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MLE gives vs an “asymphtically” optmal eshmabion
prmc.p/c M.yH antice an(c that Conslmnlny fests 64:@’
on MLEs will Jead lo tests which fer!érm well, af

least asymptetically.
Problem : H, - @ € 5,
H1: 9;6 .SZ; |
(Lt 32, c 124, llypaﬂ\eScf. are "neslcol".)
e9.: Yy = £+ £aXx te
'Ho:/z'-‘o. ) H1:/z¢0



Dcf-’m-'lt'on: A— “Ted“ ;S a alecc's.‘on rvle '”wr/ /eads 7% :La
rejenlﬁo-l rejec'l' a stated hy pa/l\eﬂ‘c.

Specifically : Ta=Ta(ys, ., ya) is a Yest shhshe” -
‘flmnln'an O-P -H\e mndcm { y;z ala/a Ovr {es-/ (NIC) Is
of the wtonvﬁ |

Rejcc" Ho if Ta€C,

.). . n . . . W
wkue C s H\e ”C'Jntﬂ, regaon" or nJec'lun rey.on o#

‘H\e SO\MPIB space. USWII/‘[ Ta is an esvlo'wmlor of 9, or

a funchion of svch an est mator.

eq. Ho:fa=0 ; Hi: fa220

Tn = \ln-K = l'; -0
S-¢. (ix)




We call Pr. ( Type I cmw') the “size” Otc f/‘e -Ics/ ( 'So‘gm'fo'cance

Icvel ).

oL = Pr [TnGC | @€ Slu]
In classical l\\’po"\esf; chwl-'nj we sef (vprer [imid for) .
Tkev\ #Iy ‘}0 CMS'IIW'I "} ','eS‘/' wl\n'cA Aﬂ{ s’m«// B‘{ Typelz
ernr). n\a'l S, we *A, fo cans'/wr'/ -/esﬁl So ”m‘/ .

PrlTae C1O€SL] is small; or :
Power' = Pr.[Tn €eClOe .ﬂ.] ’s Iargc.
[ Power =1- Pr(Type IT emr)],

RCCG” 'f'Le [ollowfng *CS‘I' frofcrl,'tasz
*Unbiascd ’K'Consfs'l'en" *Mos-’ Powevpvl !-UMP %] MP
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Tke bfa q,ues#on 1S ? For a g.'vm cheice af R, hew aan

we cnstreet a UMP fest Lor @ parkicolar problem 7
Th.'s ITs wltere -”\e Lo'keln‘ltooal funnl. anal MLE can Af{p
Reca"- Ln'ke'.'l\owl fUn(I. PIOW.&IOS Qa )00// Jcscn‘pl.‘m O)Q

ran Jam Sumplc olﬁnlq .

Su[lFoSQ we have a SCu’vw' 9, and n=1:

Pr.[\[.°£< y <y.*f , ”I]
> Pr.[\,.-£<y <y 1€ | Hs]

Il'\ "Le 'I‘M:‘,', Qal E"O : F(‘In ’ ”.) 7 F{Yo I”O), WLI‘CA
SV”PS'I’S ”‘ﬂ"‘ we SI\W“ 'Cjet'f He as bﬂ‘n, 'Iess I.'kely“
”I-m H,. Wken n>1 we 9enm\’.‘z¢ ﬂn's Ils-.vly f(‘lu---. Y-\)"[:kc“ool fvnc{.



c
Werce gorng fo consider fhree 9enera' 1‘95{-"-9 Pro‘ncorles fhat

vse H\n S fn"vh'"-'om Tkey d!‘p{"’ n f’é’ms of /‘e I7¢o'oﬂl af
which We evalvate the L F- at H, af K, or «f bolh.

& Likelihocd Ra‘fa Tfs‘! (B.th)
(Neyman and Pearson ; 1928~ 1934)

3 WG\H TCS"’ (H.)
(Wald ; 1943)

* Lagnm,e Ml '-n'flfer );;-} ( H,)
(Sdvey 5 1959)
(Vnn‘d ‘l‘l‘on OP R ao'’s "Score Tes"' Y ) I ‘“; f)



meg\ (Nﬂ!um' ngr&anz :
Suppasc we lmve i\[.,..., y..} Jrqum mcrom ﬂq fofa/qlo‘m,
F(‘/u..., Yo, 9).

Le" Az }(YI....,YU\;OO, 91)
=ply iy 8) _ L) (- )

- L

PV, o, ¥ni 8)  L(6))

and let C=EA: A2k, where 'K is such that
Pr [ 2€eC | 9"'901 il and o -'-C‘\osen Size \cur 'I'es}.
Then C is the best cridical region lor fes}.‘ng H.:0:8,
w')m'nsf H.= 06=6,, n -".e senge 'H\ml He as;aa‘uleel *ﬂ*
'S Mosl’ Powerlol.




Nofe:

() No guaranfee that such a fest exisls (it will it
P(Yn,...,Yn) s a densfﬁly)

) ”Sn'wyle" null and a//emq/o'ue-m farmelers Yo es!:'mq/e
[ very specal case).

(ii?) Tdea - put pernts inte Critvcal reg/en valil of reaches
size of o.

(iv) To max. power, points that are more likely uvnder H,
than ynder H. shold be pvt infe C.

(VW) IT o pw'n‘} (Yose Ya) o5 mere [kely vader H. than
'I'Wllf Ho Hhen “u‘s mcreases mem'nq!vr o# A
andd makes A smaller. Hmt'e, rejec'l .‘ﬁ A<k,



Proclu'cal Lssve - To app’y 'les’, we m'?q, lo know k ) Svch /’wl'
Pr.[9\<'<|9‘-’9n] = . This requires l’nwledge of the
Jis!n"v".‘m of the 405{' SI«ln's'lo'c, 1. nu's mqy be *"}/fy.

_E_’S.SﬁF'L . B-'noqu’ D.'s""
Lip) = "CapU-p)™™* and F=¥in.

Ho : F: '/3 Vs. H.: P 2/3

A= "G (3Y (%) - "1""‘ = 2"-2*
"Cv (*4) (') )
So, Cu,cu,q'!‘e A qml ij&t‘!’ Ha l.p A‘k, where k 'k c‘\osen
so that Pr[ﬁ‘k l f='l3] =od. Hew?
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Now, vquMy fv\ fmtiln'ce we dm"" l\ave su'mpie Ho cwf ”n.

sta”y O s a veclor. For e:rqm,a/g-
yi ~ N(.«, r‘). Ho: 4=0 us. Hﬁ,q >0,
Gemrq'.'zeal Lfkel o.lloccl Ra!,‘o Tesl"‘

Let = L (6.)/ L(G.) and reyect Hy it 4 <k, where
K s.t. Pr[i"kIHc trve] = o.

We aré now evqlvqi!u'nj & L-F. -’m‘ce- once vna[or Ha anal
once under Hg. Ofien ths LRY has goocl pcwer pnpcr/-’es,

bot need not be (UIMP. Another porat fo note rs Fhat
“while dist" of 3 may be unclear, we may be able fo
rcs-,ve 1ssve a“’r Sm"'q“e ,‘nn:»corlnqlo'on. For E)(any/e,
when y=X/+£ ; €~ N[0,0°T] . HG:Rﬂ=q, ;



H R/’@ IL we J«Iee ”\G l'c”owmg Monolomc (decreusm,)
funclion of A » 5\ (T”"-])(h k) /J, then ﬁ

ls F'Jns#hé"{ed lt 'IG 'S ,'UQ. LRT 'S C;MVle’l IO M@
F—#es" Iwn amc’ S0 1S a UMP ,esl

However in ofher Frouoms may be omposSoUe 1o gnl olrsf™
For in finite Samp,es even afler -/nnsﬁormq'/mn. There
1S an ex',remely p'mPen‘au"' Clqcs a»L les\‘-'nj flouems wheve
we Can qpfly LRT with .ns.vm,dpl_cg Va'-‘ala'wly - "Nested"
l.\,r.'“\eses. Svppose He s nested withia H,_ That is,
Ho cavolves |'mpo$l'n, res'ln‘c'la‘ans on H:.. let m=#H
indepmo'em! res'ln'cl-ims "o 9ef Hg fram H!. Th(m- o're
the null and alternative hypotheses are nested, and
the vsval reyulun'l-y condidions are s«#.‘sf.‘ed:



LRT = -2lagd 25 X3y it Ho Hroe.

Node:

% Ths last resolf is on,y for "nested” case.
* Only an asymrlu#o‘c res.lt.

£ LRY s a “cons'sfend” desi.

% Power may be bw rn Fencte SQMp/os

'I"Ccmpm‘-u-l.mql ont - need o evalvate L(8) Pmte-
ngo) ﬂﬂd ng- T"\OS IS Uﬂm”y $¢mr,é T pmcl(e
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The \A/al_gL Test :

This dest ic also desigued for les/.‘nj “nested” hypotheses, but
requ.ves only 81 b be calilded. Usebil it cakelaticn of
@o 5 compv"a#a'emn”\, dn‘”ﬂ‘w”.

Com.cler 'u\euf res'lntluns Ha- RO‘ " vs. “1 RQ;‘O’
IF Ho is dne, expect RO.ﬂr at least as n-> oo,

 We know that 4= (6. - ) N[o, IA(G)] So :
“R (6, - e):'» N[0, RIA'R'] and if H. is 4m (RO=r) -
& (R8:-r) S N[O, RIA'RY] .

So: yw (RO -rY [RIAR']™ (Re.-.-)
= h(R@o r) [RIAJR ]“ (Rg "") LN x(;) -f 18 roe.




>
Problem : TA = TA(6) and is unobservable. Just replace it

wilh any consisfent estimater, and asymPlJ.‘c ovsf® s
lmt’tamjeal. Esl-'mu’e IACe) by ‘.’11*[51), wlmrc

p”m [%I*(62)] = IA(6). S,, replace % IR by
I*(84)". Wald fest shbste is:
' W= (RE1-r) [RI*E)'R'I"(RE, -v) 3 42 K dece.
IF Ho is frve, expect that ROy 2 r, and sc W will be small.

% Aldhovgh Wald test stutistic has same asymp/o‘t‘c dist"
os LRT, vswlly olifbess vn Linie samp/es.

*A,SO, dist”* OP Wold and LPT may dc’fler fﬁ He falie
h o’v‘”trcnf pewers.



I
The lgcg!mggMulﬂrkr lest :

Ajﬁ:ﬂ, ”93'!95’ h'lfa'”-eses - LGSG A’s}‘ only on f‘f LCSI!';"'LL
MLE For Pﬁqume'lcfs. { ESFGQ‘Q”(I WQ[&I l‘# f.qfas fny Me |
resz‘n‘nl.‘aus ma Kes MLE eas fer).

Slarkiag peint - Tgnering any restrcelions :
[3 log Ls(6) / 39]’51 =0

ie. Dhyli(83) =0, for simpliecly. T Ho is dree, expect
G,So fhat Dla, L, { 3'.) 0. Tha‘s su”esfs Qa fﬁ" Slwln's!ol‘
of fhe fom:

LM = D log L. (6.y I"(él)" Dlog Lc(go) 5 23; , if Hedne.



