Change of Variable For Definite Integral
Section 6.7

Note. Let us go back to the example / ' Vo + 4 dz we worked on in the
last lecture. There we made the change_()Qf variable u = x + 4 . Using this
change of variable , we changed the associated indefinite integral to the
indefinite integral %u% + (' and then change it to something in terms of
x. Another option is this:

First: find the associated values for u for the upper and lower limits of

4
the integral / V& + 4 dx which are
-2

B~

U=+

r=4 =" u=8
r=—2 u::x>+4 u=2

Second: continue in this way:

4 8 I DU DS L
[V +4de = [, Vudu = [, uzdu = [3U2L = 3[1&
= 2|16v2 - 2v2| = 22

which is the same answer as above. In this method we do not calculate
the indefinite integral involving = . This is the whole story portrayed by
Theorem 6.9 on page 405.

Example (section 6.7 exercise 15). Evaluate the integral
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/49\/1+\/de

Solution.

u=1+\/§:1+x% = du:%x_%dx:—da:
= dr=2yrdu=2u-—1)du

Next Step.

r=9 = u=414

r=4 = u=3

Next Step.

LﬁVT:Q%@r{[3¢ﬂu—Uduzzliﬁw_rmu
:|u:4 _, [%ug - _ug}uzll

_ 18/3 _224—48V/3
=2 {(8 - 1) - (85 - 2v5)} = men

[SleY)

= 2f34 <u3 — u§> du = QEUS — %u

Theorem. For three points a and b and ¢ the following equality holds

provided that the three integrals exist:
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Note. We will use the above theorem in the next example to evaluate

the given integral:

Example (section 6.7 exercise 17). Evaluate the integral

1
7|
d
/_1 (v + 2)3 !

Solution.
L gl " (—a) L
dr = d +/ —d
/_1<x+2>3 ' f_1<x+2>3 AR
A B
Next Step.
0 T u=2x+2 r=0 = u=2
A:—/ —Sdaz
1 (2 42) du = dx r=—-1 = u=1

Next Step.



Ly u=u1x+2 r=1= u=3
/ dx
0

(42)° du = dx r=0 = u=2

et e\ 1+13_ 1,1 AR
-1 =2 )1, | v uw], \ 3 9 2 4) 36

Next Step.
/1 7l gr—ayB=14 12
(23 436 18
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Example (section 6.7 exercise 19). Evaluate the integral / 22 e dx
0

Solution.

u=2x> = du=3r3dr = 2%dr= %du = 2y = %e“ du

or do this:

u=2> = du=32>dx = dx:#du:g)(\%)gdu

= 2’ dr = (%)26“3({%)2 du = ze" du

Next Step.



r=1 = u=1

r=0 = u=20

Next Step.

r=1 3 u=1 1 1 u=1
/ 2% e” d:c:/ —e”du:—/ e du
x=0 u=0 3 3 u=0

Example (section 6.7 exercise 8). Evaluate the integral

1 2
/ \/ ‘ dx
1/2 1+.’If

Solution.

Write the integral in the form

1
x
/ dx
12 V1+w

and then make the following change of variable:

u=1+=x r=1 = u=2

_ _ 1 _
du = dx r=35 = u=3j

Next Step.
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u—l 2 u 1
/7dx— du_/ <———) du
1/2 3/2 U 3/2 \/_ U
2 2 1 _1 3 1
- f3/2 (\/a T \/qu) du = f3/2 (U2 —Uu 2) du = [%u2 — 2u2}3/2

= Buvi - 2valy, = (47 -2v2) - (Vi -2y/1) = /3 -

Important Note. Sometimes in your work you may face integrals

f; f(x) dz where the upper boundary b is actually smaller than the lower
boundary a. However , in these cases too the First Fundamental
Theorem of Calculus will be applied as usual; see the following example

for this case:

Example . Evaluate the integral

3 o3
d
/0 1 —a24 o

Solution.

_ 4 _ 1 _ 15
u=1—=x r=5 = u=gg
du = —4x3 dx r=0 = u=

Then






