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MATH 3810 Midterm Examination 2 Solutions March 16, 2012

1. The function f(z), 0 <z < 2 in the left figure below is to be represented in the form
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for some choice of L and constants a,,.

(a) What is the value of L?

(b) Find ao.

(c) Set up, but do NOT evaluate, definite integrals for the values of the a,,, for n > 0.

(d) In the right figure for —4 < x < 4, draw the function to which the series in part (a) converges.
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(d) The graph is shown above.

. A cylindrical rod of length L and insulated sides is placed along the z-axis between z = 0 and

x = L. At time t = 0, it is at temperature 0°C throughout. For time ¢ > 0, its ends continue to
be held at temperature 0°C. At every point in the rod, heat is generated at the constant rate of
g(z,t) = 1. Find the temperature in the rod for 0 < x < L and ¢t > 0.

The initial boundary value problem for temperature U(z,t) is
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U0,t) =0, t>0,
U(L,t) =0, t>0,
U(z,00)=0, 0<z<L.



Because the nonhomogeneity is time-independent, we set U(xz,t) = V(x,t) + ¢ (), where ¥(z) is
the steady-state solution, satisfying
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Y(0) = 0=19(L).

2
A general solution of the differential equation is i (z) = —;E— + Ax + B. The boundary conditions
K

require
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Thus, ¢(z) = o5 + CY et The function V' (z,t) satisfies the homogeneous problem
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V(0,t)=0, t>0,
V(L,t) =0, t>0,
V(z,0) = —¢(z), 0<z<L.

We search for separated functions V(z,t) = X (x)T(t) satisfying the PDE and the boundary
conditions. The PDE requires
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Thus, X (z) and T'(t) satisfy the ODEs
X" —aX =0 and T —kaT = 0.

The boundary conditions require X (0) = 0 and X (L) = 0. If we set « = —\?, then X (z) satisfies

X"+ XX =0, 0<z<lL,
X(0)=0=X(L).

A general solution of the differential equation is X(z) = AcosAz + Bsin Az. The boundary
conditions require

0=X(0)=A4, 0=X(L)=BsinAL.

Since B # 0, we set sin AL = 0, in which case AL = nm, where n is an intengrQ. Th2us, values of
A are \, = nw/L, and X (x) = Bsin (nmz/L). Correspondingly, T(t) = Ce™"™ ™ **/L”  Separated
functions are therefore

X (2)T(t) = be~™" ™ kt/L* gjp 7T

Because the PDE and boundary conditions are linear and homogeneous, we superpose separated
functions and take
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The iniitial condition requires
r(L—2) . nmx
—(x) = ——a = nE:1 b, sin < 0<z<L.

The b,, are therefore coefficients in the Fourier sine series of the odd, 2L-periodic extension of
—1(x); that is,

2 (Y a(L-2) . nrx
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Integration by parts leads to
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Finally, U(z,t) = V(x,t) + ¥(x).



