Midterm Examination 2 for Math 3132 July 25, 2017
Student Number Student Name

. Suppose that a solution of the differential equation

dy dy

is assumed to have a Maclaurin series
o0
= Z anz"
n=0

with positive radius of convergence. Find a recurrence relation for the coefficients a,,, simplified as
much as possible. Do NOT iterate this formula; that is, do NOT solve for the a,,.

When we substitute the series into the differential equation,

:i (n—1)ayz" +Z n—lanx"2+z —3na,x" +Z —bapx”

n=0 n=0
(o]
:Z (n—1)a,z" +Z (n+2)(n+ 1)ayy22" +Z —3na,z" +Z —5a,x"
n=0 n=0 n=0
= Z (n—1)a, — (n+2)(n+ 1)aps2 — 3na, — day|z"

When we equate coefficients to zero,
n(n—1a, — (n+2)(n+ 1)ap42 — 3na, —sa, =0, n>0.
We now solve for a, 9,
3nan, + dSa, —n(n —1)ay, n?—4n—5 (n—=5)(n+1) n—>5

apy2 = — = Ay = ——————ap, =

(n+2)(n+1) (n+2)(n+1)
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2. When a solution of the differential equation

2 d
(a;2+3)d—xz+2xd—i—2y:0

(e.0]

is represented in terms of its Maclaurin series, y(z) = E an,x", its coefficients a,, must satisfy the
n=0

recurrence relation

—(n—1)
n = =7 Un, Z 0
T D
You may assume this relationship, Do NOT prove it.

(a) Use the recurrence relation to find a general solution of the differential equation. Express your
answer in sigma notation, simplified as much as possible.

(b) Determine the radius of convergence of the series solution?

(a)FOI'TL:O,CLQZ%.
For n =1, ag = 0. This implies that 0 = a5 = a7 - - -.
ao
OF T e = e = e
-3 3&0
or n , g 3'5a4 T
-5 3 - bag

Forn=6, a3 = ——ag = ————.
orn , as 3.7CL6 3557
—7&8_ 3'5'7&0

3.9 36.5.7.9°

For n =38, ai9 =

The solution is

_ g 2 ap 4 ap ¢ ap g
y(:v)—ao+a1x+§:v ~37.3% +33'5x — 3 4.

=ai1T+a 1+x—2— v + o’ - - +

e 3 32.3 38.5 3.7

00
(_1)n+1
=a1T + ag Z ml’
n=0

2n

(b) Since the only singularities are ++/3i, the radius of convergence is /3.



12 3. Find the Fourier series for the function

ra={578 23550 fare =@,

Simplify coefficients as much as possible. Draw a graph on the interval —12 < z < 12 of the
function to which the Fourier series converges.

(a) Except for its value at = = 0, the function is odd, and therefore it has a Fourier sine series

ansm@,
n=1
where
9 3
bn:§ ; (x+3)sin$dm
2 3 nmwT 3 33 nmwe
—g {—E(f‘{‘?))COST}O—/O —%COSTCZLU]
_2 —ﬁcosn —i—i—i-i{sin@}g
3 nmw T nmw = n2m2 3 Jo
6
= —[1+2(-=1)"1.
{1+ 2(—1)"
Thus,
flz+) + fz—) 6 =1+2(-1)"t" nrz
> :;Z sin 5
(b)
B4
/ / | /
-12 :9 -‘6 3 }, 8 5 1.2x
/ ) / /
/~—6
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4. (a) Find all eigenvalues and eigenfunctions for the Sturm-Liouville system

Py | dy
24 4ty =0 0 6
dz? + dr + Ay , <z <0,

y(0) =0, y(6)=0.

You may assume that eigenvalues are larger than 4.

(b) Derive the weight function for the system?

(a) The auxiliary equation is m? + 4m + A = 0 with solutions

— —4iv216—“:_zim.

m

Since we may assume that \ > 4,
m=—2+ v\ 4i.
If we set w = v A —4, then m = —2 4+ wi, and
y(z) = e **(C} coswx + Cy sinwz).

The boundary conditions require

0=y(0)=Cy, 0 =y(6) = e (0} cosbw + Cy sin 6w).

The second of these requires

6w =nr — 6m:nw — A\, = n;;rQ
where n > 1 is an integer. Eigenfunctions are
yn(z) = e~ ** sin %
(b) An integrating factor is eJ 445 e*®, so that
64””% + 464:”% + ey =0,

or,
d 4z dy 4,
T [e d:c] + Ae™y = 0.

This shows that the weight function is e**.

+4,



