Derivatives of Trigonometric Functions
section 3.9

Consider the unit circle ; so we have OC =1 in the picture below.

A A
Because of similarity between the two triangles OC'D and OAB we have

CD AB CD sin @
0C=04 = 1 ~cosb OD = tanf
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Because of the equality C'D = tan @ , the axis that passes through the points C' and D is called
the tangent axis.

Now assume for a moment that the radius of the circle is . The sector OBC' faces the polar

angle 6.

angle | area of associated sector
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area of sector with polar angle 0 = %97’

Note: This formula is true only if 8 is measured in radians.

Now let us assume for a moment that the above circle has radius 1. Then by putting » =1 in

the above formula we have:

1
area of sector OBC = 50

Now note that

area of triangle OAB < area of sector OBC' < area of triangle OC'D

1 1 1
i(OA)(AB) < 59 < i(OC)(CD)
é(cos@)(sine) < %9 < %(1)(tan9)

multiply by 2 and divide by sin

cosf < i < 1
sinf  cos@

Now let § — 0" and use the Sandwich Theorem to get

0

lim — =1
9—0+ sinf
Then
. sin@ 1 1 1
llm 9 = N = —_— = 1
6—0t 0 6—0t Sno 11m9H0+ snd 1



Now we calculate the left-hand limit:

limy_,o- Sig(’ = lim, o+ @ change of variable x = —0
= lim,_,o+ =322 using the identity sin(—x) =
= lim, .o+ Siix

=1 using the identity (*)
So

lim sin 6 =1 ()
0—0—

From both (x) and (**) we have

lim $i2f — 1
6—0

Example (section 3.9 exercise 33). Calculate girr(l) tand
—

Solution. .
tan @ sin 0 sinf 1
li — I cos 0 — 1
61—I>r(1) 0 01—I>I(1) 0 91—I>I(1) 0 cos0
sin @ 1 1
=i li =(1)(5) =1
01—I>r(l) 0 91_1}1(1) cosf ( )(1)

in(2
Example (section 3.9 exercise 36). Calculate lim > (”f)
T—>00 sm(;)

—sin X



Solution. Using the change of variable y = % we can write

in(2 : sin(2y) sin(2y)

sin(£ 2 2 2)(1
lim (”if) ~ lim 51'n( y) _ mo Y —lim o % (2)(1) _
eoosin(l)  y—0 sin(y)  y—=0 51% p0 My 1

We now calculate the derivative of the sine function: For this we use

. ) B Ax)—si
sin’ (.73) _ lim sin(z+ Ax) sin x
Az—0 z

= Algicrgo = [sin (&%) cos (z + &%) } using  sina —sinb = 2sin(%52) cos( %)

. sin(—x) . A
= Ay A sty

= (1)cos(xz +0) =cosz

So

d —
dx SINX = COSX

Now we find the derivative of the cosine function:

%cosw = %sin (% —:1:)

- s (5-a) (5 -a)

= cos (5 —z){-1}

= —cos(g—x)
= —sinx

So
d oo
dx COSX = —sinx
X




Now the derivative of the tangent function :

d sinx

dx cosx

tan’xz =

{sinz}'{cos x}—{sinz}{cos z}’

cos? x

{cosz}{cosz}—{sinz}{—sinz}

2 )
__ cos m—;sm T _ 12 — sech
cos? x cos?

d — 2
dx tan x = sec” x

Now the derivative of the cotangent function :

! _ d cosz
cotx = dx sinx

{cosz} {sinz}—{cos z}{sinz}’

sin® x

{—sinz}{sinz}—{cosz}{cos z}

- sin? z
_ —(cos2 x+sin? z) I CSCQSU
sin? x sin? x
(;ix cotx = —csc?x




Now the derivative of the secant function :

SeCI € = % (COlsI)

_ {1} {cosz}—{1}{cosz}’

cos? x

_ {0}{cos x}fgl}{f sinz}

COs“ ™

_ sinz _ 1 sinz __
~  cos?x = cosx cosx sec T tan

di secx = secxXtanx
X

Now the derivative of the cosecant function :

d 1
dx sinx

csc'r =

_ {1Y{sina}—{1}{sinz}’

sin” x

_ {0}{sinz}—{1}{cosx}

- sin? x

. —cosx _ _ 1 cosx __ __

= %z = sz sinz — cscxcotx
d .. _ .
d—cscx—becxcotX
X




Putting all these together:

—(f sinx = COS X
X
d o .
dx COSX = —sinx
X
d _ 2
Ix tanx = sec x
—C;i cotx = —csc?x
X
d gecx = secxtanx
ax Se = s
d . _ .
dx CSCX = —cscxcotx
X

Note: These formulae are true only if the unit of measurement is radian.

And , using the chain rule , we have the following formulae if interim variables are involved:

% sinu = (cosu) %

L cosu = (—sinu) g2
% tanu = (secZu) ?T,l:
Scotu = (—csc®u) ge
dxsecu = (secutanu) g
axescu = (—cscucotu) g




secx
l+tanx

Example. Find the equation of the tangent line to the curve y = at the point where

r=0.

Solution.
,  Asecx} {1 +tanz} — {secx}{l + tanxz}’
v = (1 + tanz)?

 {secz tanz}{1 + tanz} — {secx}{sec? x}
N (1+ tanx)?

0)(1) = (M)(1)

@

r=0 = slope=

Also note that at x = 0 we have y = 1. Therefore:

tangent line = y—-1=(-1)(z—-0) = y=-x+1

. dy _ 2
Example (from the textbook). Find 7~ for y = tan (41’)

Solution. Let u = 42. Then

y=(tanu)® = P = {Z—Z} )
— {Q(tan u)(sec? u)}{%} power rule

= {Q(tan u)(sec? u)}{4}

= 8 tan(4w) sec’*(4x) vV



Example (from the textbook - pages 203 and 204). Find U for x2 tany +y sinx =5
dx

Solution. This is an implicit differentiation. If the “prime notation” is meant to denote differ-

entiation with respect to x , then we have
{{a®}{tany} + {e*}{tanyy | + {{y}'{sina} + {y}Hsina}'} = {5Y
{{2aHtany} + {a?}H{(sec?y) y'} |} + {{y/Hsina} + {y}{oosa} | = 0

factor out the termy’ =  (2z tany+y cosz) + (z%sec’y +sinx)y =0

S = —(2x tany + y cosx)

(22 sec?y + sinx)

14tan3 (322 —4)
22 sin(z3)

d
Example (section 3.9 exercise 30 - modified). Find d—i for Y

Solution. Set © = 3z2—4 and t = 23 . If the “prime notation” is meant to denote differentiation



1+(tan(u))?

e so then:

with respect to = , then we have y =

_ {1+(tan u)3V {22 sint}—{1+(tan u)3}{z? sin t}/
(22 sint)?

{3(tan u)?(tan u)’} {xQ Sint}— { 1+4(tan u)3} {{xQ}’{Sint}Jr{xQ}{sint}'}

o xdsin?t

{B(tan u)?(sec? u)(u’)} {x2 sint} — { 1+(tan u)3} {{Qx}{sint}—l—{xQ}{(cos t) (t’)}}

xdsin? ¢

{S(tan u)?(sec? u)(6z) } {xQ sin t} - { 14 (tan u)? } { {2z} {sint}+{x?}{(cos t)(322)} }

p— o

{ 1823 tan2 u sec? u sin t} — { 1+tan3 u} {295 sin t+3$4 CcoS t}

xdsin? ¢

sin? t

where © = 322 — 4 and t = 2°
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