Sample Exam

. Evaluate the line integral 96 (2:Cy3 —zy)dz + (3x2y2 + :vy2) dy where C traverses once counter-clockwise

c
around the triangle in the xy-plane that bounds the area enclosed by the curves y = —z, y=0, and x = —1.

. Evaluate the surface integral
// [zi 4 yj — (1 +22) k] -1 dS
s

where S is that part of the surface z = 22 + y? — 4 that lies below the zy-plane and f is the unit upper
normal to S.

. Evaluate the surface integral
# (221 + y%) — 2y’ k) - ndS
s

where S is the closed surface enclosing the volume in the first octant bounded by the surfaces x +y+ 2z =1,
z =0,y =0, and z =0, and 1 is the unit inward pointing normal to S.

. Consider the differential equation

(22% 4+ 1)y — 4y = 0.
o0
A solution of the above differential equation can be represented by its Maclaurin series y = Z anx™.
n=0
(a) Find a recurrence relation for the a,, and simplify it as much as possible. Do NOT attempt to iterate
the recurrence relation; that is, do NOT solve for the a,,.
b) Using only the properties of the differential equation, determine the open interval of convergence for any
g g
Maclaurin series solution. Explain your reasoning.

. When a solution of the differential equation (2

o0

— 3)y” — 6y = 0 is represented in terms of its Maclaurin

series y = E cnx™, its coefficients a,, satisfy the recurrence relation
n=0
n—3 >0
a =—-a n .
n+2 3(71 + 1) noy =

(a) Use the recurrence relation to find a general solution of the differential equation. Write any infinite series
using sigma notation and simplify as much as possible.

(b) Determine a guaranteed open interval of convergence for each of your two linearly independent solutions.
Explain your reasoning.

. (a) Calculate the Fourier sine series of f(x) on the interval 0 < x < 3, where f(z) =3+, 0 < 2 < 3, and
simplify your answer.

(b) Draw a graph of the function to which the Fourier series in part (a) converges for —9 < 2 <9, and
indicate clearly the scales on the axes, and the value at each point of discontinuity.



7. A thin laterally insulated rod has diffusivity 7 and length 4. The equation for heat conduction in this rod is
ou _ U
ot ox2’

where U(z,t) is the temperature at the point « and time ¢. The boundary conditions are
oU(0,t) B oU (4,1)

dr  Ox
Initially (at time ¢ = 0), the temperature of the rod is given by

O<ax<4d, t>0,

=0, t>0.

U(z,0)=10—z, 0<z<4.

(a) Solve the problem for U(x,t) by using separation of variables.
(b) What is the physical interpretation of the boundary conditions?
(c) Find the limit of U(z,t) as t — oo (if possible), and give a brief physical explanation of your answer.

8. A vibrating string has length 10 metres and at equilibrium it lies along the z-axis from x = 0 to x = 10.
Let y(x,t) be the displacement from the z-axis. The left end is attached to the z-axis. The right end
can slide vertically without friction. At time ¢ = 0, the string is in the shape of a parabola which is zero
at both end-points with a maximum displacement of 1/4 metre (at the centre of the string). The initial
velocity of each point of the string (except the left end) is 2 m/s downward. Write down the PDE, the
boundary condition(s), and the initial condition(s) that y(z,t) must satisfy. Include appropriate bounds on
the variables. Do NOT solve the problem.

Answers: 1. —1/4 2. =207 3. —1/6

4.(a) apyo = %an, n>0 (b)-1/vV2<z<1/V2
x3 >
5.(a) a1 (w - ?> —I—aoz 312 _13)(2n_ 1)952" (b) —V3<z <3
6 [ +2(— )"+1] . nmT
; SlnT

Il
-

n

s
P %

7. (a‘) 8 + E 1 6_7(2n_1)2w2t/16 coSs M

(b)

(b) Ends of the rod are insulated. (c) Limit is 8
8.
%:CQ%, 0<z<10, t>0, A =1/p,
y(0,t) =0, t>0,
yo(10,£) =0, t>0,
y(z,0) = 2(10 — 2)/100, 0 < z < 10,
y(z,0) = -2, 0<x<10.



