SOURCE / ORIGIN: A point from where goods (products) are SHIPPED OUT only and no goods (products) are RECIEVED.

SINK / DESTINATION: A point where goods (products are RECEIVED only and no goods (products) are SHIPPED OUT.

TRANSSHIPMENT POINT: Point from where goods are SHIPPED OUT as well as where goods are RECIEVED.

TRANSPORATION PROBLEM

FRANK L. HITCHCOCK (1941): Formulated the transportation problem as a method for supplying a product from several factories to a number of cities under varying freight costs.

T. C. KOOPMANS (1947): Independently formulated the same type of problem.
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Transportation Problems

All the products are produced at a limited location in a factory or production installations.  These same goods are required at almost all the locations.  As an example let us take computers which are available in almost all the houses, but the  big manufacturers viz (HP-COMPAQ, DELL) make them in a handful of locations.


Shipment of these goods to retailers/warehouses for final consumption takes up a huge effort and eats up a lot of money.  Thus, use of L.P. in transportation/Assignment and transshipment areas is considered a good way of optimizing the results and minimizing the cost.


In a transportation/Assignment/transshipment problem in order to make the concept clear, we first draw a Network (graphical representation of real life situation).
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TRANSPORTATION TRANSHIPMENT PROBLEM POINTERS

Remember:

CONSTRAINTS

If Demand and Supply are equal.

All constraints can have ‘=’ sign. i.e. LHS = RHS

If Demand > Supply.

Demand constraints will have ‘≤’ sign 
LHS ‘≤’ RHS (DEMAND)

Supply constraints will have ‘=’ sign  
LHS ‘=’ RHS (SUPPLY)

If Supply > Demand.

Demand constraints will have ‘=’ sign 
LHS ‘=’ RHS

Supply constraints will have ‘≤’ sign

LHS ‘≤’ RHS

TRANSSHIPMENT CONSTRAINTS

All transshipment constraints will have ‘=’ sign
LHS = RHS

This is known as Material balance i.e. Material in is equal to Material out.

Solved problem 

Exxon supplies gas to three cities.  It purchases the natural gas from Eastern gas and Southern gas. Demand forecast for the coming winter season are city 1, 400 units; city 2, 200 units; and city 3, 300 units. Contracts to provide the following quantities have been written: Eastern gas 500 units; and Southern gas, 400 units.  Distribution cost for the cities vary depending upon the location of the suppliers. The distribution costs per unit (in 8000’s) are as follows.




TO: 
CITY 1

CITY 2

CITY 3


EASTERN GAS

(SUPPLIER 1)

   10


   20


   15

SOUTHERN 

(SUPPLIER 2)

   12


   15


   18

Develop a network

Formulate a L.P.

For the problem mentioned
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Few points

· Supply and demand are the same.

· Some problems will say that contract for supply has been signed already (in this special case all constraints will have equal to sign).

Now solving

Decision variables

xij = No. of units supplied by suppliers i to customer city j (i = 1,2 and j = 1,2,3)

Objective

 n    m


Min cost  →
∑  ∑
cij xij




i=1  j=1



Or   (10x11 + 20x12 + 15x13) + (12x21 + 15x22 + 18x23)

Constraints

Supply constaints

(‘≤’ sign is used as in most real life situations, production/supply capacity is > Demand), but in this situation as supply = demand, ‘=’ sign can also be used.


x11  +  x12   +   x13
≤   500
   --- 1


x21 +   x22   +  x23
≤   400
   --- 2
Now in this case had the contract been signed, the equation would have been:


x11  +  x12   +   x13
=   500



x21 +   x22   +  x23
=   400

[equal to sign is given as there is surety (almost) of supply of this much units of product]

As if the contract is not fulfilled, there is a chance of litigation and loss of good will so suppliers will try to keep their part of the bargain.

Demand Constraints



x11   +   x21
=   400    --- 3



x12   +   x22
=   200    --- 4



x13    +  x23 
=   300    --- 5

In demand constraints equal to sign is used because no demand is supposed to be left unfulfilled as this will cause a loss of business to competitions and good will loss.  Loss in unfulfilled demand will also lead to profit loss.

Non Negativity Constraints


xij   ≥ 0 after all i and j  --- 6

Variation of this problem

1 In case supply is greater than demand.

No change all the constraints will be the same as given in equations 1 through 6

2 In case supply is less than demand.

This situation can be interpreted as saying some of the demand cannot be fulfilled.  This situation can be solved by two ways: one is to form a dummy supply node with arc’s for the difference in supply and demand. 

Other way of solving the problem will be to change the sign’s in between LHS and RHS of the constraints.

Let us take a modification of the problem.


[image: image4.png]FROM ORIGIN TO DESTINATION

DEMAND
SUPPLY
Production 400 Urits

210
300
Supplier 1 31305

400 200 Units
— City 2

700 Supplier 2 x23n8

300 Units

City 3

Total = 900 Units




Supply < Demand

Change will be only in constraints so only constraints are mentioned, rest of the formulation is the same.

Production/supply constraints.


x11  +  x12   +   x13
=   300
   instead of ‘≤’; ‘=’ sign is used

x21 +   x22   +  x23
= 400
   instead of ‘≤’; ‘=’ sign is used

Transportation Matrix

FROM NETWORK 




DV Matrix



xij = # of units transported from origin i to destination j where i = 1,2











     j = 1,2,3
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Information from Matrix imbalanced Supply < Demand

Constraints

Supply (row)


x11  +  x12   +   x13
=  300
   


x21 +   x22   +  x23
=  400
   

Demand (column)

x11   +   x21
≤   400    


x12   +   x22
≤   200    


x13    +  x23 
≤   300    

Obfn

Min →

10x11 + 20x12 + 15x13 + 12x21 + 15x22 + 18x23

All xij ≥ 0 for i = 1,2




j = 1,2,3












98

Demand Constraints

x11   +   x21
≤   400    
[instead of ‘=’ ‘≤’ is used in all three constraints]


x12   +   x22
≤   200    
This means some of the demand in one or more of 

x13    +  x23 
≤   300    
these destinations will not be fulfilled.

xij ≥ 0 for all i and j 

In conjunction both supply and demand constraints mean that supply will be equal to 700 units, which are maximum available (because maximization of Demand fulfillment is the main objective. This will ensure at least the maximum profit under current circumstances).

Other variations to the problem

Unacceptable routes.

This can be solved by not using the variable associated with that route in the formulation of mathematical model.

Eg. If in our case route from suppliers one the demand destination city 1 is not acceptable, then remove x11 from all the equations it is used in.

Route Capacity Minimum

For eg, if we say that suppler 1 will supply at least 50 units of product to destination city 1 that will convert into a mathematical statement of constraint as given below.  This will be an additional constraint to already existing constraints.




x11 ≥ 50

Route Capacity Maximum

Now let us say that the maximum capacity [no. of units] suppliers 1 can ship to destination city 1 is 100. Then additional constraint will be




x11 ≤  100

Assignment Problem

This kind of situation can arise in a production facility where jobs are to be assigned to machines. Another example could be assigning jobs to contractors or consultants.

* Imp. Feature
  One agent is assigned to one and only one task.

Let us take the following problem.

Sam & Associates Inc. is a consulting firm that has three new clients. Project leader will be assigned to the three clients.  Based on the different background and experience of the leader client assignment differ in terms of project completion time. The possible assignment and the estimated completion times in days are

PROJECT LEADER


CLIENT





1

2

3
SAM



10

15

30

BOBBY


12

18

45

WILLY


20

22

37

MATRIX FOR ASSIGNMENT PROB.

DV → Table
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xij same as explained in the problem above

Constraints

Rows or Leader

Sam → 
x11  +  x12   +   x13 ≤ 1
  or



x11  +  x12   +   x13 = 1
   in this case as it’s a balanced problem.

Bobby →
x21 +   x22   +  x23  ≤ or = 1

Willy  →
x31 +   x32   +  x33  ≤ or = 1

Constraints Columns/Clients

x11  +  x21   +   x31 = 1


x12  +  x22   +   x32 = 1


x13  +  x23   +   x33 = 1

Obfn

Min → 10x11  +  15x12   +   30x13 + 12x21  +  18x22   +   45x23 + 20x31  +  22x32   +   37x33 












Network
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No. of project leaders = No. of clients

Decision Variable

xij   = 
{ 1 if project leader is assigned to client j


{0 other wise

Where i = 1,2,3; j = 1,2,3,

Objective Functions

Minimize the number of days

Min.:(10x11 + 15x12  +  30x13) + (12x21 + 18x22  +  45x23) + (20x31  +  22x32  +  37x33)
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Constraints

Project leader assignment constraints

In this case, since No. of clients = No. of Project leaders, we can have ‘=’ signs also.


x11 + x12  +  x13 ≤ 1
SAM

---1
x21 + x22  +  x23 ≤ 1
BOBBY
---2
x31 + x32  +  x33 ≤ 1
WILLY
---3

‘≤’ sign is interpreted as each project leader may be assigned to one project (Here for this particular problem a case can be made for ‘=’ sign in between LHS & RHS).

CLIENT/PROJECT LEADER CONSTRAINTS


x11 + x21  +  x31 = 1
Client 1 
---4
x12 + x22  +  x32 =1
Client 2
---5
x13 + x23  +  x33 = 1
Client 3
---6

‘=’ sign here suggest that leader must be assigned to each client.

In conjunction with the project leader assignment constraint 1,2,& 3  the constraints will amongst the six of themselves make constraints 1,2,& 3 equal to ‘1’ for the ‘LHS’.

In other words, the constraints 4,5,& 6 are set up in such a way that they will ensure LHS of constraints 1,2& 3 to be equal to ‘1’.

Non Negativity
xij ≥ 0 for all i and j   ---7

Variation of the Assignment problem.

1. No. of Project leaders is greater than Number of Cleints.

*
In this case No change in the formulation will be required except if 4th project leader is there, the variables associated with it will have to be added in Objective fn & constraints.

2. In case clients; more than Project leaders

Same as transportation problem

For project leader constraints, use ‘=’ sign instead of ‘≤’ & for client constraints use ‘≤’ sign in place of ‘=’ signs.

3. In case multiple clients can be assigned to one or more project leaders. Eg.  If we    are allowed to assign max 2 clients to Sam, then the associated 1 constraint can be modified to:

x11 + x12  +  x13 ≤ 2

Transshipment Problem

In real life cases, there are certain suppliers/producers who first send the product to their warehouses for storage and then send the product to final destinations. These kind of situations are dealt with in Transshipment L.P. formulations.

Canadian Lumber Inc. have lumber cutting stations at New Brunswick and Montreal.  Warehouse facilities are located in Edmonton and Halifax. Distributors are located in Toronto, Vancouver and Winnipeg.  Plant capacities and distributor demands are as follows:


Plant

Capacity Units

Distributor

Demand in Units

1
NEW 

BRUNSWICK        350

TORONTO


150

2.
MONTREAL
        150

VANCOUVER

125







WINNIPEG


225

The unit transportation cost ($) for shipment from the two plants to the two warehouses and from the two warehouses to the three distribution centre’s are as follows.

Plant




Warehouse






EDMONTON


HALIFAX

NEW BRUNSWICK


        7



      5

MONTREAL



        3



      4






DISTRIBUTOR

Warehouse


TORONTO

VANCOUVER
WINNIPEG

EDMONTON


       8



5


7

HALIFAX


       5



6


10

Network for the transshipment problem.
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DECISION VARIABLES

xij = No. of units of Lumber shipped from production facility i to warehouse j 

(where i = 1,2 and j = 1,2)

yij = No. of units of Lumber shipped from warehouse i to demand location j

(where i = 1,2 and j = 1,2,3)





    ORGIN      WAREHOUSE         DEMAND POINTS
Note: We could have numbered 1,2     →       3,4     →       5,6,7
   and then used decision variables only in the form of xij. I prefer using xij and yij in this introductory course as it is easier to bifurcate and solve.

In this problem both production and demand match each other.

OBJECTIVE FUNCTION

Minimize cost:  (7x11 + 5x12)  +  (3x21
+ 4x22) + 

  (8y11  +  5y12  + 7y13) + (5y21  +  6y22  + 10y23 )


CONSTRAINTS

PRODUCTION CONSTRAINT 
(Since demand and supply are equal)







Constraints can have ‘=’ sign


x11 + x12 ≤  350
1
x21 + x22 ≤  150
2

TRANSSHIPMENT CONSTRAINTS


Quantity In = Quantity Out or Quantity Out = Quantity In

At WAREHOUSE NODE 1


x11 + x21  =   y11  +  y12  + y13

[hint: for correct notation the ‘j’ digit for all in variables will be the same as ‘i’ digit for all out variables in this case it is ‘1’]


x11 + x21  -  y11  -  y12  - y13    = 0     ---3



For NODE 2


x12 + x22  =   y21  +  y22  + y23


or

x12 + x22  - y21  +  y22 + y23  = 0


or by changing signs


-x12 - x22 + y21  +  y22 + y23  = 0       ---4
[Quantity out – Quantity in = 0]

Demand constraints

y11 + y21  = 150   ---5 

y12 + y22  =  125  ---6    

y13 + y23  =  225  ---7

Non Negativity Constraints

xij, yij ≥ 0  ---8

for all i and j

There can be different modifications for this kind of problem. Producer may want to fulfill the demand for one of the destinations directly from production location instead of sending it via warehouse.

* Let us take a variation of the same problem with added information that it takes $8    to transport one unit of product from ‘Montreal’ to ‘Winnipeg’.

Now the network will be

ORIGIN/PRODUCTION
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(Note z23 notation has been used for the sake of differentiation only all variables could have been denoted by using x only)

DECISION VARIABLES ARE

xij =  No of units of product shipped from production facility i to warehouse j (i = 1,2 and j = 1,2)

yij = No of units of product shipped from warehouse i to demand centre ‘j’ (where i = 1,2 and j = 1,2,3)

z23 = No of units of product shipped directly from production Node i to production Node j (where i = 2 and j = 3)

OBJECTIVE FUNCTION


Minimize → (7x11 + 5x12)  +  (3x21
+ 4x22) + 

  
(8y11  +  5y12  + 7y13) + (5y21  +  6y22  + 10y23 ) + (8z23)

CONSTRAINTS

PRODUCTION (Since supply = demand) can also be ‘=’ sign


x11 + x12 ≤ 350  
                ---1


x21 + x22 + z23  ≤ 150   (changed) ---2

Transshipment constraints are


x11 + x21  =  y11  +  y12  + y13    
or

 x11 + x21  -  y11  -  y12  - y13    = 0  

or


 -x11 - x21  -  y11  + y12  + y13    = 0     ---3

Similarly 2nd transshipment constraint is


-x12 - x22  + y21  +  y22  + y23  = 0   ---4  

Demand constraints


y11  + y21 = 150   ---5


y12  + y22  = 125  ---6  


y13  + y23 +  z23 = 225 ---7 (changed)

Non negativity
xij, yij, zij ≥ 0 (for all i,j) ---8
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