Midterm Examination #2 M ATH3132 Mathematical Methods for Engineers 3
Time: 60 Minutes

Student Name (Print):

Student Signature:

Student Number:

INSTRUCTIONS:
. No aids permitted.

. Check that your examination has 3 questions.

. Find all singular points for the differential equation

d2y dy
2 — 1= izl _
ri(r—1)——5 + 3= +zy =0,

and determine whether they are regular or irregular singular points. Justify your answers.

Consider the functions

3 T _ 1
x?2(z—1) and 22(x—1) z(z—-1)

Since neither of these functions has a Maclaurin series nor a Taylor series about x = 1, the points
x =0 and x = 1 are singular. To determine whether z = 0 is regular or irregular singular, consider
the functions

3x 3 x? T

$2($—1):$($—1) and :E(:E—l):x—l'

Since the first of these does not have a Maclaurin series, x = 0 is irregular singular. To discuss
x = 1, consider
3(x—1) 3 (x—1)2 =z-1

2z —1) a2 and x(x —1) Tz

Since both of these functions have Taylor series about © = 1, = 1 is regular singular.



14 2. Evaluate the surface integral
# (2221 + %) + (zy + 32%2)k] - hdS
s
where S is the surface surrounding the volume bounded by the surfaces z? + y? = 4, z = 0 and

z =3, and n is the unit inward normal to the surface.

If V is the volume enclosed by the surface, then the divergence theorem says that

#[zzH—y,}%—(zy%—&r 2)K]-ndS = — /// (222 + 3y* + 322) dV.
s

Since the function 2z z is an odd function of z, and V is symmetric about the yz-plane, it integrates
to zero. When we use cylindrical coordinates on the remaining terms,

#[:E21+y,]+(:vy+3:ﬂz) :—3/ //rdzdrd@
S -7
:—3/ / {T z}odrdﬁ——9/ / 3 dr df

r

= —9/ {Z} i =—36 [ do = —36{0}" = —72m.
-7 0 —7
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3.

Student Number

(a) Find the Maclaurin series solution of the differential equation

d?y
1+42%)—2 — 8y = 0.
(14 427) T2~ Sy
(b) Is your solution a general one? Give reasons why you should expect this.
(c) Use the formula
(2%

R = lim

n—oo

Ap+1

to find the radius of convergence of any series in your answer to part (a). Is this what should
be expected? Explain.

(a) If we assume a Maclaurin series solution y(z) = Y~ anz™ with positive radius of convergence,
then

:i n—lanx”2+z4nn—1anx +Z —8a,z"

:i n+2)(n+1)a,;22" +Z4nn—1)an:£ +Z —8an,x"
n=0 n=0 n=0

= Z n+2)(n+ 1)ay4o + 4n(n — 1)a, — 8a,|z"
n=0

When we equate coefficients to zero, we obtain
(n+2)(n+ 1ant2 + 4n(n — 1)a, — 8a, =0,

from which

1) — 2 _ B
an+2=—wan:_wan:_4(n 2)(n+1):_4(n 2)an’ > 0.
(n+2)(n+1) (n+2)(n+1) n+2)(n+l) )

4.2
Forn=0: ay=—-ap.
For n =2: a4 =0 and therefore ag = ag =---=0.
4(1)
Forn=1: a3= — -
4 42
F :3: = ——Qq = —
orn as 5 as 3. 53 aj.
43 4.3
4(5 44.3.5
Forn =7 oy =Sl = g
The solution is
4 42 43 .3 44.3.5
y(x) = ag + dapz® + ay |z 4+ —a3 — 5+ 27 9

3 3.5 3.5.70 3.5.7.97



4 42 43 44
= ag(1 +42%) + a; |:$+§$3—3‘5$5+5‘7$7—7‘9$9+"'

- (_1)n+14n n
= ao(1+42%) +a1 ) 2n—1)(2n+ 1):‘”2 -
n=0

(b) Since the solution has two arbitrary constants, it is a general solution. We should expect this
because x = 0 is an ordinary point.
(c) If we set z = a2, the series in part (a) becomes

S Gl
xz(2n—1)(2n+1)z '

n=0

The radius of convergence of the series is

(-1t .
T 2n—-1)2n+1) |
R =l | Cypran | = 7
(2n+1)(2n+3)

Hence R, = 1/2. Singularities of the differential equation are x = +i/2. The distance from z =0
to each of these is 1/2, and this should be the radius of convergence.



