)
= e3.

11. Since ∇× [f(x)̂i + g(y)̂j + h(z)k̂] =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z
f(x) g(y) h(z)

∣∣∣∣∣∣
= 0, the line integral is independent of path.

12. No. It may be independent of path. All we know is that Theorem 14.4 fails to imply independence of
path.

13. Since ∇(zexy − z) = yzexyî + xzexy ĵ + (exy − 1)k̂, the line integral is independent of path in space, and
∫

C

yzexy dx + xzexy dy + (exy − 1) dz =
{

zexy − z
}(2,4,8)

(1,1,1)
= (8e8 − 8) − (e − 1) = 8e8 − e − 7.

14. Since ∇(xy tan x + z) = y(tan x + x sec2 x)̂i + x tan x ĵ + k̂, the line integral is certainly independent of
path in the domain −1.1 < x < 1.1 containing the curve x2 + y2 = 1. Hence

∫
©

C

y(tan x + x sec2 x) dx + x tan x dy + dz = 0.

15. Since ∇
(

1 + y2

−2x2
− y2

2
+

z2

2

)
=
(

1 + y2

x3

)
î +
(
− y

x2
− y
)
ĵ + zk̂, the line integral is independent of path

in any domain not containing points in the yz-plane. Since C does not pass through the yz-plane,
∫

C

(
1 + y2

x3

)
dx −

(
y + x2y

x2

)
dy + z dz =

{
1 + y2

−2x2
− y2

2
+

z2

2

}(5,2,1)

(1,0,0)

= −11
10

.

16. Since ∇(xz/y) = (z/y)̂i − (xz/y2)̂j + (x/y)k̂, the line integral is independent of path in any domain
which not containing points in the xz-plane. Hence

∫
©

C

zy dx − xz dy + xy dz

y2
= 0.

17. Since ∇
(

1
x

Tan−1y

)
=
(
− 1

x2
Tan−1y

)
î +

1
x(1 + y2)

ĵ, the line integral is independent of path in any

domain not containing points on the y-axis. Since C does not pass through this axis,
∫

C

−
1
x2

Tan−1y dx +
1

x + xy2
dy =

{
1
x

Tan−1y

}(10,3)

(2,−1)

=
1
10

Tan−13 +
π

8
.
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18. Since ∇
(

−1
(x − 3)(y + 5)

+ ln |z + 4|
)

=
1

(x − 3)2(y + 5)
î +

1
(x − 3)(y + 5)2

ĵ +
1

z + 4
k̂, the line integral

is independent of path in any domain not containing points in the planes x = 3, y = −5, and z = −4.
Thus,

∫

C

1
(x − 3)2(y + 5)

dx +
1

(x − 3)(y + 5)2
dy +

1
z + 4

dz =
{

−1
(x − 3)(y + 5)

+ ln |z + 4|
}(2,2,2)

0,0,0)

=
8

105
+ ln (3/2).

19. (a) With parametric equations x = cos t, y = sin t, −π ≤ t ≤ π,
∫
©∨

C

−y dx + x dy

x2 + y2
=
∫ π

−π

− sin t(− sin t dt) + cos t(cos t dt) =
∫ π

−π

dt = 2π.

(b) Since ∇×

(
−yî + xĵ
x2 + y2

)
= 0 at every point except (0, 0), the line integral is independent of path in

a domain that contains the circle (the circle does not contain (0, 0)). The value of the line integral is
therefore zero.

20. Since
∂

∂x

(
−x

x2 + y2

)
=

∂

∂y

(
y

x2 + y2

)

in the simply-connected domain shown,
the line integral is independent of path
therein. We may therefore replace C
with the semicircle
C ′ : x = cos t, y = sin t, 0 ≤ t ≤ π.
Hence,

y

x

C C1

(1,1)(-1,1)

∫

C

y

x2 + y2
dx − x

x2 + y2
dy =

∫

C′

y

x2 + y2
dx − x

x2 + y2
dy

=
∫ π

0

sin t(− sin t dt) − cos t(cos t dt)
1

= −
∫ π

0

dt = −π.

21. Since ∇(
√

x2 + y2) = (xî + yĵ)/
√

x2 + y2, the line integral is independent of path in any domain not
containing the origin. A similar argument holds for the 3-space line integral.

22. A quick calculation shows that each of the partial derivatives
∂

∂y

(
y

x2 + y2

)
and

∂

∂x

(
−x

x2 + y2

)
is equal

to
x2 − y2

(x2 + y2)2
. These derivatives are equal in each of the domains specified. Since domains x > 0, x < 0,

y > 0, and y < 0 are simply-connected, the line integral is independent of path therein.
The domain x2 + y2 > 0 is not simply-connected. The line integral around C : x = cos t, y = sin t, 0 ≤
t ≤ 2π is

∫
©

C

y dx − x dy

x2 + y2
=
∫ 2π

0

sin t(− sin t dt) − cos t(cos t dt) = −2π.

By Corollary 2 to Theorem 14.3, the line integral is not independent of path in x2 + y2 > 0.

23. (a) With dU = f ′(T ) dT and P = nRT/V , I =
∫

T−1(dU + P dV ) =
∫

f ′(T )
T

dT +
nR

V
dV .

(b) When f ′(T ) = k, a constant, then in the TV -plane, ∇(k ln T + nR ln V ) =
k

T
T̂ +

nR

V
V̂, except

when T = 0 or V = 0. Thus, S = k ln T + nR ln V + S0, where S0 is a constant.
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24. Since ∇(ex2y) = (2xyex2y )̂i + x2ex2y ĵ, the line integral
∫

2xyex2y dx + x2ex2ydy is independent of path

in space, and its value around the given curve is zero. The given line integral therefore reduces to
∫
©∨

C

x2y dx =
∫ 2π

0

4 cos2 t(− sin t)(−2 sin t dt)

= 8
∫ 2π

0

(
sin 2t

2

)2

dt

= 2
∫ 2π

0

(
1 − cos 4t

2

)
dt =

{
t − sin 4t

4

}2π

0

= 2π.

y

x

1

2

C x t
y t

t

: =2cos ,
= -sin ,

0 2pb <

25. Suppose P has coordinates (c, d) and the
unstretched length of the spring is L. At
Q(x, y), the force to counteract the spring is

F = k[
√

(x − c)2 + (y − d)2 − L]P̂Q

= k[
√

(x − c)2 + (y − d)2 − L]

[
(x − c)̂i + (y − d)̂j√
(x − c)2 + (y − d)2

]
.

The work done by this force along C is

y

x

x y

x,y

x y

P c,d

( 0 0, )

( )

( ,1 1)

( )

Q

W =
∫

C

F · dr = k

∫

C

[
√

(x − c)2 + (y − d)2 − L]
(x − c) dx + (y − d) dy√

(x − c)2 + (y − d)2

= k

∫

C

[
1 − L√

(x − c)2 + (y − d)2

]
[(x − c) dx + (y − d) dy].

Since

∇
[
1
2
(x − c)2 +

1
2
(y − d)2 − L

√
(x − c)2 + (y − d)2

]
=

[
1 − L√

(x − c)2 + (y − d)2

]
(x − c)̂i

+

[
1 −

L√
(x − c)2 + (y − d)2

]
(y − d)̂j,

the line integral is independent of path, and its value is

W = k

{
1
2
(x − c)2 +

1
2
(y − d)2 − L

√
(x − c)2 + (y − d)2

}(x1,y1)

(x0,y0)

=
k

2

[
(x1 − c)2 + (y1 − d)2 − 2L

√
(x1 − c)2 + (y1 − d)2 − (x0 − c)2

− (y0 − d)2 + 2L
√

(x0 − c)2 + (y0 − d)2
]

=
k

2

[
(x1 − c)2 + (y1 − d)2 − 2L

√
(x1 − c)2 + (y1 − d)2 + L2

]

− k

2

[
(x0 − c)2 + (y0 − d)2 − 2L

√
(x0 − c)2 + (y0 − d)2 + L2

]

=
k

2
[
√

(x1 − c)2 + (y1 − d)2 − L]2 − k

2
[(x0 − c)2 + (y0 − d)2 − L]2

=
k

2
(b2 − a2).
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26. (a) The curl of F is ∇×F = k

∣∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z

x

(x2 + y2 + z2)3/2

y

(x2 + y2 + z2)3/2

z

(x2 + y2 + z2)3/2

∣∣∣∣∣∣∣
.

The x-component is k times
∂

∂y

[
z

(x2 + y2 + z2)3/2

]
− ∂

∂z

[
y

(x2 + y2 + z2)3/2

]
= 0. Similarly, the y-

and z-components vanish. Hence, in any simply-connected domain that does not contain the origin, the
line integral representing work done by F is independent of path.
(b) Since any two points P1(x1, y1, z1) and P2(x2, y2, z2) can be enclosed in a simply-connected domain

not containing the origin, the line integral
∫ P2

P1

F · dr is independent of path, and its value is φ(P2)−φ(P1)

where φ(x, y, z) is any function satisfying ∇φ = F. Since

∇
(

k

|r|

)
=

−k

|r|2
∇|r| =

−k

|r|2
∇
(√

x2 + y2 + z2
)

=
−k

|r|2
1

2
√

x2 + y2 + z2
(2xî + 2yĵ + 2zk̂) =

−kr̂
|r|2

,

it follows that
∫ P2

P1

F · dr =
{
−k

|r|

}P2

P1

=
k

d1
− k

d2
where d1 and d2 are distances from P1 and P2 to the

origin.

EXERCISES 14.5

1. Since ∇

(
−q1q2

4πε0
√

x2 + y2 + z2

)
=

q1q2

4πε0(x2 + y2 + z2)3/2
(xî + yĵ + zk̂), the force field is conservative in

any domain not containing the origin. It is the electrostatic force between charges q1 and q2. A potential
energy function is V =

q1q2

4πε0
√

x2 + y2 + z2
.

2. Since ∇×F =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z
mx xy 0

∣∣∣∣∣∣
= yk̂, F is not conservative.

3. Since ∇(−kx2/2) = −kxî, the force field is conservative. It is that due to a spring with potential energy
function kx2/2.

4. Since ∇(−mgz) = F, F is conservative with potential energy function U(z) = mgz. F is the force of
gravity on a mass m.

5. ∇

(
−GMm√

x2 + y2 + z2

)
=

GMm

(x2 + y2 + z2)3/2
(xî + yĵ + zk̂), the force field is conservative in any domain

not containing the origin. It is the gravitational force between masses M and m. A potential energy

function is V =
GMm√

x2 + y2 + z2
.

6. A normal vector to the equipotential surface U(x, y, z) = C at any point P (x, y, z) on the surface is
∇(U − C) = ∇U . But F = −∇U , and therefore F is normal to the surface at P .

7. For Exercises 1 and 5, they are spheres centred at the origin. In Exercise 4 they are planes parallel to
the xy-plane.
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8. The magnitude of the force is

|F| = k
(√

x2 + y2 + z2 − L
)
,

where k is the spring constant. Since F
is directed toward the origin, it follows that

F = −k
(√

x2 + y2 + z2 − L
) (xî + yĵ + zk̂)√

x2 + y2 + z2
. x

z

y

x,y,z( )

Since ∇
[
−k

2
(√

x2 + y2 + z2 − L
)2
]

= F in the domain x2 + y2 + z2 > 0, it follows that the force is

conservative.

9. Friction is not conservative because work done by (or against) friction depends on the path followed.

10. (a) Suppose we take the school at the origin. When a student is at position (x, y, z), the magnitude of

the force is |F| =
d

x2 + y2 + z2
, where d a constant. Since the force is toward the origin,

F =
−d

x2 + y2 + z2

(xî + yĵ + zk̂)√
x2 + y2 + z2

=
−d(xî + yĵ + zk̂)
(x2 + y2 + z2)3/2

.

In the domain x2 + y2 + z2 > 10 000, ∇

(
d√

x2 + y2 + z2

)
= F, and therefore F is conservative.

(b) Suppose the donut shop is at position (a, b, c). Then the force is

F =
−d

[(x − a)2 + (y − b)2 + (z − c)2]3/2
[(x − a)̂i + (y − b)̂j + (z − c)k̂].

Since ∇

(
d√

(x − a)2 + (y − b)2 + (z − c)2

)
= F, the force is still conservative.

11. (a) When a mass moves under the influence of a conservative force field, the sum of its potential energy
U(x) and its kinetic energy K(x) is constant, U + K = E. Since K = mv2/2 = (1/2)m(dx/dt)2,

U +
1
2
m

(
dx

dt

)2

= E =⇒
dx

dt
=

√
2
m

(E − U) =⇒
1√

E − U(x)
dx =

√
2
m

dt.

This is a separated differential equation with solutions defined implicitly by
∫

1√
E − U(x)

dx =

√
2
m

t + C.

In order to incorporate the initial condition x(0) = x0, we rewrite the indefinite integral as a definite
integral with a variable upper limit,

∫ x

0

1√
E − U(x)

dx =

√
2
m

t + C.

The initial condition now implies that
∫ x0

0

1√
E − U(x)

dx = C.

Thus,
∫ x

0

1√
E − U(x)

dx =

√
2
m

t +
∫ x0

0

1√
E − U(x)

dx =⇒
∫ x

x0

1√
E − U(x)

dx =

√
2
m

t.

(b) When U(x) = kx2/2,
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√

2
m

t =
∫ x

x0

1√
E − kx2/2

dx =
√

2
∫ x

x0

1√
2E − kx2

dx.

If we set x =
√

2E/k sin θ, and dx =
√

2E/k cos θ dθ, then

√
2
∫

1√
2E − kx2

dx =
√

2
∫ √

2E/k cos θ√
2E cos θ

dθ =

√
2
k

θ + C =

√
2
k

Sin−1

(√
k

2E
x

)
+ C.

Thus,
√

2
m

t =

{√
2
k

Sin−1

(√
k

2E
x

)}x

x0

=

√
2
k

[
Sin−1

(√
k

2E
x

)
− Sin−1

(√
k

2E
x0

)]
.

This implies that

Sin−1

(√
k

2E
x

)
= Sin−1

(√
k

2E
x0

)
+

√
k

m
t,

and if we take sines of both sides, we obtain

x =

√
2E

k
sin

[
Sin−1

(√
k

2E
x0

)
+

√
k

m
t

]

=

√
2E

k

[√
k

2E
x0 cos

√
k

m
t +

√
1 − kx2

0

2E
sin

√
k

m
t

]

= x0 cos

√
k

m
t +

√
2E

k
− x2

0 sin

√
k

m
t.

This describes simple harmonic motion for the mass, as we would expect. When v(0) = 0, total energy

is E = kx2
0/k, and x = x0 cos

√
k

m
t.

12. (a) The curl of F is

∇×F =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z
f(r)x f(r)y f(r)z

∣∣∣∣∣∣
=
(

z
∂f

∂y
− y

∂f

∂z

)
î +
(

x
∂f

∂z
− z

∂f

∂x

)
ĵ +
(

y
∂f

∂x
− x

∂f

∂y

)
k̂.

The x-component is

z

(
df

dr

∂r

∂y

)
− y

(
df

dr

∂r

∂z

)
=

df

dr

(
zy√

x2 + y2 + z2
−

yz√
x2 + y2 + z2

)
= 0.

Similarly, the y- and z-components of ∇× F vanish, and ∇× F = 0. According to Theorem 14.4, F is
conservative in any simply-connected domain that does not contain the origin.

(b)
∫

C

F · dr =
∫

C

f(r)r · dr =
∫

C

f(r)(x dx + y dy + z dz)

Since r =
√

x2 + y2 + z2, it follows that

dr =
x dx√

x2 + y2 + z2
+

y dy√
x2 + y2 + z2

+
z dz√

x2 + y2 + z2
=

x dx + y dy + z dz

r
,

and therefore
∫

C

F · dr =
∫ b

a

f(r)r dr.

(c) The electrostatic force in Example 14.14 and the gravitational force in Exercise 5 are radially sym-
metric.
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EXERCISES 14.6

1. With Green’s theorem,
∫
©∨

C

y2 dx + x2 dy =
∫∫

R

(2x − 2y) dA = 0

because x and y are odd functions,
and the circle is symmetric about the
x- and y-axes.

y

x

C

R

1

1

2. With Green’s theorem,∫
©∨

C

(x2 + 2y2) dy =
∫∫

R

2x dA

= 2(First moment of R about y-axis)
= 2(Area of R)(x) = 2(π)(2) = 4π.

y

x

C

R

1 32

3. With Green’s theorem,∫
©∨

C

x2ey dx + (x + y) dy = −
∫∫

R

(1 − x2ey) dA

= −
∫ 1

−1

∫ 1

−1

(1 − x2ey) dy dx = −
∫ 1

−1

{
y − x2ey

}1

−1
dx

= −
∫ 1

−1

[2 − (e − e−1)x2] dx

= −
{

2x − (e − e−1)
x3

3

}1

−1

= −4 +
2
3
(e − e−1).

y

x

R
C

1

1

4. By Green’s theorem,
∫
©∨

C

xy3 dx + x2 dy =
∫∫

R

(2x − 3xy2) dA =
∫ √

3

−
√

3

∫ 2

√
1+y2

(2x − 3xy2) dx dy

=
∫ √

3

−
√

3

{
x2 − 3x2y2

2

}2

√
1+y2

dy

=
∫ √

3

−
√

3

(
3 −

11y2

2
+

3y4

2

)
dy

=
{

3y − 11y3

6
+

3y5

10

}√
3

−
√

3

=
2
√

3
5

.

y

x

C

R

x y

(2, 3)

(2, - )
2- 1

1

=

,

2

3,

5. By Green’s theorem,∫
©∨

C

(x3 + y3) dx + (x3 − y3) dy =
∫∫

R

(3x2 − 3y2) dA

= 6
∫ 1

0

∫ 1−y2

y2−1

(x2 − y2) dx dy

= 6
∫ 1

0

{
x3

3
− xy2

}1−y2

y2−1

dy

= 2
∫ 1

0

[(1 − y2)3 − 3y2(1 − y2) − (y2 − 1)3 + 3y2(y2 − 1)] dy

= 2
∫ 1

0

{(2 − 12y2 + 12y4 − 2y6) dy = 2
{

2y − 4y3 +
12y5

5
− 2y7

7

}1

0

=
8
35

y

x

C

x yx y= 2-1 =1- 2

1

1-1

-1
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6. By Green’s theorem,∫
©∨

C

2Tan−1
(y

x

)
dx + ln (x2 + y2) dy

=
∫∫

R

[
2x

x2 + y2
− 2

1 + y2/x2

(
1
x

)]
dA

= 0.

y

x

C

R
(4,1)

7. By Green’s theorem,∫
©∨

C

(3x2y3 + y) dx + (3x3y2 + 2x) dy

= −
∫∫

R

(9x2y2 + 2 − 9x2y2 − 1) dA

= −
∫∫

R

dA = −1
2
(3)(3) = −9

2

y

x

C
R

1

1

-1

8. By Green’s theorem,∫
©∨

C

(x3 + y3) dx + (x3 − y3) dy =
∫∫

R

(3x2 − 3y2) dA

= 12
∫∫

R1

(x2 − y2) dA (R1 = first quadrant part of R)

= 12
∫ 1/2

0

∫ 1−2x

0

(x2 − y2) dy dx = 12
∫ 1/2

0

{
x2y − y3

3

}1−2x

0

dx

= 4
∫ 1/2

0

[3x2 − 6x3 − (1 − 2x)3] dx = 4
{

x3 − 3x4

2
+

(1 − 2x)4

8

}1/2

0

= −3
8
.

y

x

C

R

R

1

-1

1/2-1/2
1

9. By Green’s theorem,∫
©∨

C

(x2y2 + 3x) dx + (2xy − y) dy =
∫∫

R

(2y − 2x2y) dA

The integral has value zero because 2y − 2x2y
is an odd function of y and R is symmetric
about the x-axis.

y

x

C

R

1

1-1

-1

10. By Green’s theorem,∫
©∨

C

(xy2 + 2x) dx + (x2y + y + x2) dy

=
∫∫

R

(2xy + 2x − 2xy) dA

= 2(2)
∫ 3

0

∫ √
4+x2

0

x dy dx = 4
∫ 3

0

{
xy
}√

4+x2

0
dx

= 4
∫ 3

0

x
√

4 + x2 dx = 4
{

(4 + x2)3/2

3

}3

0

=
4
3
(13

√
13− 8).

y

x

R

Cy x
2

-2

3

2 2- =4

11. Green’s theorem cannot be used since x/(x2 + y2) and y/(x2 + y2) are not continuous at (0, 0). With
the parametric equations, x = cos t, y = sin t, −π ≤ t ≤ π,

∫
©∨

C

−y dx + x dy

x2 + y2
=
∫ π

−π

− sin t(− sin t dt) + cos t(cos t dt) =
∫ π

−π

dt = 2π.

12. Since ∇×F =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z

P Q 0

∣∣∣∣∣∣
=
(

∂Q

∂x
− ∂P

∂y

)
k̂,

∫
©∨

C

F · dr =
∫∫

R

(
∂Q

∂x
− ∂P

∂y

)
dA =

∫∫

R

(∇×F) · k̂ dA.
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13. If we set F = P î + Qĵ and n̂ = (dy,−dx)/ds, then

∫
©∨

C

F · n̂ ds =
∫
©∨

C

(P î + Qĵ) · (dy,−dx)
ds

ds =
∫
©∨

C

−Q dx + P dy =
∫∫

R

(
∂P

∂x
+

∂Q

∂y

)
dA =

∫∫

R

∇ · F dA.

14. A =
1
2

∫
©∨

C

x dy − y dx

=
1
2

∫ π

−π

[a cos t(b cos t dt) − b sin t(−a sin t dt)]

=
ab

2

∫ π

−π

dt = πab

y

x

C x t
y t

t

: =acos ,
= bsin ,

pb <

b

ap-

15. Since
dx

dt
=

(1 + t2)(−2t) − (1 − t2)(2t)
(1 + t2)2

=
−4t

(1 + t2)2
, the area enclosed by the strophoid is

A = −
∫
©∨

C

y dx = −
∫ 1

−1

[
t(1 − t2)
1 + t2

] [
−4t

(1 + t2)2

]
dt = 4

∫ 1

−1

t2(1 − t2)
(1 + t2)3

dt

If we set t = tan θ and dt = sec2 θ dθ,

A = 4
∫ π/4

−π/4

tan2 θ(1 − tan2 θ)
sec6 θ

(sec2 θ dθ)

= 4
∫ π/4

−π/4

(sin2 θ cos2 θ − sin4 θ) dθ

= 4
∫ π/4

−π/4

sin2 θ(cos2 θ − sin2 θ) dθ = 4
∫ π/4

−π/4

(
1 − cos 2θ

2

)
cos 2θ dθ

= 2
∫ π/4

−π/4

(
cos 2θ − 1 + cos 4θ

2

)
dθ = 2

{
1
2

sin 2θ − θ

2
− 1

8
sin 4θ

}π/4

−π/4

=
4 − π

2
.

y

x

C

1

16. A =
1
2

∫
©∨

C

x dy − y dx =
1
2

∫ 2π

0

cos3 θ(3 sin2 θ cos θ dθ) − sin3 θ(−3 cos2 θ sin θ dθ)

=
3
2

∫ 2π

0

(cos4 θ sin2 θ + sin4 θ cos2 θ) dθ

=
3
2

∫ 2π

0

cos2 θ sin2 θ dθ =
3
2

∫ 2π

0

1
4

sin2 2θ dθ

=
3
8

∫ 2π

0

(
1 − cos 4θ

2

)
dθ =

3
16

{
θ − sin 4θ

4

}2π

0

=
3π

8

y

x

11

1

C

17. A =
∫
©∨

C

x dy =
∫ π/3

−π/3

cos θ(3 cos 3θ dθ)

= 3
∫ π/3

−π/3

1
2
(cos 4θ + cos 2θ) dθ

=
3
2

{
1
4

sin 4θ +
1
2

sin 2θ

}π/3

−π/3

=
3
√

3
8

y

x

C

1
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18. A =
1
2

∫
©∨

C

x dy − y dx

=
1
2

∫ 2π

0

(2 cos t + cos 2t)(2 cos t − 2 cos 2t) dt

−(2 sin t − sin 2t)(−2 sin t − 2 sin 2t) dt

=
∫ 2π

0

(2 cos2 t − cos t cos 2t − cos2 2t + 2 sin2 t

+ sin t sin 2t − sin2 2t) dt

=
∫ 2π

0

(1 − cos 3t) dt =
{

t − sin 3t

3

}2π

0

= 2π

y

x

C

3-1

19. A =
∫
©∨

C

x dy =
∫ π

−π

(2 cos t − sin 2t)(cos t dt)

=
∫ π

−π

(1 + cos 2t − 2 sin t cos2 t) dt

=
{

t +
1
2

sin 2t +
2
3

cos3 t

}π

−π

= 2π

y

x

1

-1

2-2

C

20. A =
1
2




1 0
0 1
−1 0
0 −1
1 0




=
1
2
[(1 + 1) − (−1 − 1)] = 2

y

x

(0,1)

(1,0)(-1,0)

(0,-1)

21. A =
1
2




1 2
−3 2
4 1
1 2




=
1
2
[(2 − 3 + 8) − (−6 + 8 + 1)] = 2

y

x

(1,2)

(4,1)

(-3,2)

22. A =
1
2




2 −2
5 6
−2 1
1 −3
2 −2




=
1
2
[(12 + 5 + 6− 2) − (−10− 12 + 1 − 6)] = 24

y

x

(-2,1)

(1,-3)

(5,6)

(2,-2)

23. A =
1
2




3 0
1 1
2 5
−4 −4
3 0




=
1
2
[(3 + 5 − 8) − (2 − 20− 12)] = 15

y

x

(2,5)

(1,1)
(3,0)

(-4,-4)
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24. A =
1
2




0 4
−1 0
−2 0
−3 −4
0 −5
6 −2
3 0
2 2
0 4




=
1
2
[(8 + 15 + 6 + 8) − (−4 − 30− 6)] = 77/2

y

x

(0,4)

(2,2)

(3,0)

(6,-2)

(0,-5)

(-3,-4)

(-2,0)
(-1,0)

25. By Green’s theorem,∫
©∨

C

(2xyex2y + 3x2y) dx + x2ex2y dy

=
∫∫

R

(2xex2y + 2x3yex2y − 2xex2y − 2x3yex2y − 3x2) dA

= −12
∫ 2

0

∫ (1/2)
√

4−x2

0

x2 dy dx = −12
∫ 2

0

{
x2y
}(1/2)

√
4−x2

0
dx

= −6
∫ 2

0

x2
√

4 − x2 dx

y

x

x y1

2

2 2/4 + =1

If we set x = 2 sin θ and dx = 2 cos θ dθ,

∫
©∨

C

(2xyex2y + 3x2y) dx + x2ex2y dy = −6
∫ π/2

0

4 sin2 θ(2 cos θ)(2 cos θ dθ) = −96
∫ π/2

0

(
sin 2θ

2

)2

dθ

= −24
∫ π/2

0

(
1 − cos 4θ

2

)
dθ = −12

{
θ − 1

8
sin 4θ

}π/2

0

= −6π.

26. By Green’s theorem,∫
©∨

C

(3x2y3 − x2y) dx + (xy2 + 3x3y2) dy

=
∫∫

R

(y2 + 9x2y2 − 9x2y2 + x2) dA =
∫∫

R

(x2 + y2) dA

= 4
∫ π/2

0

∫ 3

0

r2 r dr dθ = 4
∫ π/2

0

{
r4

4

}3

0

dθ = 81
{
θ
}π/2

0
=

81π

2
.

y

x

=x y3

3

2 2+ 9

27. By Green’s theorem,∫
©∨

C

−x3y2 dx + x2y3 dy =
∫∫

R

(2xy3 + 2x3y) dA

Since the integrand is an odd function of y and
R is symmetric about the x-axis, the integral
has value zero.

y

x

R

x y x y( 2 2+ )3/2 22 -=

28. Since
∫

C′
(x − y)(dx + dy) = 0, we may write

∫

C

(x − y)(dx + dy) =
∫
©∨

C+C′
(x − y)(dx + dy)

= −
∫∫

R

(1 + 1) dA

= −2(Area of R) = −2(2π) = −4π.

y

x

R

x y

C y x

2 2=4+

: =

( 2, ), 2,

( 2, ), 2,- -

2
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29. If C ′ is the y-axis from (0, 1) to (0,−1), then∫

C

(ey − y sin x) dx + (cosx + xey) dy

=
∫
©∨

C′+C

(ey − y sin x) dx + (cosx + xey) dy −
∫

C′
(ey − y sin x) dx + (cos x + xey) dy

=
∫∫

R

(− sin x + ey − ey + sin x) dA

+
∫

−C′
(ey − y sin x) dx + (cosx + xey) dy

=
∫ 1

−1

dy = 2.

y

x

C

C
x y

1

-1

1

=1- 2

30. (a) If we draw curves Γ and Γ′ as shown, then P and Q have continuous first partial derivatives in a
domain that contains R1 and its boundary, and also in a domain that contains R2 and its boundary.
If we apply Green’s theorem to these regions,
denoting their boundaries by β(R1) and
β(R2),∫
©∨

β(R1)

P dx + Q dy =
∫∫

R1

(
∂Q

∂x
− ∂P

∂y

)
dA,

∫
©∨

β(R2)

P dx + Q dy =
∫∫

R2

(
∂Q

∂x
−

∂P

∂y

)
dA.

y

x

R R

C

R

R( )

( )

2

1

2
1

b

b

G

G

C

When these results are added,
∫
©∨

β(R1)

P dx + Q dy +
∫
©∨

β(R2)

P dx + Q dy =
∫∫

R1

(
∂Q

∂x
− ∂P

∂y

)
dA +

∫∫

R2

(
∂Q

∂x
− ∂P

∂y

)
dA.

Now R1 + R2 = R. Furthermore, tracing β(R1) and β(R2) in the directions indicated is equivalent to
tracing C and C ′ in the directions indicated, plus Γ and Γ′ each traversed once in one direction and then
in the reverse direction. Consequently,

∫
©∨

C

P dx + Q dy +
∫
©∨

C′
P dx + Q dy =

∫∫

R

(
∂Q

∂x
− ∂P

∂y

)
dA.

(b) In this case we draw curves Γi and Γ′
i from Ci to C as shown. This divides R into regions Ri and

R′ to which we apply Green’s theorem,∫
©∨

β(Ri)

P dx + Q dy =
∫∫

Ri

(
∂Q

∂x
− ∂P

∂y

)
dA

for i = 1, . . . , n, and∫
©∨

β(R′)

P dx + Q dy =
∫∫

R′

(
∂Q

∂x
− ∂P

∂y

)
dA.

Since R1 + R2 + · · · + Rn + R′ = R, and
traversing the β(Ri) and β(R′) is equivalent

y

x

C

C

C C

R

R

R

RG

G
G

G

G

1

1
2 2

n

n

n

1

2

2
1 Gn

to traversing C and the Ci in the directions
shown, when we add these equations we obtain

∫
©∨

C

P dx + Q dy +
n∑

i=1

∫
©∨

Ci

P dx + Q dy =
∫∫

R

(
∂Q

∂x
− ∂P

∂y

)
dA.

(c) If ∂Q/∂x = ∂P/∂y in R, then in part (a),
∫
©∨

C

P dx + Q dy =
∫
©∨
−C′

P dx + Q dy,

and in part (b),
∫
©∨

C

P dx + Q dy =
n∑

i=1

∫
©∨
−Ci

P dx + Q dy.
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31. The circle C ′: (x − 1)2 + y2 = 1/4 is interior to C, and everywhere except at (1, 0),
∂

∂x

[
−(x − 1)

(x − 1)2 + y2

]
=

∂

∂y

[
y

(x − 1)2 + y2

]
.

Consequently, from Exercise 30(c), (and using the parametric equations
C ′ : x = 1 + (1/2) cos t, y = (1/2) sin t, −π < t ≤ π),∫
©∨

C

y dx − (x − 1) dy

(x − 1)2 + y2
=
∫
©∨

C′

y dx − (x − 1) dy

(x − 1)2 + y2

=
∫ π

−π

(1/2) sin t(−(1/2) sin t dt) − (1/2) cos t(1/2) cos t dt

1/4

=
∫ π

−π

−dt = −2π.

y

x

C

C

2

2
1

32. The circle C ′: x2 + y2 = 4 encloses C, and
everywhere except at (0, 0),

∂

∂x

[
x3

(x2 + y2)2

]
=

∂

∂y

[
−x2y

(x2 + y2)2

]
.

Hence, by Exercise 30(c), (and using the parametric
equations C ′ : x = 2 cos t, y = 2 sin t, −π < t ≤ π),

y
C

C

2

2

1

x

∫
©∨

C

−x2y dx + x3 dy

(x2 + y2)2
=
∫
©∨

C′

−x2y dx + x3 dy

(x2 + y2)2

=
∫ π

−π

−4 cos2 t 2 sin t(−2 sin t dt) + (2 cos t)3(2 cos t dt)
16

=
∫ π

−π

(cos2 t sin2 t + cos4 t) dt =
∫ π

−π

cos2 t dt

=
∫ π

−π

(
1 + cos 2t

2

)
dt =

1
2

{
t +

sin 2t

2

}π

−π

= π.

33. The circle C ′: x2 + y2 = 1 is interior to C, and everywhere except at (0, 0),
∂

∂x

(
x

x2 + y2

)
=

∂

∂y

(
−y

x2 + y2

)
.

Hence, by Exercise 30(c), (and using the parametric equations
C ′ : x = cos t, y = sin t, −π < t ≤ π),∫
©∨

C

−y dx + x dy

x2 + y2
=
∫
©∨

C′

−y dx + x dy

x2 + y2

=
∫ π

−π

− sin t(− sin t dt) + cos t(cos t dt) =
∫ π

−π

dt = 2π.

y

x

CC

2
1

1

2

34. Suppose C is a curve enclosing the origin in the counterclockwise sense. It is always possible to find a
circle C ′ of radius r > 0 centred at the origin which is interior to C. Since ∂Q/∂x = ∂P/∂y in a domain
containing C and C ′ and the area between them, it follows by Exercise 30(c) that∫
©∨

C

−y dx + x dy

x2 + y2
=
∫
©∨

C′

−y dx + x dy

x2 + y2

=
∫ π

−π

(−r sin t)(−r sin t dt) + r cos t(r cos t dt)
r2

=
∫ π

−π

dt = 2π,

where we have used the parametric equations
C ′ : x = r cos t, y = r sin t, −π < t ≤ π. If C encloses
the origin in the opposite direction, then the value of the
line integral is −2π.

y

x

C

C
r

r
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35. (a) Since ∇[(1/2) ln (x2 + y2)] = (xî + yĵ)/(x2 + y2), the line integral is independent of path in any
domain not containing (0, 0).
(b) Since the line integral is independent of path in the domain consisting of the xy-plane with (0, 0)
removed, the value of the line integral is zero.

36. According to Exercise 13,
∫
©∨

C

∂P

∂n
ds =

∫
©∨

C

∇P · n̂ ds =
∫∫

R

∇ · ∇P dA =
∫∫

R

[
∂

∂x

(
∂P

∂x

)
+

∂

∂y

(
∂P

∂y

)]
dA =

∫∫

R

∇2P dA.

If P satisfies Laplace’s equation in R, then ∇2P = 0, and
∫
©

C

∂P

∂n
ds = 0.

37. Using Green’s theorem in the form of Exercise 13, we may write that
∫
©∨

C

(P ∇Q) · n̂ ds =
∫∫

R

∇ · (P ∇Q) dA.

Using identity 14.11 on the right side gives
∫
©∨

C

P
∂Q

∂n
ds =

∫∫

R

(∇P · ∇Q + P ∇ · ∇Q) dA =
∫∫

R

∇P · ∇Q dA +
∫∫

R

P ∇2Q dA.

38. If we reverse the roles of P and Q in Exercise 37,
∫
©∨

C

Q∂P

∂n
ds =

∫∫

R

Q∇2P dA +
∫∫

R

∇Q · ∇P dA.

When we subtract this result from that in Exercise 37, we obtain
∫
©∨

C

(
P

∂Q

∂n
− Q

∂P

∂n

)
ds =

∫∫

R

(P∇2Q − Q∇2P ) dA.

39. According to Exercise 19(a) in Section 14.4, if C is the unit circle x2 +y2 = 1 directed counterclockwise,
the value of the line integral is 2π. Notice that

∂

∂x

(
x

x2 + y2

)
=

y2 − x2

(x2 + y2)2
,

∂

∂y

(
−y

x2 + y2

)
=

y2 − x2

(x2 + y2)2
,

and this is valid everywhere except at (0, 0). According to Exercise 30(c), the value of the line integral
around every other curve (besides x2 +y2 = 1) that encloses the origin in the same direction is also equal
to 2π. For a curve encircling the origin n times, the value is ±2πn, the ± depending on the direction of
the curve. If a curve does not encircle the origin, then Green’s theorem can be involked to yield a value
of zero. The only possible values are therefore 2πn (n an integer).

EXERCISES 14.7

1.
∫∫

S

(x2y + z) dS =
∫∫

Sxy

(x2y + z)

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA

=
∫∫

Sxy

(x2y + 6 − 2x − 3y)
√

1 + (−2)2 + (−3)2 dA

=
√

14
∫ 3

0

∫ 2−2x/3

0

(x2y + 6 − 2x − 3y) dy dx =
√

14
∫ 3

0

{
x2y2

2
+ 6y − 2xy −

3y2

2

}2−2x/3

0

dx

=
2
√

14
9

∫ 3

0

(27 − 18x + 12x2 − 6x3 + x4) dx =
2
√

14
9

{
27x − 9x2 + 4x3 − 3x4

2
+

x5

5

}3

0

=
39

√
14

5
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2.
∫∫

S

(x2 + y2)z dS

=
∫∫

Sxy

(x2 + y2)(x + y)

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA

=
∫∫

Sxy

(x2 + y2)(x + y)
√

1 + (1)2 + (1)2 dA

=
√

3
∫ 1

0

∫ 1−x

0

(x3 + xy2 + x2y + y3) dy dx

=
√

3
∫ 1

0

{
x3y +

xy3

3
+

x2y2

2
+

y4

4

}1−x

0

dx

=
√

3
12

∫ 1

0

[4x − 6x2 + 12x3 − 10x4 + 3(1− x)4] dx

=
√

3
12

{
2x2 − 2x3 + 3x4 − 2x5 − 3

5
(1 − x)5

}1

0

=
2
√

3
15

z

x

y

z x y

x y

Sxy

1

1
+ =1

= +

3. Integrals over S3, S4, and S5 in
the coordinate planes vanish.∫∫

S1

xyz dS =
∫∫

Syz

yz dA

=
∫ 1

0

∫ 1

0

yz dz dy =
∫ 1

0

{
yz2

2

}1

0

dy

=
1
2

∫ 1

0

y dy =
1
2

{
y2

2

}1

0

=
1
4

Integrals over S2 and S6 are the same.
Hence, the integral over S is 3(1/4) = 3/4.

S

S

S

S

S

S

1

1

2

3

1

4

5
6

1

x

y

z

4.
∫∫

S

xy dS =
∫∫

Sxy

xy

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA

=
∫∫

Sxy

xy

√√√√1 +

(
x√

x2 + y2

)2

+

(
y√

x2 + y2

)2

dA

=
√

2
∫∫

Sxy

xy dA =
√

2
∫ 1

0

∫ √
1−x2

0

xy dy dx

=
√

2
∫ 1

0

{
xy2

2

}√
1−x2

0

dx =
1√
2

∫ 1

0

(x − x3) dx

=
1√
2

{
x2

2
− x4

4

}1

0

=
1

4
√

2

y

z

z x y

x y

Sxy1

1

= 2 2+

2 2=+ 1

,

x

5.
∫∫

S

1√
z − y + 1

dS =
∫∫

Sxy

1√
z − y + 1

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA

=
∫∫

Sxy

1√
x2/2 + y − y + 1

√
1 + (x)2 + (1)2 dA =

√
2
∫∫

Sxy

dA =
√

2(1) =
√

2
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6.
∫∫

S

√
4y + 1 dS =

∫∫

Sxz

√
4x2 + 1

√
1 +

(
∂y

∂x

)2

+
(

∂y

∂z

)2

dA =
∫∫

Sxz

√
4x2 + 1

√
1 + (2x)2 dA

=
∫∫

Sxz

(1 + 4x2) dA =
∫ √

2−1

0

∫ 1−2x−x2

0

(1 + 4x2) dz dx

=
∫ √

2−1

0

(1 + 4x2)(1 − 2x − x2) dx

=
∫ √

2−1

0

(1 − 2x + 3x2 − 8x3 − 4x4) dx

=
{

x − x2 + x3 − 2x4 − 4x5

5

}√
2−1

0

=
44

√
2 − 61
5

z

x y

1

1
1/2

y x

x y z

Sxz

x x z
y

2 ++2 =1
= 0

2 + + =1

= 2
,

7.
∫∫

S

x2z dS =
∫∫

S1

x2z dS +
∫∫

S2

x2z dS On S1 and S2,

dS =

√
1 +

(
∂y

∂x

)2

+
(

∂y

∂z

)2

dA

=

√
1 +

(
∓x√
1 − x2

)2

dA =
1√

1 − x2
dA.

Hence,
y

z

SS
Sxz

1

1

1

2
1

x
∫∫

S

x2z dS =
∫∫

Sxz

x2z√
1 − x2

dA +
∫∫

Sxz

x2z√
1 − x2

dA

= 4
∫ 1

0

∫ 1

0

x2z√
1 − x2

dz dx = 4
∫ 1

0

{
x2z2

2
√

1 − x2

}1

0

dx = 2
∫ 1

0

x2

√
1 − x2

dx.

If we set x = sin θ and dx = cos θ dθ,

∫∫

S

x2z dS = 2
∫ π/2

0

sin2 θ

cos θ
(cos θ dθ) = 2

∫ π/2

0

(
1 − cos 2θ

2

)
dθ =

{
θ − 1

2
sin 2θ

}π/2

0

=
π

2
.

8.
∫∫

S

(x + y) dS =
∫∫

S1

(x + y) dS +
∫∫

S2

(x + y) dS

+
∫∫

S3

(x + y) dS +
∫∫

S4

(x + y) dS

=
∫∫

S1xy

(x + y)
√

1 + (−3)2 + (3/2)2 dA

+
∫∫

S2xz

x dA +
∫∫

S3yz

y dA +
∫∫

S4xy

(x + y) dA.

Since S1xy = S4xy,

x
y

z
3

-2

1

S

S

S

S

3

21

4

∫∫

S

(x + y) dS =
9
2

∫∫

S1xy

(x + y) dA +
∫∫

S2xz

x dA +
∫∫

S3yz

y dA

=
9
2

∫ 1

0

∫ 0

2x−2

(x + y) dy dx +
∫ 1

0

∫ 3−3x

0

x dz dx +
∫ 0

−2

∫ 3+3y/2

0

y dz dy
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=
9
2

∫ 1

0

{
xy +

y2

2

}0

2x−2

dx +
∫ 1

0

{
xz
}3−3x

0
dx +

∫ 0

−2

{
yz
}3+3y/2

0
dy

=
9
4

∫ 1

0

[−4x2 + 4x − 4(x − 1)2] dx + 3
∫ 1

0

(x − x2) dx +
3
2

∫ 0

−2

(2y + y2) dy

=
9
4

{
−4x3

3
+ 2x2 − 4(x − 1)3

3

}1

0

+ 3
{

x2

2
− x3

3

}1

0

+
3
2

{
y2 +

y3

3

}0

−2

= −3.

9. For projection in the xy-plane, dS =
√

1 + (−2x)2 + (−8y)2 dA =
√

1 + 4x2 + 64y2 dA. Thus,

∫∫

S

f(x, y, z) dS =
∫ 1

0

∫ √
4−4y2

0

f(x, y, 4 − x2 − 4y2)
√

1 + 4x2 + 64y2 dx dy

For projection in the xz-plane,

dS =

√
1 +

(
−x

2
√

4 − x2 − z

)2

+
(

−1
4
√

4 − x2 − z

)2

dA =
1
4

√
65− 12x2 − 16z

4 − x2 − z
dA.

Thus,

∫∫

S

f(x, y, z) dS =
1
4

∫ 2

0

∫ 4−x2

0

f(x,
√

4 − x2 − z/2, z)

√
65 − 12x2 − 16z

4 − x2 − z
dz dx.

For projection in the yz-plane,

dS =

√√√√1 +

(
−4y√

4 − 4y2 − z

)2

+

(
−1

2
√

4 − 4y2 − z

)2

dA =
1
2

√
17 + 48y2 − 4z

4 − 4y2 − z
dA.

Thus,

∫∫

S

f(x, y, z) dS =
1
2

∫ 1

0

∫ 4−4y2

0

f(
√

4 − 4y2 − z, y, z)

√
17 + 48y2 − 4z

4 − 4y2 − z
dz dy.

10. If S is that portion of the cone in the first octant,

Area = 4
∫∫

S

dS = 4
∫∫

Sxy

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA

= 4
∫∫

Sxy

√√√√1 +

(
hx

R
√

x2 + y2

)2

+

(
hy

R
√

x2 + y2

)2

dA

=
4
√

R2 + h2

R

∫∫

Sxy

dA =
4
√

R2 + h2

R
(Area of Sxy)

=
4
√

R2 + h2

R

(
1
4
πR2

)
= πR

√
R2 + h2.

y

z

z x y

Sxy

= 2 2+,

x

h
R

R

R

11. Since xyz3 is an odd function of y and the surface is symmetric about the xz-plane, the integral has
value zero.
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12.
∫∫

S

xyz dS =
∫∫

Sxz

xyz

√
1 +

(
∂y

∂x

)2

+
(

∂y

∂z

)2

dA

=
∫∫

Sxz

xyz

√
1 +

(
−1

4
√

9 − x

)2

dA

=
∫∫

Sxz

xyz

√
145− 16x

16(9− x)
dA

=
1
4

∫ 9

0

∫ 3

0

xz

√
9− x

2

√
145− 16x

9 − x
dz dx

=
1
8

∫ 9

0

{
x
√

145− 16x
z2

2

}3

0

dx =
9
16

∫ 9

0

x
√

145− 16x dx

z

y

x

Sxz

9

3/2

3

2 = 9-y x,

If we now set u = 145− 16x, then du = −16 dx, and
∫∫

S

xyz dS =
9
16

∫ 1

145

(
145− u

16

)√
u

(
du

−16

)
=

−9
4096

{
290u3/2

3
−

2u5/2

5

}1

145

=
3(1455/2 − 361)

5120
.

13. If Sxy is the projection of the surface in the xy-plane,

dS =

√√√√1 +

(
−x√

a2 − x2 − y2

)2

+

(
−y√

a2 − x2 − y2

)2

dA =
a√

a2 − x2 − y2
dA.

Thus,

∫∫

S

1√
2az − z2

dS =
∫∫

Sxy

1√
x2 + y2

a√
a2 − x2 − y2

dA = a

∫ π/2

0

∫ a sin θ

0

1
r
√

a2 − r2
r dr dθ

= a

∫ π/2

0

∫ a sin θ

0

1√
a2 − r2

dr dθ.

If we set r = a sin φ and dr = a cosφ dφ,
∫∫

S

1√
2az − z2

dS = a

∫ π/2

0

∫ θ

0

1
a cosφ

(a cosφ dφ) = a

∫ π/2

0

{
φ
}θ

0
dθ = a

∫ π/2

0

θ dθ = a

{
θ2

2

}π/2

0

=
aπ2

8
.

14. We quadruple the integral over that part of the surface in the first octant.
∫∫

S

z dS = 4
∫∫

Sxy

z

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA

= 4
∫∫

Sxy

z

√
1 +

(x

z

)2

+
(y

z

)2

dA

= 4
∫∫

Sxy

z

√
x2 + y2 + z2

z2
dA

= 4
∫∫

Sxy

√
2x2 + 2y2 − 1 dA

= 4
∫ π/2

0

∫ √
2

1

√
2r2 − 1 r dr dθ

= 4
∫ π/2

0

{
(2r2 − 1)3/2

6

}√
2

1

dθ =
2(3

√
3 − 1)
3

{
θ
}π/2

0
=

π(3
√

3 − 1)
3

x

y

z

1

1
2

1

,

2,

x y z2 2 2+1=+

Sxy



EXERCISES 14.7 981

15. We quadruple the integral over that part of the surface in the first octant.
∫∫

S

x2y2 dS = 4
∫∫

Sxy

x2y2

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA = 4
∫∫

Sxy

x2y2
√

1 + (2x)2 + (2y)2 dA

= 4
∫ π/2

0

∫ 1

0

r4 cos2 θ sin2 θ
√

1 + 4r2 r dr dθ

If we set u = 1 + 4r2 and du = 8r dr,

∫∫

S

x2y2 dS = 4
∫ π/2

0

∫ 5

1

cos2 θ sin2 θ

(
u − 1

4

)2 √
u

(
du

8

)
dθ

=
1
32

∫ π/2

0

∫ 5

1

cos2 θ sin2 θ(u5/2 − 2u3/2 +
√

u) du dθ

=
1
32

∫ π/2

0

{
cos2 θ sin2 θ

(
2u7/2

7
− 4u5/2

5
+

2u3/2

3

)}5

1

dθ =
125

√
5 − 1

210

∫ π/2

0

(
sin 2θ

2

)2

dθ

=
125

√
5 − 1

840

∫ π/2

0

(
1 − cos 4θ

2

)
dθ =

125
√

5 − 1
1680

{
θ − 1

4
sin 4θ

}π/2

0

=
(125

√
5 − 1)π

3360
.

16. We quadruple the integral over that part of the surface in the first octant.
∫∫

S

x2 dS = 4
∫∫

Sxy

x2

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA

= 4
∫∫

Sxy

x2
√

1 + y2 + x2 dA

= 4
∫ 2

0

∫ π/2

0

r2 cos2 θ
√

1 + r2 r dθ dr

= 4
∫ 2

0

∫ π/2

0

r3
√

1 + r2

(
1 + cos 2θ

2

)
dθ dr

= 2
∫ 2

0

{
r3
√

1 + r2

(
θ +

sin 2θ

2

)}π/2

0

dr = π

∫ 2

0

r3
√

1 + r2 dr

If we set u = 1 + r2, then du = 2r dr, and

y

z

x y

z xy

Sxy

2 2+ =4

2

2

=

x

∫∫

S

x2 dS = π

∫ 5

1

(u − 1)
√

u

(
du

2

)
=

π

2

∫ 5

1

(u3/2 −
√

u) du =
π

2

{
2u5/2

5
− 2u3/2

3

}5

1

=
(50

√
5 + 2)π
15

.

17.
∫∫

S

z(y + x2) dS =
∫∫

Sxz

z(y + x2)

√
1 +

(
∂y

∂x

)2

+
(

∂y

∂z

)2

dA =
∫∫

Sxz

z(1 − x2 + x2)
√

1 + (−2x)2 dA

= 2
∫ 1

0

∫ 2

0

z
√

1 + 4x2 dz dx = 2
∫ 1

0

{
z2

2

√
1 + 4x2

}2

0

dx = 4
∫ 1

0

√
1 + 4x2 dx

If we set x = (1/2) tan θ and dx = (1/2) sec2 θ dθ, and use Example 8.9,

∫∫

S

z(y + x2) dS = 4
∫ Tan−12

0

sec θ(1/2) sec2 θ dθ = 2
∫ Tan−12

0

sec3 θ dθ

=
{

sec θ tan θ + ln | sec θ + tan θ|
}Tan−12

0
= 2

√
5 + ln (

√
5 + 2).
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18. The surface integral over S is eight times
that over that part of the the upper hemisphere
z =

√
R2 − x2 − y2 in the first octant. Since

dS =

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA

=

√
1 +

x2

R2 − x2 − y2
+

y2

R2 − x2 − y2
dA

=
R√

R2 − x2 − y2
dA,

it follows that x

y

z
R

R

R
Sxy

∫∫

S

dS = 8
∫∫

Sxy

R√
R2 − x2 − y2

dA = 8R

∫ π/2

0

∫ R

0

1√
R2 − r2

r dr dθ

= 8R

∫ π/2

0

{
−
√

R2 − r2
}R

0
dθ = 8R2

{
θ
}π/2

0
= 4πR2.

Alternatively, using area element 14.56,
∫∫

S

dS = 8
∫ π/2

0

∫ π/2

0

R2 sin φ dφ dθ = 8R2

∫ π/2

0

{
− cosφ

}π/2

0
dθ = 8R2

{
θ
}π/2

0
= 4πR2.

19. If Sxy is the projection of the first octant part of the sphere in the xy-plane,

dS =

√√√√1 +

(
−x√

1 − x2 − y2

)2

+

(
−y√

1 − x2 − y2

)2

dA =
1√

1 − x2 − y2
dA.

Thus,
∫∫

S

x2z2 dS = 8
∫∫

Sxz

x2(1 − x2 − y2)
1√

1 − x2 − y2
dA = 8

∫ π/2

0

∫ 1

0

r2 cos2 θ
√

1 − r2 r dr dθ.

If we set u = 1 − r2 and du = −2r dr,
∫∫

S

x2z2 dS = 8
∫ π/2

0

∫ 0

1

(1 − u)
√

u cos2 θ

(
du

−2

)
dθ = 4

∫ π/2

0

∫ 1

0

(
√

u − u3/2) cos2 θ du dθ

= 4
∫ π/2

0

{(
2u3/2

3
− 2u5/2

5

)
cos2 θ

}1

0

dθ =
16
15

∫ π/2

0

(
1 + cos 2θ

2

)
dθ

=
8
15

{
θ +

1
2

sin 2θ

}π/2

0

=
4π

15
.

Alternatively, using area element 14.56 with R = 1,
∫∫

S

x2z2 dS = 8
∫ π/2

0

∫ π/2

0

(sin2 φ cos2 θ) cos2 φ sin φ dφ dθ

= 8
∫ π/2

0

∫ π/2

0

cos2 θ(1 − cos2 φ) cos2 φ sin φ dφ dθ

= 8
∫ π/2

0

{
cos2 θ

(
−

1
3

cos3 φ +
1
5

cos5 φ

)}π/2

0

dθ =
16
15

∫ π/2

0

(
1 + cos 2θ

2

)
dθ

=
8
15

{
θ +

1
2

sin 2θ

}π/2

0

=
4π

15
.
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20. The hemisphere projects one-to-one onto the
circle Sxy : x2 + y2 ≤ 9, z = 0. Since

dS =

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA

=

√
1 +

x2

9 − x2 − y2
+

y2

9 − x2 − y2
dA

=
3√

9 − x2 − y2
dA,

it follows that

z

x

y

x y z2 2+ =+ 2 93

3

3
Sxy

∫∫

S

(x2 − y2) dS =
∫∫

Sxy

3(x2 − y2)√
9 − x2 − y2

dA = 3
∫ 3

0

∫ π

−π

(r2 cos2 θ − r2 sin2 θ)√
9 − r2

r dθ dr

= 3
∫ 3

0

∫ π

−π

r3

√
9 − r2

cos 2θ dθ dr = 3
∫ 3

0

{
r3

√
9 − r2

sin 2θ

2

}π

−π

dr = 0.

Alternatively, using dS = R2 sinφ dφ dθ, with R = 3,

∫∫

S

(x2 − y2) dS =
∫ π

−π

∫ π/2

0

(9 sin2 φ cos2 θ − 9 sin2 φ sin2 θ) 9 sinφ dφ dθ

= 81
∫ π

−π

∫ π/2

0

sin3 φ cos 2θ dφ dθ = 81
∫ π

−π

∫ π/2

0

sin φ(1 − cos2 φ) cos 2θ dφ dθ

= 81
∫ π

−π

{(
− cosφ +

cos3 φ

3

)
cos 2θ

}π/2

0

dθ = 54
{

sin 2θ

2

}π

−π

= 0.

21. If Sxy is the projection of the sphere in the xy-plane,

dS =

√√√√1 +

(
−x√

R2 − x2 − y2

)2

+

(
−y√

R2 − x2 − y2

)2

dA =
R√

R2 − x2 − y2
dA.

Thus,
∫∫

S

(x2 + y2) dS = 2
∫∫

Sxy

(x2 + y2)
R√

R2 − x2 − y2
dA = 8R

∫ π/2

0

∫ R

0

r2

√
R2 − r2

r dr dθ.

If we set u = R2 − r2 and du = −2r dr,

∫∫

S

(x2 + y2) dS = 8R

∫ π/2

0

∫ 0

R2

R2 − u√
u

(
du

−2

)
dθ = 4R

∫ π/2

0

∫ R2

0

(
R2

√
u
−
√

u

)
du dθ

= 4R

∫ π/2

0

{
2R2

√
u − 2u3/2

3

}R2

0

dθ =
16R4

3

{
θ
}π/2

0
=

8πR4

3
.

Alternatively, if we use area element 14.56,

∫∫

S

(x2 + y2) dS = 8
∫ π/2

0

∫ π/2

0

R2 sin2 φR2 sin φ dφ dθ = 8R4

∫ π/2

0

∫ π/2

0

(1 − cos2 φ) sin φ dφ dθ

= 8R4

∫ π/2

0

{
− cosφ +

1
3

cos3 φ

}π/2

0

dθ =
16R4

3

{
θ
}π/2

0
=

8πR4

3
.
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22. The first octant part of the surface projects one-to-one
onto the area Sxy : 3R2 ≤ x2 + y2 ≤ 4R2 in the first quadrant
of the xy-plane. Since

dS =

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA

=

√
1 +

x2

4R2 − x2 − y2
+

y2

4R2 − x2 − y2
dA

=
2R√

4R2 − x2 − y2
dA,

it follows that

y

x

z
x y z R

R

z R

R

R

R

Sxy

=

23

2

2
2 2 2=4 2++

R

,

R3
,

∫∫

S

1
x2 + y2

dS = 4
∫∫

Sxy

1
x2 + y2

2R√
4R2 − x2 − y2

dA

= 8R

∫ 2R

√
3R

∫ π/2

0

1
r2
√

4R2 − r2
r dθ dr = 4πR

∫ 2R

√
3R

1
r
√

4R2 − r2
dr.

If we set r = 2R sin φ and dr = 2R cosφ dφ, then

∫∫

S

1
x2 + y2

dS = 4πR

∫ π/2

π/3

1
2R sinφ 2R cosφ

2R cosφ dφ = 2π

∫ π/2

π/3

cscφ dφ

= 2π
{
ln | csc φ − cotφ|

}π/2

π/3
= π ln 3.

Alternatively, using area element 14.56,

∫∫

S

1
x2 + y2

dS = 4
∫ π/2

0

∫ π/2

π/3

1
4R2 sin2 φ cos2 θ + 4R2 sin2 φ sin2 θ

4R2 sin φ dφ dθ

= 4
∫ π/2

0

∫ π/2

π/3

cscφ dφ dθ = 4
∫ π/2

0

{
ln | csc φ − cotφ|

}π/2

π/3
dθ = π ln 3.

23. The thickness of material as a function of φ is ρ(φ) =
0.004φ

π
+ 0.001 =

4φ + π

1000π
. Using area element

14.56 with R = 1,

V =
∫∫

S

ρ dS =
∫ π

−π

∫ π

0

4φ + π

1000π
sin φ dθ dφ =

1
1000π

∫ π

0

{
(4φ + π) sin φ θ

}π

−π
dφ =

1
500

∫ π

0

(4φ + π) sin φ dφ.

If we set u = 4φ + π, dv = sinφ dφ, du = 4 dφ, and v = − cosφ,

V =
1

500

[{
−(4φ + π) cos φ

}π

0
−
∫ π

0

−4 cosφ dφ

]
=

1
500

(
6π + 4

{
sinφ

}π

0

)
=

3π

250
m3.

24. If S projects one-to-one onto Sxy, then an element of area dS on S is related to its projection dA in the

xy-plane by dS =

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA, where

∂z

∂x
= −

∂(F )
∂(x)
∂(F )
∂(z)

= −Fx

Fz
and

∂z

∂y
= −

∂(F )
∂(y)
∂(F )
∂(z)

= −Fy

Fz
.

Thus, dS =

√
1 +

(
−Fx

Fz

)2

+
(
−Fy

Fz

)2

dA =

√
(Fx)2 + (Fy)2 + (Fz)2

|Fz |
dA =

|∇F |
|Fz|

dA, and
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∫∫

S

f(x, y, z) dS =
∫∫

Sxy

f [x, y, g(x, y)]
|∇F |
|Fz|

dA,

where z = g(x, y) on S.
25. (a) If Sxy is the projection of the first octant part of z2 = x2 + y2 in the xy-plane,

dS =

√√√√1 +

(
x√

x2 + y2

)2

+

(
y√

x2 + y2

)2

dA =
√

2 dA.

Thus, A = 4
∫∫

Sxy

√
2 dA = 4

√
2
(π

2

)
= 2

√
2π.

(b) The projection in the xz-plane of the curve of intersection of the cone and the cylinder in the first

octant has equation z =
√

2x. Since dS =

√
1 +

(
1 − x√
2x − x2

)2

dA =
1√

2x − x2
dA,

A = 4
∫∫

Sxz

1√
2x − x2

dA = 4
∫ 2

0

∫ √
2x

0

1√
2x − x2

dz dx = 4
∫ 2

0

√
2x√

2x − x2
dx

= 4
√

2
∫ 2

0

1√
2 − x

dx = 4
√

2
{
−2

√
2 − x

}2

0
= 16.

EXERCISES 14.8

1. Since n̂ = (1, 1, 1)/
√

3,

∫∫

S

(xî + yk̂) · n̂ dS =
∫∫

Sxy

x + y√
3

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA =
1√
3

∫∫

Sxy

(x + y)
√

1 + (−1)2 + (−1)2 dA

=
∫ 3

0

∫ 3−x

0

(x + y) dy dx =
∫ 3

0

{
1
2
(x + y)2

}3−x

0

dx =
1
2

∫ 3

0

(9 − x2) dx =
1
2

{
9x − x3

3

}3

0

= 9.

2. Since n̂ =
∇(y − x2)
|∇(y − x2)|

=
(−2x, 1, 0)√

4x2 + 1
,

∫∫

S

(yz2î + yexĵ + xk̂) · n̂ dS =
∫∫

Sxz

−2xyz2 + yex

√
4x2 + 1

√
1 +

(
∂y

∂x

)2

+
(

∂y

∂z

)2

dA

=
∫∫

Sxz

−2x3z2 + x2ex

√
4x2 + 1

√
1 + (2x)2 dA

=
∫ 2

−2

∫ 1

0

(x2ex − 2x3z2) dz dx =
∫ 2

−2

{
x2zex −

2x3z3

3

}1

0

dx

=
∫ 2

−2

(
x2ex − 2x3

3

)
dx =

{
x2ex − 2xex + 2ex − x4

6

}2

−2

= 2e2 − 10e−2.

x y

z

y x

Sxz

1

2

-2

= 2

n̂

3. Since n̂ =
∇(x2 + y2 + z2 − 1)
|∇(x2 + y2 + z2 − 1)|

=
(x, y, z)√

x2 + y2 + z2
= (x, y, z),

∫∫

S

(xî + yĵ + zk̂) · n̂ dS =
∫∫

S

(x2 + y2 + z2) dS =
∫∫

S

dS =
1
2
(4π) = 2π.
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4. Since n̂ =
∇(x2 + y2 − z)
|∇(x2 + y2 − z)|

=
(2x, 2y,−1)√
1 + 4x2 + 4y2

,
∫∫

S

(yzî + zxĵ + xyk̂) · n̂ dS

=
∫∫

Sxy

2xyz + 2xyz − xy√
1 + 4x2 + 4y2

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA

=
∫∫

Sxy

4xy(x2 + y2) − xy√
1 + 4x2 + 4y2

√
1 + (2x)2 + (2y)2 dA

=
∫ 1

−1

∫ 1

−1

(4x3y + 4xy3 − xy) dy dx

=
∫ 1

−1

{
2x3y2 + xy4 − xy2

2

}1

−1

dx = 0. x
y

z

z x y

Sxy
1

1

= 2 2+

n̂

5. Let S1 be the hemisphere and S2 be that part of the xy-plane bounded by x2 + y2 = 4.

On S1, n̂ =
∇(x2 + y2 + z2 − 1)
|∇(x2 + y2 + z2 − 1)|

=
(x, y, z)√

x2 + y2 + z2
=

(x, y, z)
2

, and on S2, n̂ = −k̂. Thus,

∫∫
⊂⊃

S

(zî− xĵ + yk̂) · n̂ dS =
1
2

∫∫

S1

(xz − xy + yz) dS +
∫∫

S2

−y dS.

The integral over S2 is zero since y is an odd function of y and S2 is symmetric about the xz-plane. If
Sxy is the projection of S1 in the xy-plane,

∫∫
⊂⊃

S

(zî− xĵ + yk̂) · n̂ dS =
1
2

∫∫

Sxy

(xz − xy + yz)

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA

=
1
2

∫∫

Sxy

(xz − xy + yz)

√√√√1 +

(
−x√

4 − x2 − y2

)2

+

(
−y√

4 − x2 − y2

)2

dA

=
1
2

∫∫

Sxy

[(x + y)
√

4 − x2 − y2 − xy]
2√

4 − x2 − y2
dA.

Since x
√

4 − x2 − y2 − xy is an odd function of x, and y
√

4 − x2 − y2 is an odd function of y, and Sxy

is symmetric about the x- and y-axes, this integral is also equal to zero.

6. Since n̂ =
∇(x2 + y2 − z2)
|∇(x2 + y2 − z2)|

=
(2x, 2y,−2z)√
4x2 + 4y2 + 4z2

=
(x, y,−z)√

2z
,

∫∫

S

(xî + yĵ) · n̂ dS =
∫∫

Sxy

x2 + y2

√
2z

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA

=
1√
2

∫∫

Sxy

x2 + y2

z

√√√√1 +

(
x√

x2 + y2

)2

+

(
y√

x2 + y2

)2

dA

=
1√
2

∫∫

Sxy

x2 + y2

√
x2 + y2

√
2 dA = 4

∫ π/2

0

∫ 1

0

r r dr dθ = 4
∫ π/2

0

{
r3

3

}1

0

dθ =
4
3

{
θ
}π/2

0
=

2π

3
.

x

y

z

z x y

Sxy
1

1

n̂

= 2 2+,
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7. Since n̂ =
∇(x2 + y2 − 9)
|∇(x2 + y2 − 9)|

=
(2x, 2y, 0)√
4x2 + 4y2

=
(x, y, 0)

3
,

∫∫

S

(xyzî− xĵ + zk̂) · n̂ dS =
1
3

∫∫

Sxz

(x2yz − xy)

√
1 +

(
∂y

∂x

)2

+
(

∂y

∂z

)2

dA

=
1
3

∫∫

Sxz

(x2z − x)y

√
1 +

(
−x√
9 − x2

)2

dA

=
1
3

∫∫

Sxz

(x2z − x)
√

9 − x2
3√

9 − x2
dA

=
∫ 3/

√
2

−3/
√

2

∫ 2

0

(x2z − x) dz dx =
∫ 3/

√
2

−3/
√

2

{
x2z2

2
− xz

}2

0

dx

=
∫ 3/

√
2

−3/
√

2

(2x2 − 2x) dx =
{

2x3

3
− x2

}3/
√

2

−3/
√

2

= 9
√

2.

8. Since n̂ =
∇(2 − x2 − y2 − z)
|∇(2 − x2 − y2 − z)|

=
(−2x,−2y,−1)√

1 + 4x2 + 4y2
,

∫∫

S

(x2yî + xyĵ + zk̂) · n̂ dS

=
∫∫

Sxy

−2x3y − 2xy2 − z√
1 + 4x2 + 4y2

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA

=
∫∫

Sxy

−(2x3y + 2xy2 + 2 − x2 − y2)√
1 + 4x2 + 4y2

√
1 + (−2x)2 + (−2y)2 dA

= −
∫∫

Sxy

[2x3y + 2xy2 + 2 − (x2 + y2)] dA.

z

x

y

z x y

Sxy
2

=2- 22-

n̂

,

2
,

2

Because the first two terms are odd functions of x and Sxy is symmetric about the y-axis, their double
integral vanishes, and

∫∫

S

(x2yî + xyĵ + zk̂) · n̂ dS = −
∫ π

−π

∫ √
2

0

(2 − r2) r dr dθ = −
∫ π

−π

{
r2 −

r4

4

}√
2

0

dθ = −
{
θ
}π

−π
= −2π.

9. On S1, n̂ = −î, and therefore∫∫

S1

(yzî + xzĵ + xyk̂) · n̂ dS

=
∫∫

S1

−yz dA =
∫ 1

0

∫ 2−z

z

−yz dy dz

= −
∫ 1

0

{
y2z

2

}2−z

z

dz = −
1
2

∫ 1

0

(4z − 4z2) dz

= −1
2

{
2z2 − 4z3

3

}1

0

= −1
3
.

On S2, n̂ = î, and therefore

x

y

z

z y

y z

S

S

SS

S

=

+ = 2

1

(0,1,1)

4

2 5

3

2

2

∫∫

S2

(yzî + xzĵ + xyk̂) · n̂ dS =
∫∫

S2

yz dS =
∫∫

S1

yz dA =
1
3
.

On S3, n = (0, 1, 1)/
√

2, and therefore
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∫∫

S3

(yzî + xzĵ + xyk̂) · n̂ dS =
∫∫

S3

(
xz + xy√

2

)
dS =

1√
2

∫∫

Sxy

x(2)

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA

=
√

2
∫∫

Sxy

x
√

1 + (−1)2 dA = 2
∫ 2

0

∫ 2

1

x dy dx

= 2
∫ 2

0

{
xy
}2

1
dx = 2

∫ 2

0

x dx = 2
{

x2

2

}2

0

= 4.

On S4, n = (0,−1, 1)/
√

2, and therefore
∫∫

S4

(yzî + xzĵ + xyk̂) · n̂ dS =
∫∫

S4

(
−xz + xy√

2

)
dS =

1√
2

∫∫

S

x(0) dS = 0.

On S5, n = −k̂, and therefore

∫∫

S5

(yzî + xzĵ + xyk̂) · n̂ dS =
∫∫

S5

−xy dS =
∫ 2

0

∫ 2

0

−xy dy dx = −
∫ 2

0

{
xy2

2

}2

0

dx = −1
2

∫ 2

0

4x dx

= −2
{

x2

2

}2

0

= −4.

Thus,
∫∫
⊂⊃

S

(yzî + xzĵ + xyk̂) · n̂ dS = −1
3

+
1
3

+ 4 + 0 − 4 = 0.

10. Since n̂ =
∇(x2 + y2 + z2 − 4)
|∇(x2 + y2 + z2 − 4)|

=
(2x, 2y, 2z)√

4x2 + 4y2 + 4z2
=

(x, y, z)
2

,

∫∫

S

(xî + yĵ) · n̂ dS

=
∫∫

Sxy

x2 + y2

2

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA

=
1
2

∫∫

Sxy

(x2 + y2)

√
1 +

(
−x

z

)2

+
(
−y

z

)2

dA

=
1
2

∫∫

Sxy

(x2 + y2)
(

2
z

)
dA

=
∫∫

Sxy

x2 + y2

√
4 − x2 − y2

dA =
∫ √

3

0

∫ π

−π

r2

√
4 − r2

r dθ dr = 2π

∫ √
3

0

r3

√
4 − r2

dr.

y

x

z
x y z

z

Sxy

=

23

2

2
2 2 2=4++

,

3
,

1

n̂

1

If we set u = 4 − r2 and du = −2r dr, then
∫∫

S

(xî + yĵ) · n̂ dS = 2π

∫ 1

4

(4 − u)√
u

(
−

du

2

)
= π

∫ 4

1

(
4√
u
−
√

u

)
du = π

{
8
√

u −
2u3/2

3

}4

1

=
10π

3
.

11. Since n̂ =
∇(x2 + y2 + z2 − a2)
|∇(x2 + y2 + z2 − a2)| =

(2x, 2y, 2z)√
4x2 + 4y2 + 4z2

=
(x, y, z)

a
,

∫∫
⊂⊃

S

(x2 î + y2ĵ + z2k̂) · n̂ dS =
∫∫
⊂⊃

S

(x3 + y3 + z3) dS.

Since each of x3, y3, and z3 is an odd function, and S is symmetric about the coordinate planes, the
surface integral must be equal to zero.
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12. Since n̂ =
∇(x2 + y2 + z2 − 1)
|∇(x2 + y2 + z2 − 1)|

=
(2x, 2y, 2z)√

4x2 + 4y2 + 4z2
= (x, y, z),

∫∫

S

(yî− xĵ + k̂) · n̂ dS

=
∫∫

Sxy

(yx − xy + z)

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA

=
∫∫

Sxy

z

√
1 +

(
−x

z

)2

+
(
−y

z

)2

dA

=
∫∫

Sxy

dA = Area of Sxy.
x

y

z
x y z

y z

2 2 2+ + = 1

+ =1

1

1

1
x y2 2+ ( -1/2)2=1,

= 0z
4

n̂

Sxy

Since Sxy is the region inside the ellipse 2x2 + 4(y − 1/2)2 = 1,

∫∫

S

(yî− xĵ + k̂) · n̂ dS = π

(
1√
2

)(
1
2

)
=

π

2
√

2
.

13. On S1, n̂ = −î, and therefore∫∫

S1

F · n̂ dS =
∫∫

S1

(x − z2) dS =
∫∫

S1

−z2 dA

= −2
∫ 2

0

∫ 4−y2

0

z2 dz dy = −2
∫ 2

0

{
z3

3

}4−y2

0

dy

= −2
3

∫ 2

0

(64 − 48y2 + 12y4 − y6) dy

= −2
3

{
64y − 16y3 +

12y5

5
− y7

7

}2

0

= −4096
105

. x

y

z

S

S

S S3

2

4

32

1

4 z y=4- 2

On S2, n̂ = î, and therefore
∫∫

S2

F · n̂ dS =
∫∫

S2

(z2 − x) dS =
∫∫

S2

z2 dS −
∫∫

S2

x dS = −
∫∫

S1

z2 dS −
∫∫

S1

3 dS

=
4096
105

− 6
∫ 2

0

∫ 4−y2

0

dz dy =
4096
105

− 6
∫ 2

0

(4 − y2) dy =
4096
105

− 6
{

4y − y3

3

}2

0

=
4096
105

− 32.

On S3, n̂ = −k̂, and therefore
∫∫

S3

F · n̂ dS =
∫∫

S3

−3z dS = 0.

On S4, n̂ =
∇(y2 + z − 4)
|∇(y2 + z − 4)|

=
(0, 2y, 1)√

4y2 + 1
, and therefore

∫∫

S4

F · n̂ dS =
∫∫

S4

(−2xy2 + 3z)√
1 + 4y2

dS =
∫∫

Sxy

(−2xy2 + 12− 3y2)√
1 + 4y2

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA

=
∫ 3

0

∫ 2

−2

(12 − 2xy2 − 3y2) dy dx =
∫ 3

0

{
12y − 2xy3

3
− y3

}2

−2

dx

=
∫ 3

0

(
24− 16x

3
− 8 + 24 − 16x

3
− 8
)

dx =
32
3

∫ 3

0

(3 − x) dx =
32
3

{
3x − x2

2

}3

0

= 48.

Thus,
∫∫
⊂⊃

S

F · n̂ dS = −
4096
105

+
4096
105

− 32 + 48 = 16.
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14. The surface projects one-to-one onto the area
Sxy in the xy-plane shown. Since

dS =

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA

=

√
1 +

x2

4 + y2 − x2
+

y2

4 + y2 − x2
dA

=

√
4 + 2y2

4 + y2 − x2
dA,

x

y

z

x z y

x y
2

1

2 2 2

2 2- =4

+ = +4

2

n̂

Sxy

and n̂ =
∇(x2 + z2 − y2 − 4)
|∇(x2 + z2 − y2 − 4)|

=
(2x,−2y, 2z)√
4x2 + 4y2 + 4z2

=
(x,−y, z)√

x2 + y2 + 4 + y2 − x2
=

(x,−y, z)√
4 + 2y2

,

it follows that
∫∫

S

(x2 î + xyĵ + xzk̂) · n̂ dS =
∫∫

Sxy

x3 − xy2 + xz2

√
4 + 2y2

√
4 + 2y2

4 + y2 − x2
dA

=
∫∫

Sxy

4x√
4 + y2 − x2

dA = 4
∫ 1

0

∫ √
4+y2

0

x√
4 + y2 − x2

dx dy

= 4
∫ 1

0

{
−
√

4 + y2 − x2
}√4+y2

0
dy = 4

∫ 1

0

√
4 + y2 dy.

If we set y = 2 tan θ and dy = 2 sec2 θ dθ, then
∫∫

S

(x2 î + xyĵ + xzk̂) · n̂ dS = 4
∫ θ

0

2 sec θ 2 sec2 θ dθ (θ = Tan−1(1/2))

= 8
{
sec θ tan θ + ln | sec θ + tan θ|

}θ

0
(see Example 8.9)

= 2
√

5 + 8 ln [(
√

5 + 1)/2].

15. If Syz is the projection of the surface in the yz-plane, then dS =
√

1 + z2 + y2dA and

n̂ =
∇(x − yz)
|∇(x − yz)|

=
(1,−z,−y)√
1 + y2 + z2

. Thus,

∫∫

S

(x2 î + yzĵ− xk̂) · n̂ dS =
∫∫

S

(x2 − yz2 + xy)√
1 + y2 + z2

dS =
∫∫

Syz

(y2z2 − yz2 + y2z)√
1 + y2 + z2

√
1 + y2 + z2 dA

=
∫ 1

0

∫ √
1−y2

0

(y2z2 − yz2 + y2z) dz dy =
∫ 1

0

{
y2z3

3
−

yz3

3
+

y2z2

2

}√1−y2

0

dy

=
1
6

∫ 1

0

[2y2(1 − y2)3/2 − 2y(1 − y2)3/2 + 3y2(1 − y2)] dy.

If we set y = sin θ and dy = cos θ dθ in the first term,
∫∫

S

(x2 î + yzĵ− xk̂) · n̂ dS =
1
6

∫ π/2

0

2 sin2 θ cos3 θ cos θ dθ +
1
6

{
2
5
(1 − y2)5/2 + y3 − 3y5

5

}1

0

=
1
3

∫ π/2

0

(
sin 2θ

2

)2(1 + cos 2θ

2

)
dθ =

1
24

∫ π/2

0

(
1 − cos 4θ

2
+ sin2 2θ cos 2θ

)
dθ

=
1
24

{
θ

2
− 1

8
sin 4θ +

1
6

sin3 2θ

}π/2

0

=
π

96
.
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16. We divide S into two parts
S1 : x2 + y2/4 + z2 = 1, z ≥ 0,

S2 : x2 + y2/4 + z2 = 1, z ≤ 0,

both of which project onto the ellipse

Sxy : x2 +
y2

4
≤ 1, z = 0.

We have shown one-quarter of S1 and Sxy in the figure.
On S1, ∂z/∂x = −x/z and ∂z/∂y = −y/(4z), so that

dS =

√
1 +

(
x2

z2

)
+
(

y2

16z2

)
dA =

√
16z2 + 16x2 + y2

4z
dA. x y

z

Sxy

S1

n̂

x y z2 2 2+ +/4 =11

1 2

Since n̂ =
∇(x2 + y2/4 + z2 − 1)
|∇(x2 + y2/4 + z2 − 1)|

=
(2x, y/2, 2z)√

4x2 + y2/4 + 4z2
=

(4x, y, 4z)√
16x2 + y2 + 16z2

,

∫∫

S1

(yxî + y2ĵ + yzk̂) · n̂ dS =
∫∫

Sxy

(4x2y + y3 + 4yz2)√
16x2 + y2 + 16z2

√
16z2 + 16x2 + y2

4z
dA

=
∫∫

Sxy

y

z
dA =

∫∫

Sxy

y√
1 − x2 − y2/4

dA.

On S2, dS =

√
16z2 + 16x2 + y2

−4z
dA and n̂ =

(4x, y, 4z)√
16x2 + y2 + 16z2

, and therefore

∫∫

S2

(yxî + y2ĵ + yzk̂) · n̂ dS =
∫∫

Sxy

y

−z
dA =

∫∫

Sxy

y√
1 − x2 − y2/4

dA.

Hence,
∫∫

S

(yxî + y2ĵ + yzk̂) · n̂ dS = 2
∫∫

Sxy

y√
1 − x2 − y2/4

dA = 0, because the integrand is an odd

function of y and Sxy is symmetric about the x-axis.

17. If the surface projects one-to-one onto area Sxy in the xy-plane, we can take its equation in the form
z = f(x, y). Then

n̂ = ±

(
−∂z

∂x
,−∂z

∂y
, 1
)

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2
and dS =

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA.

Thus,
∫∫

S

(P î + Qĵ + Rk̂) · n̂ dS = ±
∫∫

Sxy

(
−P

∂z

∂x
− Q

∂z

∂y
+ R

)
dA.

Corresponding formulas when S projects onto Syz and Sxz are

±
∫∫

Syz

(
P − Q

∂x

∂y
− R

∂x

∂z

)
dA and ±

∫∫

Sxz

(
Q − P

∂y

∂x
− R

∂y

∂z

)
dA.
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18. (a) Since n̂ =
∇(x2 + y2 + z − 9)
|∇(x2 + y2 + z − 9)|

=
(2x, 2y, 1)√

1 + 4x2 + 4y2
,

∫∫

S

(yî− xĵ + zk̂) · n̂ dS

=
∫∫

Sxy

(2yx − 2xy + z)√
1 + 4x2 + 4y2

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA

=
∫∫

Sxy

z√
1 + 4x2 + 4y2

√
1 + (−2x)2 + (−2y)2 dA

=
∫∫

Sxy

(9 − x2 − y2) dA. x y

z

yz
z y

9

33

=9
=2

- 2 2x -

x y2 2+( +1) =10,
=0z

If we set up polar coordinates with the pole at (0,−1) and polar axis parallel to the positive x-axis, then
x = r cos θ and y = −1 + r sin θ, and

∫∫

S

(yî− xĵ + zk̂) · n̂ dS =
∫ π

−π

∫ √
10

0

[9 − r2 cos2 θ − (−1 + r sin θ)2] r dr dθ

=
∫ π

−π

∫ √
10

0

(8 + 2r sin θ − r2) r dr dθ =
∫ π

−π

{
4r2 +

2r3 sin θ

3
− r4

4

}√
10

0

dθ

=
∫ π

−π

(
15 +

20
√

10
3

sin θ

)
dθ =

{
15θ − 20

√
10

3
cos θ

}π

−π

= 30π.

(b) With n̂ =
∇(z − 2y)
|∇(z − 2y)|

=
(0,−2, 1)√

5
,

∫∫

S

(yî− xĵ + zk̂) · n̂ dS =
∫∫

Sxy

(2x + z)√
5

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA

=
1√
5

∫∫

Sxy

(2x + 2y)
√

1 + (2)2dA = 2
∫ π

−π

∫ √
10

0

(r cos θ − 1 + r sin θ) r dr dθ

= 2
∫ π

−π

{
r3

3
(cos θ + sin θ) −

r2

2

}√
10

0

dθ = 2
∫ π

−π

[
10

√
10

3
(cos θ + sin θ) − 5

]
dθ

= 2

{
10

√
10

3
(sin θ − cos θ) − 5θ

}π

−π

= −20π.

19. Normals to the surface are n̂ = ±∇G/|∇G|, and dS =

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA. Since

∂z

∂x
= −Gx

Gz
and

∂z

∂y
= −Gy

Gz
,

it follows that dS =

√
1 +

(
−

Gx

Gz

)2

+
(
−

Gy

Gz

)2

dA =
|∇G|
|Gz |

dA.

Thus,
∫∫

S

F · n̂ dS = ±
∫∫

Sxy

F ·
(

∇G

|∇G|

)
|∇G|
|Gz |

dA = ±
∫∫

Sxy

F · ∇G

|Gz|
dA.
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20. (a) The force on the end S1 : x = 0 is in the
negative x-direction and has magnitude

F1 =
∫ 1

0

∫ √
z

−z

9810(1− z) dy dz

= 9810
∫ 1

0

{
y(1 − z)

}√
z

−z
dz

= 9810
∫ 1

0

(
√

z − z3/2 + z − z2) dz

= 9810
{

2z3/2

3
−

2z5/2

5
+

z2

2
−

z3

3

}1

0

= 4251 N. x

y

z

z y

z y

Syz

Sxz

1 1

4

=-

2

3S

S

S

S

= 2

2

Thus, F1 = −4251̂i N. The force on S2 : x = 2 is F2 = 4251̂i N. Forces on all parts of S3 : y = −z are
in the same direction, namely −ĵ − k̂. The magnitude of the force is

F3 =
∫∫

S3

P dS =
∫∫

S3

9810(1− z) dS = 9810
∫∫

Sxz

(1 − z)

√
1 +

(
∂y

∂x

)2

+
(

∂y

∂z

)2

dA

= 9810
∫∫

Sxz

(1 − z)
√

1 + 1 dA = 9810
√

2
∫ 2

0

∫ 1

0

(1 − z) dz dx

= 9810
√

2
∫ 2

0

{
z − z2

2

}1

0

dx = 4905
√

2
{
x
}2

0
= 9810

√
2 N.

Thus, F3 = 9810
√

2

(
−ĵ− k̂√

2

)
= −9810(̂j + k̂) N. The force on an element dS on S4 : z = y2 points in

the direction normal to S4. At a point (x, y, z), the unit downward normal is n̂ = (0, 2y,−1)/
√

1 + 4y2.
The magnitude of the force on dS is P dS = 9810(1 − z) dS. The force on dS at (x, y, z) is therefore
9810(1− z)dS(0, 2y,−1)√

1 + 4y2
. The y-component of the total force on S4 is

F4y =
∫∫

S4

9810(1− z)(2y)√
1 + 4y2

dS = 19 620
∫∫

Sxz

y(1 − z)√
1 + 4y2

√
1 +

(
∂y

∂x

)2

+
(

∂y

∂z

)2

dA

= 19 620
∫∫

Sxz

y(1 − z)√
1 + 4y2

√
1 +

(
1

2
√

z

)2

dA = 19 620
∫ 2

0

∫ 1

0

(
1 − z

2

)
dz dx

= 9810
∫ 2

0

{
z − z2

2

}1

0

dx = 4905
{
x
}2

0
= 9810 N.

The z-component of the total force on S4 is

F4z =
∫∫

S4

9810(1− z)(−1)√
1 + 4y2

dS = 9810
∫∫

Sxz

(z − 1)√
1 + 4y2

√
1 +

(
1

2
√

z

)2

dA

= 9810
∫ 2

0

∫ 1

0

(
z − 1
2
√

z

)
dz dx = 4905

∫ 2

0

{
2z3/2

3
− 2

√
z

}1

0

dx = −6540
{
x
}2

0
= −13080 N.

Thus, F4 = 9810ĵ− 13080k̂ N.
(b) The sum of the four forces is F1 +F2 + F3 + F4 = −22 890 k̂ N. The magnitude of the weight of the
water in the trough is

∫ 1

0

∫ √
z

−z

∫ 2

0

9810 dx dy dz = 9810
∫ 1

0

∫ √
z

−z

{
x
}2

0
dy dx = 19 620

∫ 1

0

{
y
}√

z

−z
dz

= 19 620
∫ 1

0

(
√

z + z) dz = 19 620
{

2z3/2

3
+

z2

2

}1

0

= 22 890 N.
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21. (a) The force on the bottom of the channel is equal to the weight of the water above it, namely,
F1 = −9810(2)(1)(1)k̂ = −19 620k̂ N.
(b) The force on an elemental dS on S1 : z = (y − 1)3

points in the direction normal to S1. At a point
(x, y, z), the unit downward normal to S1 is
n̂ = (0, 3(y − 1)2,−1)/

√
1 + 9(y − 1)4. The magni-

tude of the force on dS is P dS = 9810(1− z) dS.
The force on dS at (x, y, z) is therefore

9810(1− z)dS(0, 3(y − 1)2,−1)√
1 + 9(y − 1)4

.

The y-component of the total force on S1 is

z

y

z y

S

Sxz
dS

11

=( -1)3

1

1 x

F2y =
∫∫

S1

9810(1− z)(3)(y − 1)2√
1 + 9(y − 1)4

dS = 29 430
∫∫

Sxz

(1 − z)(y − 1)2√
1 + 9(y − 1)4

√
1 +

(
∂y

∂x

)2

+
(

∂y

∂z

)2

dA

= 29 430
∫∫

Sxz

(1 − z)(y − 1)2√
1 + 9(y − 1)4

√
1 +

1
9(y − 1)4

dA = 9810
∫∫

Sxz

(1 − z) dA

= 9810
∫ 1

0

∫ 1

0

(1 − z) dz dx = 9810
∫ 1

0

{
z − z2

2

}1

0

dx = 4905
{
x
}1

0
= 4905 N.

The z-component of the total force on S1 is

F2z =
∫∫

S1

−9810(1− z)√
1 + 9(y − 1)4

dS = −9810
∫∫

Sxz

1 − z√
1 + 9(y − 1)4

√
1 +

1
9(y − 1)4

dA

= −9810
∫∫

Sxz

1 − z

3(y − 1)2
dA = −3270

∫∫

Sxz

1 − z

z2/3
dA = −3270

∫ 1

0

∫ 1

0

(
1

z2/3
− z1/3

)
dz dx

= −3270
∫ 1

0

{
3z1/3 −

3z4/3

4

}1

0

dx = −3270
(

9
4

){
x
}1

0
= −

14 715
2

N.

Thus, F2 = 4905ĵ− (14 715/2)k̂ N.
(c) By symmetry, the force on the left wall is F3 = −4905ĵ− (14 715/2)k̂ N.
The sum of all three forces is F1 + F2 + F3 = −34 335k̂ N. The magnitude of the weight of the water in
1 metre of length is

19 620 + 2
∫ 1

0

∫ 2

1

∫ 1

(y−1)3
9810 dz dy dx = 19 620 + 19 620

∫ 1

0

∫ 2

1

[1 − (y − 1)3] dy dx

= 19 620 + 19 620
∫ 1

0

{
y −

(y − 1)4

4

}2

1

dx = 19 620 + 19 620
(

3
4

){
x
}1

0
= 34 335 N.

22. The magnitude of the fluid force on S is
∫∫

S

P dS =
∫∫

Rxy

−ρgz

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA

= −ρg

∫∫

Rxy

z

√
1 +

(
−A

C

)2

+
(
−B

C

)2

dA

= −ρg
√

A2 + B2 + C2

|C|

∫∫

Rxy

(
−D − Ax − By

C

)
dA

=
ρg

√
A2 + B2 + C2

C|C|

∫∫

Rxy

(D + Ax + By) dA.

z

y
x

dS

dA

S

Rxy
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A unit normal vector to S is ±(A, B, C)/
√

A2 + B2 + C2, where the plus or minus is chosen depending
on the sign of C and whether we consider the top or bottom of S. The force on S is

[
ρg

√
A2 + B2 + C2

C|C|

∫∫

Rxy

(D + Ax + By) dA

]
±(A, B, C)√
A2 + B2 + C2

.

The magnitude of the z-component of this force is Fz =
ρg

C

∫∫

Rxy

(D + Ax + By) dA. On the other

hand, the weight of the column of fluid above S is

W =
∫∫

Rxy

∫ 0

(−D−Ax−By)/C

ρg dz dA =
∫∫

Rxy

ρg

(
D + Ax + By

C

)
dA =

ρg

C

∫∫

Rxy

(D + Ax + By) dA.

Consequently, the magnitude of Fz is equal to W .
23. The force due to fluid pressure on a small area dS on

(the top of) S is (P dS)n̂ where n̂ is the unit
downward pointing normal to S at dS. The z-component
of this force is (P dS)n̂ · k̂, and the total z-component
of the fluid force on S is

Fz =
∫∫

S

P k̂ · n̂ dS =
∫∫

S

−ρgzk̂ · n̂ dS.

If we take the equation for S in the form

z = f(x, y), then n̂ =
(fx, fy,−1)√

1 + (fx)2 + (fy)2
,

and dS =
√

1 + (fx)2 + (fy)2 dA. Hence,

z

y
x

dS

dA

S

Rxy

n̂

Fz =
∫∫

Rxy

−ρgf(x, y)

[
−1√

1 + (fx)2 + (fy)2

]√
1 + (fx)2 + (fy)2dA = ρg

∫∫

Rxy

f(x, y) dA.

This is a negative quantity since f(x, y) < 0 for all (x, y) in Rxy. On the other hand, the weight of the
column of fluid above S is

W =
∫∫

Rxy

∫ 0

f(x,y)

ρg dz dA = ρg

∫∫

Rxy

−f(x, y) dA = −ρg

∫∫

Rxy

f(x, y) dA.

This is a positive quantity since f(x, y) < 0 for all (x, y) in Rxy. Hence, |Fz | = W .
24. The total amount of blood per second is∫∫

S

F · n̂ dS =
∫∫

S

e−y dS.

The same amount of diffusion occurs in each of the
four octants. If Sxy is the projection of the
first octant part of S in the xy-plane, then
∫∫

S

F · n̂ dS = 4
∫∫

Sxy

e−y

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA

= 4
∫∫

Sxy

e−y

√
1 +

(
−x

z

)2

dA = 4
∫∫

Sxy

e−y

√
1 − x2

dA

= 4
∫ 1

0

∫ 2

0

e−y

√
1 − x2

dy dx = 4
∫ 1

0

{
−e−y

√
1 − x2

}2

0

dx = 4(1 − e−2)
∫ 1

0

1√
1 − x2

dx

= 4(1 − e−2)
{

Sin−1x
}1

0
= 2π(1 − e−2).

x y

z

x z

Sxy

1

1 2

2 2=1+
^

^

n

j
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25. (a) The normal to S is n̂ =
(x, y, z)√

x2 + y2 + z2
=

(x, y, z)
a

, and when S is projected into the xz-plane,

dS =

√
1 +

(
−x√

a2 − x2 − z2

)2

+
(

−z√
a2 − x2 − z2

)2

dA =
a√

a2 − x2 − z2
dA.

Thus, absorption in time dt is
∫∫

S

I · n̂ dS dt = dt

∫∫

S

ye−t

ay2
dS =

e−t dt

a

∫∫

Sxz

a

a2 − x2 − z2
dA

= 4e−t dt

∫ π/2

0

∫ √
3a/2

0

1
a2 − r2

r dr dθ = 4e−t dt

∫ π/2

0

{
−

1
2

ln |a2 − r2|
}√

3a/2

0

dθ

= 4 ln 2e−t dt
{

θ
}π/2

0
= 2π ln 2e−t dt.

(b) Absorption from t = 0 to t = 5 is
∫ 5

0

2π ln 2e−t dt = 2π ln 2
{
e−t
}5

0
= 2π ln 2(1 − e−5).

EXERCISES 14.9

1. By the divergence theorem,
∫∫
⊂⊃

S

(xî + yĵ− 2zk̂) · n̂ dS =
∫∫∫

V

(1 + 1 − 2) dV = 0.

2. By the divergence theorem,
∫∫
⊂⊃

S

(x2 î + y2ĵ + z2k̂) · n̂ dS =
∫∫∫

V

(2x + 2y + 2z) dV . Since the triple inte-

gral is twice the sum of the first moments of the sphere about the coordinate planes, it must have value
zero.

3. By the divergence theorem,
∫∫
⊂⊃

S

(yzî + xzĵ + xyk̂) · n̂ dS =
∫∫∫

V

(0 + 0 + 0) dV = 0.

4. By the divergence theorem,∫∫
⊂⊃

S

[(z2 − x)̂i − xyĵ + 3zk̂] · n̂ dS =
∫∫∫

V

(−1 − x + 3) dV

=
∫ 3

0

∫ 2

−2

∫ 4−y2

0

(2 − x) dz dy dx

=
∫ 3

0

∫ 2

−2

(2 − x)(4 − y2) dy dx

=
∫ 3

0

{
(2 − x)

(
4y −

y3

3

)}2

−2

dx

=
32
3

{
2x − x2

2

}3

0

= 16. x

y

z

z y
4

=4- 2

2

3

5. By the divergence theorem,

∫∫
⊂⊃

S

F · n̂ dS = −
∫∫∫

V

(xy + yz + xz) dV = −
∫ 1

0

∫ √
1−x2

0

∫ 1

0

(xy + yz + xz) dz dy dx

= −
∫ 1

0

∫ √
1−x2

0

{
xyz +

yz2

2
+

xz2

2

}1

0

dy dx = −1
2

∫ 1

0

∫ √
1−x2

0

(2xy + y + x) dy dx

= −1
2

∫ 1

0

{
xy2 +

y2

2
+ xy

}√
1−x2

0

dx = −1
4

∫ 1

0

[2x(1 − x2) + (1 − x2) + 2x
√

1 − x2] dx

= −1
4

{
x + x2 − x3

3
− x4

2
− 2

3
(1 − x2)3/2

}1

0

= −11
24

.
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6. By the divergence theorem,∫∫
⊂⊃

S

(xî + yĵ + 2zk̂) · n̂ dS =
∫∫∫

V

(1 + 1 + 2) dV

= 4
∫ π

−π

∫ √
3

0

∫ 2r2 cos2 θ+r2 sin2 θ

0

r dz dr dθ

= 4
∫ π

−π

∫ √
3

0

r(2r2 cos2 θ + r2 sin2 θ) dr dθ

= 4
∫ π

−π

{
r4

2
cos2 θ +

r4

4
sin2 θ

}√
3

0

dθ = 9
∫ π

−π

(2 cos2 θ + sin2 θ) dθ

= 9
∫ π

−π

(
1 +

1 + cos 2θ

2

)
dθ = 9

{
3θ

2
+

sin 2θ

4

}π

−π

= 27π. x
y

z

x y

z x y

2 2

2 2

=3

=2 +

+

3,

3,

7. By the divergence theorem,
∫∫
⊂⊃

S

(zî− xĵ + yk̂) · n̂ dS =
∫∫∫

V

(0 + 0 + 0) dV = 0.

8. By the divergence theorem,∫∫
⊂⊃

S

(2x2yî− y2ĵ + 4xz2k̂) · n̂ dS =
∫∫∫

V

(4xy − 2y + 8xz) dV

= 2
∫ 3

0

∫ √
9−y2

0

∫ 2

0

(2xy − y + 4xz) dx dz dy

= 2
∫ 3

0

∫ √
9−y2

0

{
x2y − xy + 2x2z

}2

0
dz dy

= 2
∫ 3

0

∫ √
9−y2

0

(2y + 8z) dz dy

= 4
∫ 3

0

{
yz + 2z2

}√9−y2

0
dy = 4

∫ 3

0

(y
√

9 − y2 + 18− 2y2) dy

= 4
{
−1

3
(9 − y2)3/2 + 18y − 2y3

3

}3

0

= 180.
x

y

z
y z3

3

2

2 2=9+

9. By the divergence theorem,
∫∫
⊂⊃

S

(yxî + y2ĵ + yzk̂) · n̂ dS =
∫∫∫

V

(y + 2y + y) dV = 4
∫∫∫

V

y dV . Since the

integrand is an odd function of y, and V is symmetric about the xz-plane, the value of the triple integral
is zero.

10. By the divergence theorem,∫∫
⊂⊃

S

(x3 î + y3ĵ− z3k̂) · n̂ dS =
∫∫∫

V

(3x2 + 3y2 − 3z2) dV

= 3
∫ π

−π

∫ 2

0

∫ 6−r2

r

(r2 − z2) r dz dr dθ

= 3
∫ π

−π

∫ 2

0

{
r3z − rz3

3

}6−r2

r

dr dθ

=
∫ π

−π

∫ 2

0

(r7 − 21r5 − 2r4 + 126r3 − 216r) dr dθ

=
∫ π

−π

{
r8

8
− 7r6

2
− 2r5

5
+

63r4

2
− 108r2

}2

0

dθ

=
−664

5

{
θ
}π

−π
= −1328π

5
. x

y

z
z x y

z x y= 2 2+

=6- 22-

,

2
2

6

x y2 2+ =4
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11. By the divergence theorem,
∫∫
⊂⊃

S

(yî− xyĵ + zy2k̂) · n̂ dS = −
∫∫∫

V

(−x + y2) dV . Since x is an odd func-

tion of x and V is symmetric about the yz-plane, this term contributes nothing to the integral. If we
introduce polar coordinates x = r cos θ and z = r sin θ in the xz-plane, then

∫∫
⊂⊃

S

(yî− xyĵ + zy2k̂) · n̂ dS = −4
∫ π/2

0

∫ 2
√

3

0

∫ 4

√
4+r2

y2r dy dr dθ

= −4
∫ π/2

0

∫ 2
√

3

0

{
ry3

3

}4

√
4+r2

dr dθ

= −4
3

∫ π/2

0

∫ 2
√

3

0

[64r − r(4 + r2)3/2] dr dθ

= −4
3

∫ π/2

0

{
32r2 − 1

5
(4 + r2)5/2

}2
√

3

0

dθ = −3712
15

{
θ
}π/2

0
= −1856π

15
.

12. By the divergence theorem,∫∫
⊂⊃

S

(xyî + z2k̂) · n̂ dS =
∫∫∫

V

(y + 2z) dV

=
∫ 2

0

∫ 2x

x

∫ 6−x−y

0

(y + 2z) dz dy dx

+
∫ 3

2

∫ 6−x

x

∫ 6−x−y

0

(y + 2z) dz dy dx

=
∫ 2

0

∫ 2x

x

{
yz + z2

}6−x−y

0
dy dx

+
∫ 3

2

∫ 6−x

x

{
yz + z2

}6−x−y

0
dy dx

=
∫ 2

0

∫ 2x

x

[y(6 − x − y) + (6 − x − y)2] dy dx +
∫ 3

2

∫ 6−x

x

[y(6 − x − y) + (6 − x − y)2] dy dx

=
∫ 2

0

{
3y2 −

xy2

2
−

y3

3
−

(6 − x − y)3

3

}2x

x

dx +
∫ 3

2

{
3y2 −

xy2

2
−

y3

3
−

(6 − x − y)3

3

}6−x

x

dx

=
∫ 2

0

[
9x2 − 23x3

6
− (6 − 3x)3

3
+

(6 − 2x)3

3

]
dx

+
∫ 3

2

[
3(6 − x)2 − (6 − x)3

3
+

(6 − 2x)3

3
− 18x + 3x2 +

x3

3

]
dx

=
{

3x3 −
23x4

24
+

(6 − 3x)4

36
−

(6 − 2x)4

24

}2

0

+
{
−(6 − x)3 +

(6 − x)4

12
− (6 − 2x)4

24
− 9x2 + x3 +

x4

12

}3

2

=
57
2

.

z

y

x

x y z

y xy x

x y

+ + =6

6

6

6
+ =6, =0z

=
=2

(2,4,0)
(3,3,0)

13. If we let S′ be that part of the xy-plane bounded by x2 + 4y2 = 36, then
∫∫
⊂⊃

S+S′
(xî + yĵ + zk̂) · n̂ dS =

∫∫∫

V

(1 + 1 + 1) dV = 3
∫∫∫

V

dV .

Therefore,
∫∫
⊂⊃

S

(xî + yĵ + zk̂) · n̂ dS = 3
∫∫∫

V

dV −
∫∫

S′
(xî + yĵ + zk̂) · n̂ dS.

The volume of the ellipsoid x2/a2 +y2/b2 + z2/c2 = 1 is 4πabc/3 (see Exercise 27 in Section 13.9). Since

n̂ = −k̂ on S′,
∫∫

S

(xî + yĵ + zk̂) · n̂ dS = 3
(

2π

3

)
(6)(3)(2) −

∫∫

S′
−z dS = 72π.
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14. If we create a closed surface by including with S the surface S′ : z = 2, x2 + y2 ≤ 4, then
∫∫

S

(xyî− yzĵ + x2zk̂) · n̂ dS +
∫∫

S′
(xyî− yzĵ + x2zk̂) · n̂ dS = −

∫∫∫

V

(y − z + x2) dV

provided n̂ = −k̂ on S′. Now,
∫∫∫

V

(y − z + x2) dV =
∫ π

−π

∫ 2

0

∫ 2

r

(−z + r2 cos2 θ) r dz dr dθ

=
∫ π

−π

∫ 2

0

r

{
−z2

2
+ zr2 cos2 θ

}2

r

dr dθ

=
∫ π

−π

∫ 2

0

(
−2r + 2r3 cos2 θ +

r3

2
− r4 cos2 θ

)
dr dθ

=
∫ π

−π

{
−r2 +

r4 cos2 θ

2
+

r4

8
− r5 cos2 θ

5

}2

0

dθ

=
∫ π

−π

(
−4 + 8 cos2 θ + 2 − 32

5
cos2 θ

)
dθ

=
∫ π

−π

[
−2 +

4(1 + cos 2θ)
5

]
dθ =

{
−

6θ

5
+

2 sin 2θ

5

}π

−π

= −
12π

5
.

x

y

z
z

z x y

x y z2 2+ = 4, =0

= 2 2+

=2

2

2

,

We now calculate that∫∫

S′
(xyî− yzĵ + x2zk̂) · n̂ dS =

∫∫

S′
−x2z dS = −2

∫∫

S′
x2 dS = −2

∫∫

S′
xy

x2 dA

= −2
∫ π

−π

∫ 2

0

r2 cos2 θ r dr dθ = −2
∫ π

−π

{
r4

4
cos2 θ

}2

0

dθ = −8
∫ π

−π

cos2 θ dθ

= −8
∫ π

−π

(
1 + cos 2θ

2

)
dθ = −4

{
θ +

sin 2θ

2

}π

−π

= −8π.

Thus,
∫∫

S

(xyî − yzĵ + x2zk̂) · n̂ dS =
12π

5
+ 8π =

52π

5
.

15. If S′ is that part of the plane z = 2y cut out by z = 4 − x2 − y2, then
∫∫
⊂⊃

S+S′
(y2ez î− xyĵ + zk̂) · n̂ dS =

∫∫∫

V

(−x + 1) dV .

The integral of x over V is zero because V is symmetric about the yz-plane. Therefore,
∫∫

S

(y2ez î− xyĵ + zk̂) · n̂ dS =
∫∫∫

V

dV −
∫∫

S′
(y2ez î− xyĵ + zk̂) · n̂ dS.

On S′, n̂ = (0, 2,−1)/
√

5, and if S′ projects onto Sxy in the xy-plane, then dS =
√

1 + (2)2 dA =
√

5 dA.
Thus,

∫∫

S

(y2ez î− xyĵ + zk̂) · n̂ dS = 2
∫ √

5

0

∫ −1+
√

5−x2

−1−
√

5−x2

∫ 4−x2−y2

2y

dz dy dx −
∫∫

S′

(−2xy − z)√
5

dS

= 2
∫ √

5

0

∫ −1+
√

5−x2

−1−
√

5−x2
(4 − x2 − y2 − 2y) dy dx +

∫∫

Sxy

(2xy + 2y)√
5

√
5 dA

= 2
∫ √

5

0

∫ −1+
√

5−x2

−1−
√

5−x2
(4 − x2 − y2 − 2y) dy dx + 4

∫ √
5

0

∫ −1+
√

5−x2

−1−
√

5−x2
y dy dx

= 2
∫ √

5

0

∫ −1+
√

5−x2

−1−
√

5−x2
(4 − x2 − y2) dy dx



1000 EXERCISES 14.9

= 2
∫ √

5

0

{
(4 − x2)y − y3

3

}−1+
√

5−x2

−1−
√

5−x2

dx =
8
3

∫ √
5

0

(2 − x2)
√

5 − x2 dx.

If we set x =
√

5 sin θ, and dx =
√

5 cos θ dθ, then
∫∫

S

(y2ez î− xyĵ + zk̂) · n̂ dS =
8
3

∫ π/2

0

(2 − 5 sin2 θ)
√

5 cos θ
√

5 cos θ dθ

=
40
3

∫ π/2

0

[
1 + cos 2θ − 5

4

(
1 − cos 4θ

2

)]
dθ

=
40
3

{
3θ

8
+

1
2

sin 2θ +
5
32

sin 4θ

}π/2

0

=
5π

2
.

16. By the divergence theorem,
1
3

∫∫
⊂⊃

S

r · n̂ dS =
1
3

∫∫∫

V

∇ · r dV =
1
3

∫∫∫

V

(1 + 1 + 1) dV =
∫∫∫

V

dV = V .

17. If we set F = n̂ in the divergence theorem, then
∫∫∫

V

∇ · n̂ dV =
∫∫
⊂⊃

S

n̂ · n̂ dS =
∫∫
⊂⊃

S

dS = area(S).

18. Using the discussion in Example 14.26, we can state that the total buoyant force must be∫∫

S

(9.81ρzk̂) · (−n̂) dS

where S is the submerged portion of the surface. Suppose we
remove that part of the object above the fluid surface and denote
by S′ the remaining part of the solid in the fluid surface. Since∫∫

S′
(9.81ρzk̂) · (−n̂) dS = 0,

we may write that

z

x y

Curve of intersection of object
with fluid surface (z= 0)

S

S

∫∫

S

(9.81ρzk̂) · (−n̂) dS +
∫∫

S′
(9.81ρzk̂) · (−n̂) dS =

∫∫∫

V

∇ · (9.81ρzk̂) dV ,

or,
∫∫

S

(9.81ρzk̂) · (−n̂) dS =
∫∫∫

V

9.81ρ dV = 9.81ρ(Volume of object below fluid surface)

= Weight of fluid displaced by object.
19. By the divergence theorem,∫∫

⊂⊃
S

[(x + y)̂i + y3ĵ + x2zk̂] · n̂ dS

=
∫∫∫

V

(1 + 3y2 + x2) dV = 8
∫ π/2

0

∫ 1

0

∫ √
z2+1

√
2z

(1 + 3r2 sin2 θ + r2 cos2 θ) r dr dz dθ

= 8
∫ π/2

0

∫ 1

0

{
r2

2
+

3r4

4
sin2 θ +

r4

4
cos2 θ

}√
z2+1

√
2z

dr dθ

= 2
∫ π/2

0

∫ 1

0

[2(z2 + 1) + 3(z2 + 1)2 sin2 θ + (z2 + 1)2 cos2 θ − 4z2 − 12z4 sin2 θ − 4z4 cos2 θ] dz dθ

= 2
∫ π/2

0

∫ 1

0

[2 − 2z2 + (−9z4 + 6z2 + 3) sin2 θ + (−3z4 + 2z2 + 1) cos2 θ] dz dθ

= 2
∫ π/2

0

{
2z − 2z3

3
+
(
−9z5

5
+ 2z3 + 3z

)
sin2 θ +

(
−3z5

5
+

2z3

3
+ z

)
cos2 θ

}1

0

dθ

= 2
∫ π/2

0

[
4
3

+
8
5
(1 − cos 2θ) +

8
15

(1 + cos 2θ)
]

dθ

= 2
{

4θ

3
+

8
5

(
θ − 1

2
sin 2θ

)
+

8
15

(
θ +

1
2

sin 2θ

)}π/2

0

=
52π

15
.
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20. By the divergence theorem,∫∫
⊂⊃

S

[(x + y)2î + x2yĵ− x2zk̂] · n̂ dS

= −
∫∫∫

V

[2(x + y) + x2 − x2] dV

= −2
∫∫∫

V

(x + y) dV .

Since the triple integral is the sum of the first
moments of V about the yz- and xz-coordinate
planes, its value must be zero.

x
y

z
z x y

z x y= - 1- -22 2

=1- -22 21

1/ 2

1

( )

,

21. If S′ is that part of the xy-plane bounded by x2 + y2 = 1, then
∫∫
⊂⊃

S+S′
[(y3 + x2y)̂i + (x3 − xy2)̂j + zk̂] · n̂ dS =

∫∫∫

V

(2xy − 2xy + 1) dV =
∫∫∫

V

dV .

Since n̂ = −k̂ on S′,

∫∫

S

[(y3 + x2y)̂i + (x3 − xy2)̂j + zk̂] · n̂ dS =
∫∫∫

V

dV −
∫∫
⊂⊃

S′
[(y3 + x2y)̂i + (x3 − xy2 )̂j + zk̂] · (−k̂) dS

=
2π

3
−
∫∫

S′
−z dS =

2π

3
.

22. By the divergence theorem,
∫∫
⊂⊃

S

B · n̂ dS =
∫∫∫

V

∇ · B dV =
∫∫∫

V

∇ · (∇×A) dV . But according to

equation 14.15, ∇ · (∇×A) = 0, and hence the required result follows immediately.
23. The divergence theorem is the three-dimensional analogue of Green’s theorem when it is written in the

form in Exercise 13 of Section 14.6.

24. By the divergence theorem,
∫∫
⊂⊃

S

∇P · n̂ dS =
∫∫∫

V

∇ · ∇P dV =
∫∫∫

V

∇2P dV . If ∇2P = 0 in V , then
∫∫
⊂⊃

S

∇P · n̂ dS = 0.

25. If we set F = P ∇Q in the divergence theorem,
∫∫
⊂⊃

S

(P ∇Q) · n̂ dS =
∫∫∫

V

∇ · (P ∇Q) dV . Using identity

14.11 on the right gives
∫∫
⊂⊃

S

(P ∇Q) · n̂ dS =
∫∫∫

V

(∇P · ∇Q + P∇ · ∇Q) dV =
∫∫∫

V

(∇P · ∇Q + P∇2Q) dV .

26. If we reverse the roles of P and Q in Exercise 25,
∫∫
⊂⊃

S

Q∇P · n̂ dS =
∫∫∫

V

(Q∇2P + ∇Q · ∇P ) dV . When

we subtract this result from that in Exercise 25, we obtain
∫∫
⊂⊃

S

(P∇Q − Q∇P ) · n̂ dS =
∫∫∫

V

(P∇2Q − Q∇2P ) dV .

27. Exercises 24–26 in this section are the three-dimensional analogues of Exercises 36–38 in Section 14.6.
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28. If P0 is outside V , then r − r0 6= 0 on or
inside S, and by the divergence theorem,∫∫
⊂⊃

S

r − r0

|r − r0|3
· n̂ dS =

∫∫∫

V

∇ ·
(

r − r0

|r − r0|3

)
dV .

Now,

∇ ·
(

r − r0

|r − r0|3

)
= ∇ ·

(
(x − x0 )̂i + (y − y0)̂j + (z − z0)k̂

[(x − x0)2 + (y − y0)2 + (z − z0)2]3/2

)
,

and it is a straightforward calculation to show that

z

x y

S

P x,y,z

P0

( )
0

0

r r

r
r

-

∂

∂x

(
x − x0

[(x − x0)2 + (y − y0)2 + (z − z0)2]3/2

)
=

(y − y0)2 + (z − z0)2 − 2(x − x0)2

[(x − x0)2 + (y − y0)2 + (z − z0)2]5/2
.

With similar calculations for the partial derivatives of the y- and z-components with respect to y and
z, we obtain

∇ ·
(

r − r0

|r − r0|3

)
=

1
[(x − x0)2 + (y − y0)2 + (z − z0)2]5/2

{
[(y − y0)2 + (z − z0)2 − 2(x − x0)2]

+ [(x − x0)2 + (z − z0)2 − 2(y − y0)2] + [(x − x0)2 + (y − y0)2 − 2(z − z0)2]
}

= 0.

Thus, when P0 is outside S,
∫∫
⊂⊃

S

r− r0

|r − r0|3
· n̂ dS = 0.

Now suppose that P0 is inside S. We construct
a sphere S′ of radius R and centre P0 which
is entirely within V . We now join S and S′ by
a surface S′′ so that S′′ divides V into two parts
V1 and V2, with bounding surfaces S1 and S2.
Since P0 is outside both V1 and V2, we have

z

x y

SS

V
V

S
SP

21

2

1
0

∫∫
⊂⊃

S1

r − r0

|r− r0|3
· n̂ dS = 0,

∫∫
⊂⊃

S2

r − r0

|r− r0|3
· n̂ dS = 0.

When these results are added together,

0 =
∫∫
⊂⊃

S1

r − r0

|r − r0|3
· n̂ dS +

∫∫
⊂⊃

S2

r− r0

|r − r0|3
· n̂ dS.

But in evaluating integrals over S1 and S2, integration is performed over S′′ twice, once with n̂ in one
direction, and once with n̂ in the opposite direction. As a result, the contributions over S′′ vanish,
leaving only the surface integrals over S and S′, where n̂ is the outer normal on S and the inner normal
on S′,

0 =
∫∫
⊂⊃

S

r − r0

|r − r0|3
· n̂ dS +

∫∫
⊂⊃

S′

r− r0

|r − r0|3
· n̂ dS.

On S′ : (x − x0)2 + (y − y0)2 + (z − z0)2 = R2, n̂ = − 1
R

(x − x0, y − y0, z − z0) = −r− r0

R
, and

|r − r0| = R, so that
∫∫
⊂⊃

S′

r − r0

|r − r0|3
· n̂ dS =

∫∫
⊂⊃

S′

(−Rn̂)
R3

· n̂ dS = − 1
R2

∫∫
⊂⊃

S′
dS = − 1

R2
(Area of S′) = − 1

R2
(4πR2) = −4π.

Consequently, when P0 is enclosed by S,
∫∫
⊂⊃

S

r − r0

|r − r0|3
· n̂ dS = −

∫∫
⊂⊃

S′

r− r0

|r − r0|3
· n̂ dS = 4π.
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1. According to Stokes’s theorem,
∫
©

C

x2y dx + y2z dy + z2x dz =
∫∫

S

∇× (x2y, y2z, z2x) · n̂ dS where S is

any surface with C as boundary. Now,

∇× (x2y, y2z, z2x) =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z
x2y y2z z2x

∣∣∣∣∣∣
= (−y2,−z2,−x2).

If we choose S as that part of the plane z = 4 inside C, then n̂ = −k̂, and

∫
©

C

x2y dx + y2z dy + z2x dz =
∫∫

S

(−y2,−z2 − x2) · (−k̂) dS =
∫∫

S

x2 dS

=
∫∫

Sxy

x2 dA = 4
∫ π/2

0

∫ 2

0

r2 cos2 θ r dr dθ = 4
∫ π/2

0

{
r4

4
cos2 θ

}2

0

dθ

= 16
∫ π/2

0

(
1 + cos 2θ

2

)
dθ = 8

{
θ +

1
2

sin 2θ

}π/2

0

= 4π.

2. According to Stokes’s theorem,∫
©

C

y2 dx + xy dy + xz dz

=
∫∫

S

∇× (y2, xy, xz) · n̂ dS

where S is any surface with C as
boundary. Now,

∇× (y2, xy, xz) =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z
y2 xy xz

∣∣∣∣∣∣
= (0,−z,−y).

z

y
x

C

y z

x y y

=

2 2= 2+

2

If we choose S as that part of z = y bounded by C, then n̂ = (0,−1, 1)/
√

2, and
∫
©

C

y2 dx + xy dy + xz dz =
∫∫

S

(0,−z,−y) · (0,−1, 1)√
2

dS =
1√
2

∫∫

S

(z − y) dS = 0.

3. According to Stokes’s theorem,
∫
©

C

(xyz + 2yz) dx + xz dy + 2xy dz =
∫∫

S

∇× (xyz + 2yz, xz, 2xy) · n̂ dS

where S is any surface with C as boundary. Now,

∇× (xyz + 2yz, xz, 2xy) =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z

xyz + 2yz xz 2xy

∣∣∣∣∣∣
= (x, xy,−z − xz).

If we choose S as that part of the plane z = 1 inside C, then n̂ = k̂, and

∫
©

C

(xyz + 2yz) dx + xz dy + 2xy dz =
∫∫

S

(x, xy,−z − xz) · k̂ dS =
∫∫

S

−(z + xz) dS

= −
∫∫

S

z dS −
∫∫

S

xz dS = −
∫∫

S

dS − 0 = −3π.
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4. By Stokes’s theorem,
∫
©

C

F · dr =
∫∫

S

∇×F · n̂ dS

where S is any surface with C as boundary and
F = (2xy + y)̂i + (x2 + xy − 3y)̂j + 2xzk̂. Now

∇×F =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z

2xy + y x2 + xy − 3y 2xz

∣∣∣∣∣∣

= −2zĵ + (y − 1)k̂.

If we choose S as that part of the plane z = 4
inside C, then n̂ = ±k̂, depending on the
direction along C, and ∇×F · n̂ = ±(y − 1). Hence x

y

z

z x y

Sxy
4

4

= 2 2+,

z= 4
C

∫
©

C

F · dr = ±
∫∫

S

(y − 1) dS = ±

[∫∫

Sxy

y dA −
∫∫

Sxy

dA

]
= ±(0− 16π) = ±16π.

5. According to Stokes’s theorem,
∫
©

C

x2 dx + y2 dy + (x2 + y2) dz =
∫∫

S

∇× (x2, y2, x2 + y2) · n̂ dS where

S is any surface with C as boundary. Now,

∇× (x2, y2, x2 + y2) =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z
x2 y2 x2 + y2

∣∣∣∣∣∣
= (2y,−2x, 0).

If we choose S as that part of the plane x + y + z = 1 bounded by C, then n̂ = (−1,−1,−1)/
√

3, and
∫
©

C

x2 dx + y2 dy + (x2 + y2) dz =
∫∫

S

−2y + 2x√
3

dS =
2√
3

∫∫

Sxy

(x − y)
√

1 + (−1)2 + (−1)2 dA

= 2
∫ 1

0

∫ 1−x

0

(x − y) dy dx = 2
∫ 1

0

{
−1

2
(x − y)2

}1−x

0

dx

=
∫ 1

0

[x2 − (2x − 1)2] dx =
{

x3

3
− 1

6
(2x − 1)3

}1

0

= 0.

6. By Stokes’s theorem,∫
©

C

y dx + x dy + (x2 + y2 + z2) dz

=
∫∫

S

∇× (y, x, x2 + y2 + z2) · n̂ dS

where S is any surface with C as boundary. Now

∇× (y, x, x2 + y2 + z2) =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z

y x x2 + y2 + z2

∣∣∣∣∣∣
= (2y,−2x, 0).

x

y

z

C

x y

z xy

2 2=1+

=

1

1

If we choose S as that part of z = xy inside C, then n̂ = (y, x,−1)/
√

1 + x2 + y2. Thus,
∫
©

C

y dx + x dy + (x2 + y2 + z2) dz =
∫∫

S

2y2 − 2x2

√
1 + x2 + y2

dS

= 2
∫∫

Sxy

y2 − x2

√
1 + x2 + y2

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA

= 2
∫∫

Sxy

y2 − x2

√
1 + y2 + x2

√
1 + y2 + x2 dA = 2

∫∫

Sxy

y2 dA − 2
∫∫

Sxy

x2 dA = 0

since these integrals are equal.
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7. According to Stokes’s theorem,
∫
©

C

zy2 dx + xy dy + (y2 + z2) dz =
∫∫

S

∇× (zy2, xy, y2 + z2) · n̂ dS

where S is any surface with C as boundary. Now,

∇× (zy2, xy, y2 + z2) =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z
zy2 xy y2 + z2

∣∣∣∣∣∣
= (2y, y2, y − 2yz).

If we choose S as that part of the plane y = 3 inside C, then n̂ = −ĵ, and

∫
©

C

zy2 dx + xy dy + (y2 + z2) dz =
∫∫

S

(2y, y2, y − 2yz) · (−ĵ) dS

=
∫∫

S

−y2 dS = −9
∫∫

S

dS = −9(9π) = −81π.

8. By Stokes’s theorem,
∫
©

C

y dx + z dy + x dz =
∫∫

S

∇× (y, z, x) · n̂ dS where S is any surface with C as

boundary. Now

∇× (y, z, x) =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z

y z x

∣∣∣∣∣∣
= (−1,−1,−1).

If we choose S as that part of x + y = 2b
inside C, then n̂ = (1, 1, 0)/

√
2, and,∫

©
C

y dx + z dy + x dz

=
∫∫

S

−2√
2

dS = −
√

2
∫∫

S

dS

= −
√

2(Area of S) = −2
√

2πb2.

z

x

y
b

b

x y b

C

+ =2

2

2

9. According to Stokes’s theorem,
∫
©

C

y2 dx + (x + y) dy + yz dz =
∫∫

S

∇× (y2, x + y, yz) · n̂ dS where S is

any surface with C as boundary. Now,

∇× (y2, x + y, yz) =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z
y2 x + y yz

∣∣∣∣∣∣
= (z, 0, 1− 2y).

If we choose S as that part of the plane x + y + z = 2 bounded by C, then n̂ = (1, 1, 1)/
√

3, and

∫
©

C

y2 dx + (x + y) dy + yz dz =
∫∫

S

(z, 0, 1− 2y) ·
(1, 1, 1)√

3
dS =

1√
3

∫∫

S

(z + 1 − 2y) dS

=
1√
3

∫∫

Sxy

(2 − x − y + 1 − 2y)
√

1 + (−1)2 + (−1)2 dA

=
∫∫

Sxy

3 dA −
∫∫

Sxy

x dA − 3
∫∫

Sxy

y dA = 3(2π) − 0 − 0 = 6π.
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10. By Stokes’s theorem,
∫
©

C

(x + y)2 dx + (x + y)2 dy + yz3 dz =
∫∫

S

∇×
(
(x + y)2, (x + y)2, yz3

)
· n̂ dS

where S is any surface with C as boundary. Now

∇×
(
(x + y)2, (x + y)2, yz3

)
=

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z

(x + y)2 (x + y)2 yz3

∣∣∣∣∣∣
= (z3, 0, 0).

If we choose S as that part of z =
√

x2 + y2

inside C, then

n̂ =
±∇(x2 + y2 − z2)
|∇(x2 + y2 − z2)|

=
±(2x, 2y,−2z)√
4x2 + 4y2 + 4z2

=
±(x, y,−z)√

2z
,

the sign depending on the direction along C. Hence,
x

y

z

C z x y

x y

= 2 2+

( -1) +2 2=1

2

,

∫
©

C

(x + y)2 dx + (x + y)2 dy + yz3 dz = ±
∫∫

S

xz3

√
2z

dS =
±1√

2

∫∫

S

xz2 dS

=
±1√

2

∫∫

Sxy

x(x2 + y2)

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA

=
±1√

2

∫∫

Sxy

x(x2 + y2)

√√√√1 +

(
x√

x2 + y2

)2

+

(
y√

x2 + y2

)2

dA

= ±
∫∫

Sxy

x(x2 + y2) dA = ±2
∫ π/2

0

∫ 2 cos θ

0

r4 cos θ dr dθ = ±2
∫ π/2

0

{
r5

5
cos θ

}2 cos θ

0

dθ

=
±64
5

∫ π/2

0

cos6 θ dθ =
±64
5

∫ π/2

0

(
1 + cos 2θ

2

)3

dθ

=
±8
5

∫ π/2

0

[
1 + 3 cos 2θ +

3
2
(1 + cos 4θ) + cos 2θ(1 − sin2 2θ)

]
dθ

=
±8
5

{
5θ

2
+ 2 sin 2θ +

3 sin 4θ

8
− sin3 2θ

6

}π/2

0

= ±2π.

11. According to Stokes’s theorem,
∫
©

C

xy dx − zx dy + yz dz =
∫∫

S

∇× (xy,−zx, yz) · n̂ dS where S is any

surface with C as boundary. Now, ∇× (xy,−zx, yz) =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z
xy −zx yz

∣∣∣∣∣∣
= (z + x, 0,−z − x). If

we choose S as that part of z = x + y inside C, then n̂ = (−1,−1, 1)/
√

3, and

∫
©

C

xy dx − zx dy + yz dz =
∫∫

S

(z + x, 0,−z − x) · (−1,−1, 1)√
3

dS = − 2√
3

∫∫

S

(z + x) dS

= − 2√
3

∫∫

Sxy

(x + y + x)
√

1 + (1)2 + (1)2 dA = −2
∫ 1

0

∫ 1−x

0

(2x + y) dy dx

= −2
∫ 1

0

{
1
2
(2x + y)2

}1−x

0

dx =
∫ 1

0

[4x2 − (x + 1)2] dx

=
{

4x3

3
− 1

3
(x + 1)3

}1

0

= −1.
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12. The curve of intersection lies in the plane z = 1. If we choose S
as that part of the plane interior to C, then∫
©

C

y3 dx − x3 dy + xyz dz

=
∫∫

S

∇× (y3,−x3, xyz) · n̂ dS.

Now, ∇× (y3,−x3, xyz) =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z
y3 −x3 xyz

∣∣∣∣∣∣
= (xz,−yz,−3x2 − 3y2).

Since n̂ = k̂ on S, x

y

z

C

zx y z2 2 2+3=+ x y2 2+,= 3-

x y2 2=+ 4, = 0z2

2

3

∫
©

C

y3 dx − x3 dy + xyz dz =
∫∫

S

(−3x2 − 3y2) dS = −3
∫∫

Sxy

(x2 + y2) dA

= −3
∫ π

−π

∫ 2

0

r2 r dr dθ = −3
∫ π

−π

{
r4

4

}2

0

dθ = −12
{
θ
}π

−π
= −24π.

13. If S is that part of the plane y = x inside C, then according to Stokes’s theorem,

I =
∫
©

C

z(x + y)2 dx + (y − x)2 dy + z2 dz =
∫∫

S

∇×
(
z(x + y)2, (y − x)2, z2

)
· n̂ dS.

Now, ∇×
(
z(x + y)2, (y − x)2, z2

)
=

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z

z(x + y)2 (y − x)2 z2

∣∣∣∣∣∣
=
(
0, (x + y)2, 2(x − y − xz − yz)

)
.

Since n̂ = (−1, 1, 0)/
√

2,

I =
∫∫

S

(
0, (x + y)2, 2(x − y − xz − yz)

)
· (−1, 1, 0)√

2
dS =

1√
2

∫∫

S

(x + y)2 dS

=
1√
2

∫∫

Sxz

(x + x)2
√

1 + (1)2 dA = 4
∫∫

Sxz

x2 dA.

If we set up polar coordinates x = r cos θ and z = r sin θ in the xz-plane,

I = 16
∫ π/2

0

∫ a

0

r2 cos2 θ r dr dθ = 16
∫ π/2

0

{
r4

4
cos2 θ

}a

0

dθ

= 4a4

∫ π/2

0

(
1 + cos 2θ

2

)
dθ = 2a4

{
θ +

1
2

sin 2θ

}π/2

0

= πa4.

14. If we choose S as the upper part of the sphere bounded by C, then∫
©

C

−2y3x2 dx + x3y2 dy + z dz

=
∫∫

S

∇× (−2y3x2, x3y2, z) · n̂ dS.

Now,

∇× (−2y3x2, x3y2, z) =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z

−2y3x2 x3y2 z

∣∣∣∣∣∣
= (0, 0, 9x2y2),

and n̂ =
(x, y, z)√

x2 + y2 + z2
=

(x, y, z)
2

. Thus, x

y

z
x y z

x y
2

2
1

2

2 2+4 =4
2 2+ + =42

C
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∫
©

C

−2y3x2 dx + x3y2 dy + z dz =
∫∫

S

z

2
(9x2y2) dS =

9
2

∫∫

S

x2y2
√

4 − x2 − y2 dS

=
9
2

∫∫

Sxy

x2y2
√

4 − x2 − y2

√
1 +

x2

4 − x2 − y2
+

y2

4 − x2 − y2
dA

= 9
∫∫

Sxy

x2y2 dA = 36
∫ 1

0

∫ √
4−4y2

0

x2y2 dx dy

= 36
∫ 1

0

{
x3y2

3

}√4−4y2

0

dy = 96
∫ 1

0

y2(1 − y2)3/2 dy.

If we set y = sin θ and dy = cos θ dθ, then
∫
©

C

−2y3x2 dx + x3y2 dy + z dz = 96
∫ π/2

0

sin2 θ cos3 θ cos θ dθ = 96
∫ π/2

0

sin2 θ cos4 θ dθ

= 96
∫ π/2

0

sin2 2θ

4

(
1 + cos 2θ

2

)
dθ

= 12
∫ π/2

0

(
1 − cos 4θ

2
+ sin2 2θ cos 2θ

)
dθ

= 12
{

θ

2
− sin 4θ

8
+

sin3 2θ

6

}π/2

0

= 3π.

15. (a) With parametric equations x = cos t, y = sin t, z =
√

3, −π ≤ t ≤ π,

I =
∫
©

C

2x2y dx − yz dy + xz dz =
∫ π

−π

2 cos2 t sin t(− sin t dt) −
√

3 sin t(cos t dt)

= −
∫ π

−π

(
1
2

sin2 2t +
√

3 sin t cos t

)
dt = −1

2

∫ π

−π

[(
1 − cos 4t

2

)
+ 2

√
3 sin t cos t

]
dt

= −
1
2

{
t

2
−

1
8

sin 4t +
√

3 sin2 t

}π

−π

= −
π

2
.

(b) Since ∇× (2x2y,−yz, xz) =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z
2x2y −yz xz

∣∣∣∣∣∣
= (y,−z,−2x2),

and n̂ =
∇(x2 + y2 + z2 − 4)
|∇(x2 + y2 + z2 − 4)|

=
(2x, 2y, 2z)√

4x2 + 4y2 + 4z2
=

(x, y, z)
2

,

I =
∫∫

S

(y,−z,−2x2) · (x, y, z)
2

dS =
1
2

∫∫

S

(xy − yz − 2x2z) dS

=
1
2

∫∫

S

(xy − y
√

4 − x2 − y2 − 2x2
√

4 − x2 − y2) dS

=
1
2

∫∫

Sxy

[xy − (y + 2x2)
√

4− x2 − y2]

√√√√1 +

(
−x√

4 − x2 − y2

)2

+

(
−y√

4 − x2 − y2

)2

dA

=
1
2

∫∫

Sxy

[xy − (y + 2x2)
√

4− x2 − y2]
2√

4 − x2 − y2
dA

=
∫∫

Sxy

(
xy√

4 − x2 − y2
− y − 2x2

)
dA.
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Integrals of the first two terms give zero, and therefore

I = −2
∫∫

Sxy

x2 dA = −8
∫ π/2

0

∫ 1

0

r2 cos2 θ r dr dθ = −8
∫ π/2

0

{
r4

4
cos2 θ

}1

0

dθ

= −2
∫ π/2

0

(
1 + cos 2θ

2

)
dθ = −

{
θ +

1
2

sin 2θ

}π/2

0

= −π

2
.

(c) Since n̂ =
∇(z −

√
3(x2 + y2))

|∇(z −
√

3(x2 + y2))|
=

(−2
√

3x,−2
√

3y, 1)√
1 + 12x2 + 12y2

,

I =
∫∫

S

(y,−z,−2x2) · (−2
√

3x,−2
√

3y, 1)√
1 + 12x2 + 12y2

dS =
∫∫

S

−2
√

3xy + 2
√

3yz − 2x2

√
1 + 12x2 + 12y2

dS

=
∫∫

Sxy

2
√

3y(
√

3x2 +
√

3y2) − 2
√

3xy − 2x2

√
1 + 12x2 + 12y2

√
1 + (2

√
3x)2 + (2

√
3y)2 dA

=
∫∫

Sxy

[2
√

3y(
√

3x2 +
√

3y2) − 2
√

3xy − 2x2] dA.

Integrals of the first two terms give zero, leaving I =
∫∫

Sxy

−2x2 dA, the same integral as in part (b).

(d) Since n̂ = k̂, I =
∫∫

S

(y,−z,−2x2) · k̂ dS =
∫∫

S

−2x2 dS =
∫∫

Sxy

−2x2 dA = −
π

2
, the same integral

as in part (b).
16. Both surfaces have the curve C : x2 + y2 = 1, z = 0 as boundary. Consequently, by Stokes’s theorem,

both surface integrals are equal to
∫
©

C

F · dr and are therefore equal to each other.

REVIEW EXERICSES
1. ∇f = (2xy3 − y)̂i + (3x2y2 − x)̂j + k̂
2. ∇ ·F = 3x2y + x2/y2

3. ∇×F =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z

sin (xy) cos (xy) xy

∣∣∣∣∣∣
= xî− yĵ + [−y sin (xy) − x cos (xy)]k̂

4. ∇×F =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z

x + y + z x + y + z x + y + z

∣∣∣∣∣∣
= (1 − 1)̂i + (1 − 1)̂j + (1 − 1)k̂ = 0

5. ∇f =
(

2x

x2 + y2 + z2

)
î +
(

2y

x2 + y2 + z2

)
ĵ +
(

2z

x2 + y2 + z2

)
k̂

6. ∇ ·F = yex + zey + xez

7. ∇×F =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z

0 xyz 0

∣∣∣∣∣∣
= −xyî + yzk̂

8. ∇f =
1√

1 − (x + y)2
(̂i + ĵ)

9. ∇ ·F = −2y + 2y2z

10. ∇×F =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z

Cot−1(xyz) 0 0

∣∣∣∣∣∣
=

−xy

1 + x2y2z2
ĵ +

xz

1 + x2y2z2
k̂

11.
∫

C

y ds =
∫ 2

−1

x3
√

1 + (3x2)2 dx =
∫ 2

−1

x3
√

1 + 9x4 dx =
{

(1 + 9x4)3/2

54

}2

−1

=
145

√
145− 10

√
10

54
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12.
∫∫

S

(x2 + yz) dS =
∫∫

Sxy

[x2 + y(2 − x − y)]

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA

=
∫∫

Sxy

(x2 + 2y − xy − y2)
√

1 + (−1)2 + (−1)2 dA

=
√

3
∫ 2

0

∫ 2−x

0

(x2 + 2y − xy − y2) dy dx

=
√

3
∫ 2

0

{
x2y + y2 − xy2

2
− y3

3

}2−x

0

dx

=
√

3
6

∫ 2

0

[24x2 − 9x3 − 12x + 6(2 − x)2 − 2(2 − x)3] dx

=
√

3
6

{
8x3 −

9x4

4
− 6x2 − 2(2 − x)3 +

(2 − x)4

2

}2

0

= 2
√

3 x

y

z

x y z

x y z
2

2

+ =2, =0

2

+ + =2

13. Since n̂ =
(2x, 2y,−1)√
1 + 4x2 + 4y2

,

∫∫

S

(xî + yĵ) · n̂ dS =
∫∫

Sxy

2x2 + 2y2

√
1 + 4x2 + 4y2

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA

=
∫∫

Sxy

2x2 + 2y2

√
1 + 4x2 + 4y2

√
1 + (2x)2 + (2y)2 dA = 8

∫ 1

0

∫ 1

0

(x2 + y2) dy dx

= 8
∫ 1

0

{
x2y +

y3

3

}1

0

dx =
8
3

∫ 1

0

(3x2 + 1) dx =
8
3

{
x3 + x

}1

0
=

16
3

14. Since n̂ =
∇(x2 + y2 − z)
|∇(x2 + y2 − z)|

=
(2x, 2y,−1)√
1 + 4x2 + 4y2

,
∫∫

S

(xî + yĵ) · n̂ dS

=
∫∫

Sxy

2x2 + 2y2

√
1 + 4x2 + 4y2

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA

=
∫∫

Sxy

2(x2 + y2)√
1 + 4x2 + 4y2

√
1 + (2x)2 + (2y)2 dA

= 2
∫∫

Sxy

(x2 + y2) dA = 2
∫ π

−π

∫ 1

0

r2 r dr dθ

= 2
∫ π

−π

{
r4

4

}1

0

dθ =
1
2

{
θ
}π

−π
= π. x

y

z
z x y= 2 2+

1^

1

n

15. Since ∇(x2/2 + y2/2− z3/3) = xî + yĵ− z2k̂, the line integral is independent of path in space. Because
C is a closed curve, the line integral has value zero.

16. With parametric equations C : x = −t, y =
√

1 + t2, z =
√

1 − 2t2, −1/
√

2 ≤ t ≤ 1/
√

2,

∫

C

xy dx + xz dz =
∫ 1/

√
2

−1
√

2

[
−t
√

1 + t2(−dt) − t
√

1 − 2t2
(

−2t√
1 − 2t2

)
dt

]

=
∫ 1/

√
2

−1/
√

2

(t
√

1 + t2 + 2t2) dt =
{

1
3
(1 + t2)3/2 +

2t3

3

}1/
√

2

−1/
√

2

=
√

2
3

.
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17. By Green’s theorem,∫
©∨

C

2xy3 dx + (3x2y2 + 2xy) dy

=
∫∫

R

(6xy2 + 2y − 6xy2) dA = 2
∫∫

R

y dA.

This integral has value zero since y is an
odd function of y and R is symmetric about
the x-axis.

y

x1 2

18. By Green’s theorem,∫
©∨

C

2xy3 dx + (3x2y2 + x2) dy

=
∫∫

R

(6xy2 + 2x − 6xy2) dA

= 2
∫∫

R

x dA = 2x(Area of R) = 2(1)π(1)2 = 2π.

y

x1 2

19. By the divergence theorem,
∫∫
⊂⊃

S

(x2 î + y2ĵ + z2k̂) · n̂ dS =
∫∫∫

V

(2x + 2y + 2z) dV = 2
∫ 1

0

∫ 2−z

z

∫ 1

0

(x + y + z) dx dy dz

= 2
∫ 1

0

∫ 2−z

z

{
x2

2
+ xy + xz

}1

0

dy dz =
∫ 1

0

∫ 2−z

z

(1 + 2y + 2z) dy dz

=
∫ 1

0

{
1
4
(1 + 2y + 2z)2

}2−z

z

dz =
1
4

∫ 1

0

[25 − (1 + 4z)2] dz

=
1
4

{
25z − 1

12
(1 + 4z)3

}1

0

=
11
3

20. We quadruple the integral over that part of the surface in the first octant.
∫∫

S

(x2 + y2) dS = 4
∫∫

Sxy

(x2 + y2)

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA

= 4
∫∫

Sxy

(x2 + y2)

√
1 +

(
−x

z

)2

+
(
−y

z

)2

dA

= 4
∫∫

Sxy

(x2 + y2)
√

6
z

dA

= 4
√

6
∫∫

Sxy

x2 + y2

√
6 − x2 − y2

dA

= 4
√

6
∫ √

2

0

∫ π/2

0

r2

√
6 − r2

r dθ dr

= 2
√

6π

∫ √
2

0

r3

√
6 − r2

dr x

y

z
x y z

z x y

2 2 2+ + =66

= 2 2+

=2 , =0

,

6
,

6
,

x y2 2+ z
,

,

2

2

If we set u = 6 − r2 and du = −2r dr, then
∫∫

S

(x2 + y2) dS = 2
√

6π
∫ 4

6

6 − u√
u

(
−du

2

)
=

√
6π

∫ 4

6

(
− 6√

u
+
√

u

)
du

=
√

6π

{
−12

√
u +

2u3/2

3

}4

6

=
8π(18− 7

√
6)

3
.
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21. Since n̂ =
∇(x2 + y2 + z2 − 6)
|∇(x2 + y2 + z2 − 6)|

=
(2x, 2y, 2z)√

4x2 + 4y2 + 4z2
=

(x, y, z)√
6

,

∫∫

S

(x2 + y2)̂i · n̂ dS =
∫∫

S

x(x2 + y2)√
6

dS =
1√
6

∫∫

Sxy

x(x2 + y2)

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA

=
1√
6

∫∫

Sxy

x(x2 + y2)

√√√√1 +

(
− x√

6 − x2 − y2

)2

+

(
− y√

6 − x2 − y2

)2

dA

=
1√
6

∫∫

Sxy

x(x2 + y2)
√

6√
6 − x2 − y2

dA =
∫∫

Sxy

x(x2 + y2)√
6 − x2 − y2

dA = 0.

The integrand is an odd function of x and Sxy is symmetric about the y-axis.
22. By Stokes’s theorem,∫

©
C

(x2 î + yĵ − xzk̂) · dr =
∫∫

S

∇× (x2, y,−xz) · n̂ dS

where S is any surface with C as
boundary. Now

∇× (x2, y,−xz) =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z
x2 y −xz

∣∣∣∣∣∣
= (0, z, 0).

If we choose S as that part of z = x + 1
inside C, then n̂ = (−1, 0, 1)/

√
2, and∫

©
C

(x2 î + yĵ − xzk̂) · dr =
∫∫

S

0 dS = 0. x
y

z
x y

z x
C

2 2+ =1

= +1

1
1

23. If S is that part of z = x + 1 inside C, then by Stokes’s theorem,
∫
©

C

(xyî + zĵ− x2k̂) · dr =
∫∫

S

∇× (xy, z,−x2) · n̂ dS.

Since ∇× (xy, z,−x2) =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z
xy z −x2

∣∣∣∣∣∣
= (−1, 2x,−x), and n̂ = (−1, 0, 1)/

√
2,

∫
©

C

(xyî + zĵ− x2k̂) · dr =
∫∫

S

(−1, 2x,−x) · (−1, 0, 1)√
2

dS =
1√
2

∫∫

S

(1 − x) dS

=
1√
2

∫∫

S

(1 − x)

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA =
1√
2

∫∫

Sxy

(1 − x)
√

1 + (1)2 dA

=
∫∫

Sxy

dA = π
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24. By Stokes’s theorem,
∫
©

C

y dx + 2x dy − 3z2 dz =
∫∫

S

∇× (y, 2x,−3z2) · n̂ dS where S is any surface with

C as boundary. Now,

∇× (y, 2x,−3z2) =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z

y 2x −3z2

∣∣∣∣∣∣
= (0, 0, 1).

If we choose S as that part of y =
√

1 + z2 − x2

inside C, then

n̂ =
∇(z2 − x2 − y2 + 1)
|∇(z2 − x2 − y2 + 1)|

=
(−2x,−2y, 2z)√
4x2 + 4y2 + 4z2

=
(−x,−y, z)√
x2 + y2 + z2

.

x y

z
y xz

x z

C

= 1 2 2+

2 2+ =1

1

, -

Hence,
∫
©

C

y dx + 2x dy − 3z2 dz =
∫∫

S

z√
x2 + y2 + z2

dS

=
∫∫

Sxz

z√
x2 + y2 + z2

√
1 +

(
∂y

∂x

)2

+
(

∂y

∂z

)2

dA

=
∫∫

Sxz

z√
x2 + y2 + z2

√
1 +

(
−x

y

)2

+
(

z

y

)2

dA

=
∫∫

Sxz

z

y
dA =

∫∫

Sxz

z√
1 + z2 − x2

dA = 0,

since the integrand is an odd function of z and Sxz is symmetric about the x-axis.

25. If S is that part of the plane y = z inside C, then by Stokes’s theorem,

I =
∫
©

C

(xy + 4x3y2) dx + (z + 2x4y) dy + (z5 + x2z2) dz =
∫∫

S

∇× (xy + 4x3y2, z + 2x4y, z5 + x2z2) · n̂ dS.

Since ∇× (xy + 4x3y, z + 2x4y, z5 + x2z2) =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z

xy + 4x3y2 z + 2x4y z5 + x2z2

∣∣∣∣∣∣
= (−1,−2xz2,−x),

and n̂ = (0,−1, 1)/
√

2,

I =
∫∫

S

(−1,−2xz2,−x) · (0,−1, 1)√
2

dS =
1√
2

∫∫

S

(2xz2 − x) dS

=
1√
2

∫∫

Sxy

(2xz2 − x)

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA =
1√
2

∫∫

Sxy

(2xy2 − x)
√

1 + (1)2 dA

=
∫∫

Sxy

(2xy2 − x) dA = 0

(since 2xy2 − x is an odd function of x and Sxy is symmetric about the y-axis).
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26. If S′ is that part of the xy-plane
bounded by x2 + y2 = 1, z = 0, then∫∫

S′
(x2yzî− x2yzĵ− xyz2k̂) · n̂ dS = 0.

By the divergence theorem,∫∫
⊂⊃

S+S′
(x2yzî− x2yzĵ− xyz2k̂) · n̂ dS

=
∫∫∫

V

(2xyz − x2z − 2xyz) dV

Thus, x

y

z

z x y=1- 2 2+

1

1

,

∫∫

S

(x2yzî− x2yzĵ− xyz2k̂) · n̂ dS = −
∫∫∫

V

x2z dV −
∫∫

S′
(x2yzî− x2yzĵ− xyz2k̂) · n̂ dS

= −
∫ π

−π

∫ 1

0

∫ 1−r

0

zr2 cos2 θ r dz dr dθ = −
∫ π

−π

∫ 1

0

{
z2r3 cos2 θ

2

}1−r

0

dr dθ

= −1
2

∫ π

−π

∫ 1

0

(r3 − 2r4 + r5) cos2 θ dr dθ

= −
1
2

∫ π

−π

{
r4

4
−

2r5

5
+

r6

6

}1

0

cos2 θ dθ

=
−1
120

∫ π

−π

(
1 + cos 2θ

2

)
dθ =

−1
240

{
θ +

sin 2θ

2

}π

−π

=
−π

120
.

27.
∫∫

S

dS =
∫∫

Sxy

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA =
∫∫

Sxy

√
1 + (2x)2 + (−2y)2 dA

= 4
∫ π/2

0

∫ 2

0

√
1 + 4r2 r dr dθ = 4

∫ π/2

0

{
1
12

(1 + 4r2)3/2

}2

0

dθ

=
1
3
(17

√
17− 1)

{
θ
}π/2

0
=

(17
√

17 − 1)π
6

28.
∫∫

S

y dS =
∫∫

Sxz

y

√
1 +

(
∂y

∂x

)2

+
(

∂y

∂z

)2

dA

=
∫∫

Sxz

y
√

1 + [1/(2y)]2 dA =
1
2

∫∫

Sxz

√
4y2 + 1 dA

=
1
2

∫∫

Sxz

√
4(x − 1) + 1 dA =

1
2

∫∫

Sxz

√
4x − 3 dA

=
1
2

∫ 2

1

∫ 2−x

0

√
4x − 3 dz dx =

1
2

∫ 2

1

(2 − x)
√

4x − 3 dx

If we set u = 4x − 3 and du = 4 dx in the second term,
∫∫

S

y dS =
{

1
6
(4x − 3)3/2

}2

1

− 1
2

∫ 5

1

(
u + 3

4

)√
u

(
du

4

)

=
1
6
(5
√

5 − 1) − 1
32

{
2u5/2

5
+ 2u3/2

}5

1

=
25

√
5 − 11
120

.

z

y

x

x y

x z+ =2

= 2+1

2

2

1
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29. By Green’s theorem,∫
©∨

C

(yexy + xy2exy) dx + (xexy + x2yexy + x3y) dy

=
∫∫

R

(exy + xyexy + 2xyexy + x2y2exy + 3x2y

−exy − xyexy − 2xyexy − x2y2exy) dA

= 6
∫ π/2

0

∫ 2 sin θ

0

(r2 cos2 θ)(r sin θ)r dr dθ

= 6
∫ π/2

0

{
r5

5
cos2 θ sin θ

}2 sin θ

0

dθ

=
192
5

∫ π/2

0

cos2 θ sin6 θ dθ =
192
5

∫ π/2

0

(
sin 2θ

2

)2(1− cos 2θ

2

)2

dθ

=
12
5

∫ π/2

0

sin2 2θ(1 − 2 cos 2θ + cos2 2θ) dθ =
12
5

∫ π/2

0

[
1 − cos 4θ

2
− 2 sin2 2θ cos 2θ +

(
sin 4θ

2

)2
]

dθ

=
12
5

∫ π/2

0

[
1 − cos 4θ

2
− 2 sin2 2θ cos 2θ +

1
4

(
1 − cos 8θ

2

)]
dθ

=
12
5

{
5θ

8
− 1

8
sin 4θ − 1

3
sin3 2θ − 1

64
sin 8θ

}π/2

0

=
3π

4

y

x

2 2sinr= q

30. Since n̂ =
∇(x2 + y2 − z2 + 1)
|∇(x2 + y2 − z2 + 1)| =

(2x, 2y,−2z)√
4x2 + 4y2 + 4z2

=
(x, y,−z)√
x2 + y2 + z2

,

∫∫

S

(xî + yĵ) · n̂ dS =
∫∫

Sxy

x2 + y2

√
x2 + y2 + z2

√
1 +

(
∂z

∂x

)2

+
(

∂z

∂y

)2

dA

=
∫∫

Sxy

x2 + y2

√
x2 + y2 + z2

√
1 +

(x

z

)2

+
(y

z

)2

dA

=
∫∫

Sxy

x2 + y2

z
dA

=
∫∫

Sxy

x2 + y2

√
1 + x2 + y2

dA

=
∫ √

3

0

∫ π

−π

r2

√
1 + r2

r dθ dr = 2π

∫ √
3

0

r3

√
1 + r2

dr.

z

x

y

z x y2=1+ 22+

3

1

,

3,

If we set u = 1 + r2 and du = 2r dr, then
∫∫

S

(xî + yĵ) · n̂ dS = 2π

∫ 4

1

u − 1√
u

(
du

2

)
= π

∫ 4

1

(√
u − 1√

u

)
du = π

{
2u3/2

3
− 2

√
u

}4

1

=
8π

3
.

31. (a) With dS =

√√√√1 +

(
−x√

1 − x2 − y2

)2

+

(
−y√

1 − x2 − y2

)2

dA =
1√

1− x2 − y2
dA,

∫∫

S

x2y2z2 dS =
∫∫

Sxy

x2y2(1 − x2 − y2)
1√

1 − x2 − y2
dA

= 4
∫ √

2
√

2−2

0

∫ √
1−x2−x4/4

0

x2y2
√

1 − x2 − y2 dy dx
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(b) With dS =

√√√√1 +

(
−y√

1 − y2 − z2

)2

+

(
−z√

1 − y2 − z2

)2

dA =
1√

1 − y2 − z2
dA,

∫∫

S

x2y2z2 dS =
∫∫

Syz

y2z2(1 − y2 − z2)
1√

1 − y2 − z2
dA = 4

∫ 1

0

∫ √
1−y2

−1+
√

2−y2
y2z2

√
1 − y2 − z2 dz dy.

(c) With dS =

√
1 +

(
−x√

1 − x2 − z2

)2

+
(

−z√
1 − x2 − z2

)2

dA =
1√

1 − x2 − z2
dA,

∫∫

S

x2y2z2 dS = 4
∫∫

Sxz

x2z2(1 − x2 − z2)
1√

1 − x2 − z2
dA = 4

∫ √
2
√

2−2

0

∫ √
1−x2

x2/2

x2z2
√

1 − x2 − z2 dz dx.

32. ∇(|r|n) = ∇[(x2 + y2 + z2)n/2] =
n

2
(x2 + y2 + z2)n/2−1(2xî + 2yĵ + 2zk̂)

= n(x2 + y2 + z2)(n−2)/2(xî + yĵ + zk̂) = n|r|n−2r
33. If F = P î + Qĵ + Rk̂, then

∇×F =

∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z

P Q R

∣∣∣∣∣∣
=
(

∂R

∂y
− ∂Q

∂z

)
î +
(

∂P

∂z
− ∂R

∂x

)
ĵ +
(

∂Q

∂x
− ∂P

∂y

)
k̂,

and ∇× (∇×F) =

∣∣∣∣∣∣∣

î ĵ k̂
∂/∂x ∂/∂y ∂/∂z

∂R

∂y
− ∂Q

∂z

∂P

∂z
− ∂R

∂x

∂Q

∂x
− ∂P

∂y

∣∣∣∣∣∣∣

=
(

∂2Q

∂y∂x
− ∂2P

∂y2
− ∂2P

∂z2
+

∂2R

∂z∂x

)
î +
(

∂2R

∂z∂y
− ∂2Q

∂z2
− ∂2Q

∂x2
+

∂2P

∂x∂y

)
ĵ

+
(

∂2P

∂x∂z
− ∂2R

∂x2
− ∂2R

∂y2
+

∂2Q

∂y∂z

)
k̂.

On the other hand, ∇(∇ ·F) −∇2F = ∇
(

∂P

∂x
+

∂Q

∂y
+

∂R

∂z

)
−∇2(P î + Qĵ + Rk̂)

=
(

∂2P

∂x2
+

∂2Q

∂x∂y
+

∂2R

∂z∂x
− ∂2P

∂x2
− ∂2P

∂y2
− ∂2P

∂z2

)
î

+
(

∂2P

∂y∂x
+

∂2Q

∂y2
+

∂2R

∂y∂z
−

∂2Q

∂x2
−

∂2Q

∂y2
−

∂2Q

∂z2

)
ĵ

+
(

∂2P

∂z∂x
+

∂2Q

∂z∂y
+

∂2R

∂z2
− ∂2R

∂x2
− ∂2R

∂y2
− ∂2R

∂z2

)
k̂

=
(

∂2Q

∂y∂x
− ∂2P

∂y2
− ∂2P

∂z2
+

∂2R

∂z∂x

)
î

+
(

∂2R

∂z∂y
− ∂2Q

∂z2
− ∂2Q

∂x2
+

∂2P

∂x∂y

)
ĵ

+
(

∂2P

∂x∂z
− ∂2R

∂x2
− ∂2R

∂y2
+

∂2Q

∂y∂z

)
k̂.


