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3132 Solutions to Midterm Examination #2 Fall 2014

1. Find all singular points for the differential equation

24y

dx?

and determine whether they are regular or irregular singular points. Justify your answers.

d
2% (z +2) +3xsinxd—y+2y:0,
x

Consider the functions
3rsinx B 3sinx 2
22(x+2)2  z(z+2)?2 22(x+2)?

Since the first of these does not have a Taylor series about x = —2 and the second does not have
a Maclaurin series or a Taylor series about z = —2, the points x = 0 and x = —2 are singular.

To discuss x = 0, consider the functions

3rsinz 3 sin x 222 B 2

r(r+2)2  (x42)?’ r2(r+2)2  (z+2)%

Since both have convergent Maclaurin series, x = 0 is regular singular.

To discuss x = —2, consider the function
3(x+2)sinz  3sinz
r(r+2)2  x(x+2)

Since it does not have a Taylor series about x = —2, x = —2 is irregular singular.



16 2. Find the Frobenius solution about z = 0 for the differential equation
d?y dy
22 21 —~ 4y =0.
2 (14 x) o +y

Express your solution in sigma notation simplified as much as possible. If possible, find sums for
any series in your solution.

If we assume y = Z an,z™ ", and substitute into the differential equation,

o n=0 - .
0:Z(n—i-r)(n—i-r—1)anx"+’"—|—z-(n+r)ana:”+r+z (n+r)a n+r+l+zan
n=0 n=0 n=0
_Z (n+r)(n+r—1a n+r+z (n+17)a "”—i-z (n+r—1)a,_ 137”*’"—1—2%95
n=0 n=0

The indicial equation is
O=r(r—1)—r+1=r>=2r+1=(r—1)>2 with root r = 1.
The remaining coefficients give
(n+ 1)na, — (n+1)a, —nay,—1+a, =0, n>1,

from which

NGp_1 an—1
an - e
m+1l)n—(n+1)+1 n
Iterating:
For n =1, a1 = ayg.
Forn:2,a2:ﬂ:@.
& 4
F e 3’ e —2 e —0
or n as 6% %0' 5
F g 4 = — = —
or n : a4' 1 1l
The solution is
o0 n
y(z) = (ao—i-agx—i-?x +3' 34 ):xzm:aoxe.

0

n



10

3. Find the Fourier series for the function

ra={175 oi3is) fern-s@

Simplify coefficients as much as possible.

Since the function is even, the Fourier series will be a Fourier cosine series with

1 !
ao—I/ (1+2x)da::2{x+x2}(l):4.
0

Forn > 1,

2 [ 1 oot
an = i/ (14 2z)cosnmzdr =2 [{—(1 + 22) sinmm;} - —sinmrxdx]
0

nm

4 1 4 4

1
=—— 9 ———cosnmr, = ——[cosnm —1] = ——=[(—
nt | nw o nim

The Fourier cosine series is therefore

oo fo%S)
4 8 1
24 nz:l g [(=1)" — 1] cosnmz =2 — = ngl 1)y cos (2n — )7z,



6 4. The Fourier series for the periodic function f(x) shown below is

82 14 82 & 1 nTx T . NIX
—_— = —_— — €08 —— — —sin — .
3 w2 n? L n L

n=1

y

/)

_2;1/ -1 0/ 2L 4IL ;

(a) On the axes below, draw a graph of the function to which the Fourier series converges.

/)

Wy W

1
(b) Use the Fourier series to find the sum of the series Z —-
n

n=1

If we set £ = 0 in the series and equate the result to 4L? — 1. we obtain

82 8I2 S 1
2 _ - o _
412 -1 3 1+ 2

Therefore,

oo

1 w2 8L? 2
— = (4L -1 - — +1) =—.
Zm %4 3+> 6

n=1



