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Abstract

We show that for any k, m, p, ¢, if G is a Ky-free graph on N then there is an independent
set of vertices in G that contains an (m, p, ¢)-set. Hence if G is a Kj-free graph on N, then
one can solve any partition regular system of equations in an independent set. This is a
common generalization of partition regularity theorems of Rado (who characterized systems
of linear equations Ax = 0 a solution of which can be found monochromatic under any finite
coloring of N) and Deuber (who provided another characterization in terms of (m, p, ¢)-sets
and a partition theorem for them), and of Ramsey’s theorem itself.

1 Introduction and statement of results

In this paper we are interested in graphs whose vertices are natural numbers, and in arith-
metic properties of independent sets in such graphs. We use N to denote the set of natural
numbers—not including 0—and w = NU {0}. We write [a,b] = {c € Z : a < ¢ < b} to denote
an interval of integers.

Let A be a finite matrix with integer entries. The system of linear equations Ax = 0 is
called partition regular (over N) if for every partition of N into finitely many classes there exists
a solution completely contained in one class.

Schur’s theorem [17] says that for any positive integer r, there exists n so that for every
coloring p : [1,n] — [1,r] there exist z,y € [1,n] with p(z) = p(y) = p(z + y). The equation
x +y — z = 0 describes these Schur triples, and so is partition regular. Van der Waerden’s
theorem [19] states that for any positive integers r, ¢, there exists n so that for any coloring
p : [1,n] — [1,7] there is a monochromatic /-term arithmetic progression. Solutions to equations
r — 2y + z = 0 are 3-term arithmetic progressions or are constant and so this system is also
partition regular. Similarly, systems of equations describing any longer arithmetic progressions
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form partition regular systems. An example of a simple system which is not partition regular
is z +y = 3z. (See, e.g., [6] or [7] for more details.)

A characterization of partition regular systems of equations was first given by Rado [15]
in terms of something (which is not relevant to our use here) called the “columns property”.
Deuber [2] later gave another characterization of partition regular systems using structures
called “(m,p, c)-sets”, which we now define.

Definition 1.1 Let p,c € N with ¢ < p, and let m € w. A set of integers S is an (m,p,c)-
set if S C N and there exist positive integers (generators) xo,x1,...,ZTm so that S = Ry(S) U
Ri(S)U---UR,,(S), where

RO(S) = {C$0+)\1$1+)\2$2+---+>\mxm: Al;-'-a)\m S [_pvp]}7
Rl(S) = {Cx1+)\2$2+---+)\mxm: )\27'--7)‘m S [_pvp]}7
Rpm-1(S) = {cxm—1+ AnTm : Am € [—p, 0]},
Rn(S) — {cxm}.

In this case we write S = (zo,x1,...,%Tm)p,c and we say that Ry (S) is the (k+ 1)-st row of S.

We note that the condition ¢ < p is for convenience only; nothing would be lost without
this condition because for any p’ > p, every (m,p/, ¢)-set trivially contains an (m, p, ¢)-set.

In honor of Deuber’s contributions to the field, if a set S is an (m, p, ¢)-set for some m, p, c,
then we might simply say that S is a Deuber set without specifying the parameters m, p, c.

Theorem 1.2 (Deuber [2]) A linear system Ax = 0 is partition regular if and only if
there exist positive integers m, p,c such that every (m,p,c)-set contains a solution of Ax = 0.

In proving a conjecture by Rado regarding partition regular systems, Deuber used the
following partition theorem.

Theorem 1.3 (Deuber [2]) For every m € w, every p,c € N with ¢ < p and every k € N,
there exists n,q,d € N with d < q so that for every (n,q,d)-set X and every coloring p : X —
[1, k|, there exists a monochromatic (m,p,c)-set contained in X .

To state our results, we adopt standard notation. For a set S and n € w, let [S]" = {F C
S :|F| =n}. Let G = (V,E) denote a (simple) graph on vertex set V = V(G) with edge set
E = E(G) C [V]?. AsetY C V(G) is called independent in G if [Y]?> N E(G) = (). When
E(G) = [V(G))?, we say that G is complete, and the complete graph on n vertices is denoted
by K,. A graph G = (V, E) is k-partite if V can be partitioned into k sets, V =V, U--- U V4,
each V; containing no edges, and is a complete k-partite graph if for each ¢ #£ j, whenever x € V;
and y € V; then {z,y} € E. A complete bipartite graph on sets of size m and n will be denoted
by Kpn-

The main result in this paper is the following.

Theorem 1.4 Given k,p,c € N with ¢ < p and m € w, there exist n,q,d € N so that any
Ky-free graph on an (n,q,d)-set contains an independent (m, p, c)-set.



Remarks: 1. Theorem 1.4 generalizes Theorem 1.3 by the following reasoning: Fix k, m,p, c,
let n, ¢, d be guaranteed by Theorem 1.4, and fix an (n, ¢, d)-set X. Color X with r = k—1 colors
and form the complete (k — 1)-partite graph G whose partite sets are color classes. Since G is
Kj-free, by Theorem 1.4 some (m, p, c)-set is independent in G, and hence must be contained
in one partite set, i.e., a single color class. Hence there is a monochromatic (m, p, c)-set. Since
(m, p, c)-sets contain sum-sets and arithmetic progressions, Theorem 1.4 also implies theorems
of van der Waerden, Schur, and others.

2. Theorem 1.4 also generalizes Ramsey’s theorem for graphs, because under any red-blue
coloring of the pairs of a large set, rather than guaranteeing either a red Kj or a large blue
clique, we guarantee either a red K}, or a large blue clique on an (m, p, ¢)-set.

Since any (n,q,d)-set sits in some initial interval of the positive integers, Theorem 1.4
immediately implies the following statement:

Corollary 1.5 Given k,p,c € N, m € w, and any Ki-free graph G with vertex set N, there
exists an (m, p,c)-set which is independent in G.

Corollary 1.5 can be formulated in terms of partition regular systems by using the m,p,c
guaranteed in Theorem 1.2:

Corollary 1.6 For any k > 2 and any Kp-free graph on N, one can solve any partition
reqular system in an independent set.

We do not know if there is a hypergraph version of Theorem 2.1. For example, is there an
analogous condition on a family of triples of N that would imply that there is an (m,p, ¢)-set
not containing any triple? If so, it is not so simple, as the following example indicates. Let H
be the 3-uniform hypergraph on N defined with hyperedges of the form {z, x4+ d, z + 3d}. Then

His K ZEg)—free, yet every arithmetic progression of length 4 contains a hyperedge.

2 Earlier work

Ramsey’s theorem for graphs [16] says that for any positive integers r, and m, there exists
n so that for any coloring p : [1,n]? — [1,7], there exists M € [1,n]™ so that [M]? is monochro-
matic. Erdds [4] asked whether the following natural generalization of both Ramsey’s theorem
and Schur’s theorem holds: If G is a triangle-free graph on vertex set N, does there always exist
an independent Schur triple, that is, do there exist x, y, x # y so that FS(z,y) = {z,y,z + y}
is independent in G? The answer is yes, as proved in [13] where it was shown that in fact, for
fixed k and d, if G is a Ki-free graph on N, then there exist distinct integers ai, ao, ..., aq, SO
that the finite sum set FS({ai,...,aq}) is an independent set in G. Harborth et al. (see, e.g.,
[1], [11]) have given some sharp lower bounds on n so that if G is a graph on [1,n], these results
hold (except the a; need not be distinct).

Related progress was also made for an infinite version of Erdds’ question. Given a set
{zi}ier of distinct positive integers, let FS({z;}icr) = {ZjEJ zj:0#JCI|J| < oo} denote
the finite sums (with no repetitions) from the set. When I is infinite, we say that FS({z;}icr)
is a Hindman set. In 1995, Hajnal asked the following (see [5]): If G is a triangle-free graph
on N, does there always exist a Hindman set independent in G? Hajnal’s question has been



answered in the negative in [3]. Variants of Hajnal’s question have been shown to indeed have
a positive answer; for example, if the condition “triangle-free” is replaced by “Kj, y-free” (see
(3], [9], and [13]).

A common generalization of Ramsey’s theorem and van der Waerden’s theorem was also
found in [9]: For fixed k and ¢, if G is a Kj-free graph on N, then there exists an /-term
arithmetic progression which spans an independent set in G.

Coloring theorems for arithmetic progressions or finite sums have abstract analogues (the
Hales-Jewett theorem and the Graham-Rothschild theorem, respectively; see, e.g., [7] or [14]),
from which they can be deduced instantly. In contrast, Deuber’s theorem for partitioning
(m, p, c)-sets can not be accomplished by any one application of such a theorem; several iter-
ations are required. As with Deuber’s theorem, one would not expect to be able to prove our
main result for (m,p,c)-sets with any single application of an abstract theorem. Indeed, the
first situation where a single process does not seem to work is for an arithmetic progression
together with its difference—which is the simplest kind of subset of an (m,p, c)-set not nec-
essarily contained in any one row. In [9] it was proved that for any k,¢ > 3, in any Kj-free
graph, there exists an ¢-term arithmetic progression together with its difference, all contained
in an independent set. This proof used a form of the Gallai-Witt theorem applied iteratively;
it does not seem to follow from one application of any of the major abstract theorems (like the
Hales-Jewett or Graham-Rothschild theorems).

3 Preliminary results

We now briefly describe one of our main tools, the Hales-Jewett theorem.

Let A denote a finite alphabet; write A* = {(z1,...,2s) : ; € A}. Let [1,s] = FUM;U---U
M; be a partition with [M;| > 0 for j = 1,2,...,t and let (g;)icr € AY be a fixed |F|-tuple. A
t-dimensional subcube of A® (associated with (g;)jcr and the partition FF UM U---UM;) is a
set of the form

HIC(F, My, ..., M, (gj)jer) = {(x1,...,25) : x; =g for j € F and
z; =z if j,5' € M, for some a}.
We now state the central theorem regarding parameter sets.

Theorem 3.1 (Hales-Jewett) For everyt,r € N and every finite alphabet A, there exists
s = HJ(t,r |A|) so that for every coloring p : A®> — [1,r|, there exists a monochromatic t-
dimensional subcube of A?.

The original version in [10] yields a 1-dimensional subcube. That version easily implies the
current version (see [7, p. 40]). See [14] for a survey of results, applications, and notation for
parameter words, another language to describe the Hales-Jewett theorem.

Definition 3.2 Let p,c,q,d € N with ¢ < p and q < d, let U = (x0,21,...,Zm)pc be
an (m,p,c)-set, and let V- = (Yo, Y1, ..,Yn)qd be an (n,q,d)-set. We say that U is naturally
contained in V, written U <V if and only if there is a strictly increasing function

¥ :{0,1,...,m} —{0,1,...,n}
such that for each i € {0,1,...,m}, Ri(U) C Ry (V).
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Notice that natural containment is trivially transitive.

Example 3.3 The (1,3,1)-set A = (10,1)3 is contained in the (2,2,1)-set B = (20,5,1)21
but A is not naturally contained in B. In fact, Ry(A) is not contained in any row of B.

We now present some simple results that guarantee that all inclusions with which we shall
be concerned are natural.
For any p, m € N, we use

[ag, a1 ..., amlp = {Xoao + A1a1 + ...+ Apam : Ao, A1, ..o, A € [P, D]},
to denote the span of ag, ay,...,a,m.
Lemma 3.4 Let m,p,xo,x1,...,2ym € N. If foreachi € {0,1,...,m—1}, z; > QpZ;-n:iH xj,

then expressions in [xo, 1, ..., Tm]p are unique. That is, if

m m
Aos A1y - - '7)\m71UJ071u17 <oy Mm € [_pap} and Z)‘Z:U’L = Zull‘lv
i=1 =1

then for each i € {0,1,...,m}, N\j = p.

Proof: Assume that \o, Ai,. .., Am, 05 415 - - -5 o € [—D,p] and D705 Nz = Y iy pixi. Sup-
pose that there is some i € {0,1,...,m} such that A\; # u; and pick the first such i. Assume
without loss of generality that \; > p;. If Az = ptm@m, then A, = pm, so we have that
i < m. Then

m m m
S (mi= Mg =N — e = >2 Y x> Y (g — Ay,
j=i+1 j=i+1 j=i+1
a contradiction. O

With a little more work one can show that 6pc can be replaced by 5pc in the following
lemma. (Here and later, if i = m, then we set 3 7%, z; =0.)

Lemma 3.5 Let m,p,c € N with ¢ < p and assume that xzg,z1,...,2, € N and
(0,215, Tm)epe,e C N. Let U = (zo,21,...,Tm)pec. For each i € {0,1,...,m — 1}, z; >
6p> 711 ¥j and min R;(U) > max Ri1(U). Also, any length 3 arithmetic progression in U is
contained in some row of U.

Proof: Let i € {0,1,...,m — 1}. Then cx; — Z;”:Hl 6pcz; € N so z; > 6pZ}n:i+1 xj. Thus

m m m m
min R;(U) = cx; — Z PTj > T — Z pT; > Z PT; > CcTip1 + Z pr; =max R (U).
j=i+1 j=i+1 j=i+1 j=i+2

Now assume we have d > 0 such that {a,a + d,a +2d} C U. Pick i,k € {0,1,...,m} and
Ai+17 )‘i+27 ooy Amy HE+1s Bk425 -+ -5 hm € [_pap] such that

a = crj+ > 1, Ajr; and
atd = crp+ D1 HiTy.
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Since a + d > a, we have that k <. Suppose that & < i. Then

d = cap+ Y iy + (i — O)mi+ 270 (1 — Aj)aj and so
a+2d = 2cxp+ Z};kﬂ 255+ (2p; — e)wy + 0L (25 — Aj)wy -

Since the absolute value of each coefficient in the expansion of a + 2d is at most 3p, we have by
Lemma 3.4 that a +2d ¢ U.

Thus k& =7 and .
d = >l 1(py — Aj)z; and so
a+2d = cr+ 3700 (2p — Aj)xy
Again by Lemma 3.4 we have that a + 2d € R;(U). O

Lemma 3.6 Let n,q,d € N with d < ¢q and assume that xg,x1,...,2, € N and
(0,21, Tn)egdd S N. If m € w, p,c € N with ¢ < p, yo,y1,---,ym € N, and Y =
(Y0, Y15+ -2 YUm)pe C (0,21,...,%n)qa = X, then for each i € {0,1,...,m} there exists j €
{0,1,...,n} such that R;(Y) C R;(X).

Proof: We proceed by induction on m. The case m = 0 is trivial, so assume that m € N and the
assertion is true for m—1. Let i € {0,1,...,m}. If i > 0, then R;(Y) = Ri—1((y1,¥2,- - - s Ym)p,c)
so the conclusion holds by the induction hypothesis. So assume that i = 0. Let D =
Ro((y0, Y1, - - - Ym—1)p,c) and pick by the induction hypothesis some j € {0,1,...,n} such that
D C Rj(X). Now let A1, g, ..., A € [=p,p]. If Ay, = 0, then cyo+ > Myi € D € R;(X), so
assume )\, # 0. Then E = {cy0+2;’;11 AU — AnYm, cy0+27;_11 Ny, cy0+27;_11 ANYi+AmYm}
is a three term arithmetic progression in X so is contained Ry(X) for some k by Lemma 3.5.
Since DNE # 0, k = j. O

Lemma 3.7 Let n,q,d € N with d < ¢q and assume that xg,x1,...,2, € N and
(0,21, Tn)egdd S N. If m € w, p,c € N with ¢ < p, yo,Y1,---,ym € N, and Y =
(Y0, Y15+ - s Ym)pe € (20,21, ..., Tn)gd =X, thenY = X.

Proof: Let i € {0,1,...,m — 1} and pick by Lemma 3.6 j,k € {0,1,...,n} such that R;(Y) C
R;(X)and Ri11(Y) C Ri(X). We show that j < k. Pick X\jy1, Ajpo, o0 Any fjts 425 - - - 5 i,
Vi+15Vk+25 -5 Tn € [_qa q] such that

cy; = dl’j + Z?Zj—&-l N,
cyi +eyivr = duj+ 331 iy, and
Y1 = drp+ Y N
Then cy;+1 = Z;L:j—i-l(lul — A1)z, so by Lemma 3.4 k > j + 1. O

We shall refer later to the conclusion of the following theorem by stating that “all inclusions
in (xg,x1,...,%n)q,4 are natural”.

Theorem 3.8 Let n,q,d € N with d < g and assume that xg,x1,...,2, € N and
(0,21, -, Tn)egdd S N. If m,M € w, p,c, P,C € N with c <p and C < P, yo,Y1,- -, Ym, 20,
Zlv"'szeN;Y:(y07y17"'7ym)p,cg($0>$17"-7xn)q,d:X}Z:(Z0>Zl7"'azM)P,CgX;
andY C Z, thenY < Z.



Proof: By Lemma 3.7 we have that Y < X and Z < X. We show first that for each i € {0, 1,
...,m} there exists j € {0,1,..., M} such that R;(Y) C R;(Z). Suppose instead that one has
i€{0,1,...,m}, a,b€ Ry(Y), and j < k in {0,1,..., M} such that a € R;(Z) and b € R,(2).
Since Z < X, we have u < v in {0,1,...,n} such that a € R,(X) and b € R,(X). By Lemma
3.5, Ry(X)N Ry(X) =0 and by Lemma 3.6, R;(Y) C R,(X), a contradiction.

Now let ¢ € {0,1,...,m — 1} and pick j,k € {0,1,..., M} such that R;(Y) C R;(Z) and
Ri11(Y) C Rp(Z). Picku < vin{0,1,...,n} such that R;(Y) C R, (X) and R;+1(Y) C Ry (X).
Then R;j(Z)NR,(X) # 0 so Rj(Z) C R,(X). Likewise R;(Z) C R,(X), and therefore j < k. O

We shall need a slightly strengthened version of Deuber’s Theorem (Theorem 1.3).

Theorem 3.9 For every m € w, every p,c € N with ¢ < p and every k € N, there exists
n,q,d € N with d < q so that for every (n,q,d)-set X and every coloring p : X — [1,k|, there
exists a monochromatic (m,p, c)-set naturally contained in X .

Proof: Pick n’,q¢,d as guaranteed by Theorem 1.3. Let n = n’, ¢ = 6¢/d’, and d = d’. Let

X = (x0,%1,...,%n)q,a be k-colored. Then Y = (xo,x1,..., 2y )y 4 is naturally contained in X
and by Theorem 1.3 Y contains a monochromatic (m,p, c)-set. By Lemma 3.7, this inclusion
is natural. O

The following technical lemma completes our preliminaries.

Lemma 3.10 Let m,p,c, M, P,C € N with ¢ < p and C < P. Let wy,wa,...,Wn, V1,0V,
oo € NoIf (wi,wa, . Wi)pe € (cvr,cva, ... com)pe, then [wi,wa,. .. W], C
[v1,v2,. .. 7UM](2c+p)P'

Proof: First consider any » 7", Ajw; with each A; € [~p, p]. Then

m
cwy + Z/\jwj € (w1, w2, ..., Wm)pe C (cvi,cve,...,con)pc C [cvr,cva,. .., comlp
j=2
and cw; € [cvy, cve, ..., cop]p, SO ZT:Q Ajw; € [evr, cva, ..., cuplap C (U1, V2, ..., Uar]2ep. Also
cwy € [cvy,cve, ..., cuplp so wy € [v1,ve,...,vp]p, so for any A\ € [—p,p] one has A\jw; €
[’Ul, V2, ... ,UM]pp and thus ZT:I /\j’w]‘ € [’Ul, V2, ... ,’UM}pp_;,_ch. O

4 Main proof: existence of independent (m,p, c)-sets

In the proof of Theorem 1.4, we use the following earlier result.

Theorem 4.1 For every k,n,q,d € N there exist n',q',d’" € N so that for any (n',q',d’)-set
X and any Ky-free graph G with vertex set X, there exists an (n,q,d)-set S naturally contained
in X, each of whose rows is an independent set in G.

The proof of Theorem 4.1 (see [8]) is accomplished by repeating the standard parameter
sets proof of Deuber’s partition theorem (see, e.g., [12]), once one knows that in a Kj-free
graph on a large-dimensional Hales-Jewett cube there is always a line (or, more generally, a
d-dimensional subspace) that is independent— this latter fact is proved in [9].



In view of Theorem 4.1, it is sufficient to prove Theorem 1.4 under the assumption that the
graph G on an (n, ¢, d)-set S has all rows as independent sets. Rather than prove Theorem 1.4
with this additional assumption, we will prove a stronger statement, Theorem 4.3, below. Since
a large complete k-partite graph contains many copies of Kj, Theorem 1.4 will clearly follow.
This somewhat stronger theorem turns out to be easier to prove.

Definition 4.2 Let k,p,c,t € N with ¢ < p and let m € w. Then @(k,m,p,c,t) is the
statement “there exist n,q,d € N such that whenever S is an (n,q,d)-set and G is a graph on
S such that the rows of S are independent, there exist either

(a) an independent (m,p,c)-set contained in S or

(b) z1,22,...,2k,00,01,...,a; €N such that (ag,a1,...,a)pc C S and the sets
(czi + ao, a1, . .., a]p)¥_; form a complete k-partite subgraph of G.”

Theorem 4.3 For all k,p,c,t € N with ¢ < p and all m € w, the statement (k,m,p,c,t)
holds.

Proof: The proof is by induction on m and k.

For the base cases, note that for all m/,p, ¢, t, part (b) of p(1,m/,p,¢c,t) holds, and for all
k' p, e, t, part (a) of p(k',0,p,c,t) holds.

So assume that £ > 2 and m > 1, and for the induction hypotheses, suppose that for all
m’,p,c,t, statement p(k — 1,m’ p,c,t) holds, and for all p,c,t, statement p(k,m — 1,p,c,t)
holds. We need to show that ¢(k, m,p, c,t) holds for all p, ¢, t. Pick p,c,t such that part (a) of
o(k,m,p,c,t) fails; we show that part (b) holds.

(1) Let (M, P,C) be the (n,q,d) guaranteed by ¢(k,m — 1,p,c,t).

(2) Let (N,Q, D) be such that whenever an (N — 1,Q, D)-set is (k — 1)-colored, it naturally
contains a monochromatic (M, (p+2c¢)P, cC)-set. (Such (N, Q, D) exist by Theorem 3.9.)
We may assume that N > m.

(3) Set Q' = (2¢C + (2¢+p)P)Q, D' = cCD, and let

T=HI({t+1,02Q + 1)V (4pQ + )N 1) + N.

(4) Put Q" = 2ep(Q)2(N+1), D" = c(D')?, and let (n', ¢, d') satisfy o(k—1,N,Q", D", T).

(5) Pick (n,q,d) such that any (n,q,d)-set S’ naturally contains an (n’,q’,d’)-set for which
all inclusions are natural. (Such (n,q,d) exists by Theorem 3.8.)

Since part (a) of p(k, m,p,c,t) fails, pick an (n, ¢, d)-set S” and a graph G’ on S’ for which
the rows are independent but S” does not contain an independent (m, p, ¢)-set.

Pick an (n/, ¢, d')-set S which is naturally contained in S” and such that all inclusions within
S are natural. Let G be the subgraph of G’ induced on S. Note that S does not contain an
independent (m, p, c)-set.

Claim 1 IfU = (vo,v1, ..., VM+1) (p2c)Pec © S, then there is an edge of G between a point
in the first row of U and a point in some later row of U.



Proof: We have (cvi,cvg,...,cop41)pc € U C S so by the choice of (M, P,C), pick an
independent (m — 1,p, c)-set (w1, wa, ..., Wn)pe C (cv1,cve,...,cop41)pc. (If clause (b) of
the definition of p(k,m — 1, p, ¢, t) applied, one would have p(k, m,p,c,t).)

Let V = (Cvg, w1, w3, ..., Wn)pe One has immediately that

Uit Ri(V) = (w1, wa, ..., wn)pe C (cvr1,cve, ..., compr)pe C Uf‘i}q R;(U)CS.

Also, Ro(V) = cCup + [w1, w2, ..., wmlp € cCvo + [v1,v2, ..., Um](2etp)p = Ro(U), where the
inclusion holds by Lemma 3.10.
Now Ry(V') is contained in a row of S, so is independent, and

U;ll RZ(V) = ('LUl, wa, . . . awm)p,c s

which is independent, so, since V' is not independent, there must be an edge between a point
of Ry(V') and a later row of V' and hence between a point of Ry(U) and a later row of U. O

Claim 2 Let wy,wsa,...,wy € N. Recall that Q' = (2¢C + (2¢ + p)P)Q and D" = ¢CD.
Assume that for each i € {1,2,...,k — 1}, B; € N and (8, w1, w2,...,wn)g ,pr & S. Then
there is some x € (cCwy,cCws,...,cCwn)g,p (and therefore some x € (wi,we,...,wN)qQ )
such that for each i € {1,2,...,k — 1} there is an edge from x to a point in the first row of
(ﬂi, w1, W, ... ,wN)Q/,D/.

Proof: Suppose not and color « € (cCwy,cCws,...,cCwyn)qg,p by the first i € {1,2,...,k—1}

such that there is no edge from x to a point in the first row of (5;, w1, wa, ..., wn)q/,p/- By the
choice of (N, @, D) picki € {1,2,...,k—1} and vo, v1, . . ., U, such that (vo, v1, ..., Va1) (pt20)PeC
C (cCwr,cCwa,...,cCwn)q,p and for each x € (v, v1,. .., VM) (pt2c)Pec there is no edge from
x to any point in the first row of (3;, w1, wa, ..., wN)q/, D
Let U = (D,BZ, V0, V1, - - - ,UM)(p+20)P7CC- Now
(V0,015 - -+, VM) (pr20) Pec © (W1, W2, -+, WN ) eCQ,eCD -

We claim that Ro(U) C Ro((8s, w1, w2, ..., wn)q,pr). To see this, let y = cCDp; + Ez]\io N
where each A\; € [—(p + 2¢)P, (p + 2¢)P]. By Lemma 3.10,

M
Z NV € [W1, W2, -« s WN](2eC+(p+26) P)Q 5
1=0

so y € Ro((Bi, w1, ws,...,wnN)q,pr) as claimed.

Thus by Claim 1, there is an edge between a point y € Ry(U) and some point x in a later
row of U. But then z € (cCwy,cCwy,...,cCwy)g,p and y € Ro((B;, w1, w2, ..., wN)Q D), &
contradiction. O

We now observe that there is no independent (N, Q”, D”)-set in S. Indeed, assume one has
(20,21, ..., @N)gr,pr € S. Then, since m < N and pc(D')? < Q”, one has that

(c(D")x0,e(D') 221, ..., e(D') 2m)pe C (20,21, -, TN)Qr D -

Since (¢(D')*zg, c(D")?x1, . .., (D) xm)p,c is not independent, neither is (xo, z1, . .., TN)gr,pr-



By the choice of (n/,¢’,d’), since there is no independent (N, Q”, D”)-set in S, pick by, b1, . . .,
br, 21,25, ..., 2,1 in N such that (bo,b1,...,br)gr.pr C S and the sets

<D”ZZ/~ + [b(], bi,... 7bT}Q”>§:_11

form a complete (k — 1)-partite graph.

Now let yo,y1, ..., YN € [bN41,bN+2, ..., br)opgr and i € {1,2,...,k — 1}, and for j € {0, 1,
c o N}, pick Aj N1, AjN+2, - A € [—2pQ", 2pQ') such that y; = S 4 Ajubi. We claim
that the first row of (¢>D'z} + ¢2D'by + cyo, 2 D'by + cy1, > D'by + cya, ..., 2 D'by + cyn)qr .o
is contained in D"z} + [by, b1, ..., br]gr. To see this, let py, po, ..., pun € [—Q', Q'] so that

N N
w = (D)2} + *(D')?by + cD'yo + Z D' jb; + Z CLLY;
j=1 i=1

is a typical member of the first row of (2D’ 2+c?D'by+cyo, > D'by+cy1, > D'ba+cys, . .., 2D'bn+
cyn)q,pr- For each j € {0,1,..., N}, the absolute value of the coefficient of b; in the given
expansion of w is at most ¢?D'Q’ < Q”. And for I € {N +1,N +2,...,T}, the absolute value
of the coefficient of b; in the given expansion of w is

N
eD"Xog + Y ephjal < eD'2pQ + 2pe(Q')’N < Q.
j=1

Next we claim that (c2D'by + cy1,c¢*D'by + cya,...,c2D'by + cyn)qr.pr is contained in
(bo, b1, ..., bT)Q”,D”‘ To see this, let 1, po, ..., un € [—Q/, Q/] such that,

if r =min{j € {1,2,..., N} : y; # 0}, then p, = D',
and let

N N T N
w = Z/J,j (C2D/bj + cyj) = Z MjC2lej + Z Z C,U/j>\j,lbl‘
7=1 7=1 I=N+1 j5=1

Then p,.c>?D’' = D" and for j € {r+1,r+2,..., N}, if any, the absolute value of the coefficient

of b; in the given expansion of w is at most ¢2D'Q’ < Q". Also, forl € {N+1,N+2,...,T}, the

absolute value of the coefficient of b; in the given expansion of w is at most Z;V:T 2p(Q")? < Q".
In particular, we have established that

(CQD’zg +2D'by + cyo, D'by + cy1, D'by + ¢y, ..., D'by + cyn)qg,pr €S,

so we may apply Claim 2.
We define 7 : ([—2pQ’, 2pQ"I1N+t)T=N — ([-Q’', Q"]N)* as follows: Let

A= ((NON41 M N1y s AN N+1)s (A0ON+25 ALN42, -+« s ANN+2),

s Qo Ay - Anr) € ([=20Q, 2pQ 1NN
For j € {0,1,...,N}, let y; = ZIT:NH Ajibi. Then by Claim 2 applied to

(D2 4 ¢ D'bg + cyo, 2D'by + cy1, 2 D'by + ey, . .., Dby + cyn)qr o )i}
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there is some point in (C2D,bl +cy1, 2D'by +cya, ... ,c2D'by +cyN)Q/7D/ with an edge to a point
in the first row of each (¢2D'zl 4 c?D'by + cyo, 2 D'by +cy1, 2 D'by +cys, . .., > D'by +cyn) g .-
That is there is some

T = (V157125 - s YLDy (721,72,2 -+ 3 V2N )+ s (Vs V2o - - -5 7eN)) € ([-Q, Q1Y)

such that, if r = min{j € {1,2,...,n} : %, ; # 0}, then 74, = D" and for each i € {1,2,...,
k — 1}, there is an edge between Zjvzl Vi,j (2D'bj + ZZT:N-H cAj b)) and

T N T
CQ(DI)QZQ + C2(D/)2bo + Z D/C)\(),lbl + Z%J(CQD/()]' + Z C)\j’lbl) .
I=N+1 j=1 I=N+1

Define 7(\) = 7.
Now since T = HJ(t + 1,(2Q" + DN* (4pQ" + 1)N*+1) + N, Pick F, My, My, ..., M,
<(V0,l) Vl,l7 ey VN,Z)>I€F7
7= (1,2 N (12,1, m2.2, - M2N)s -+ o5 (M1, T2 - - ev)) € ([—Q, Q1Y)
and r € {1,2,..., N} such that
1) F, My, M,..., M; are pairwise disjoint;

2) FUMyUMU...UM; ={N+1,N+2,...,T};

4) for each il € F, (vo1,v1),...,VN)) € [—QpQ’,QpQ’]NH;

(1)

(2)

(3) each M # () and min My < min M; < ... < min My;

(4)

(6) r=min{j € {1,2,...,N} : m; # 0} and 7, = D’; and,
(6)

6

whenever

A= ((AoNA1 MN+1y - s ANN+1)5 (AON12 ALNA2, -+« s AN N+2),

s Qo ALt - An)) € ([~2pQ, 2pQ 1N TN

satisfies

(a) for each [ € F, (>\O,l7 >\1J7 ... 7)\N,l) = (1/071, Vigy - VN,l) and
(b) for each s € {0,1,...,t} and each [,v € M,
(Ao Ats -5 AN = (Aojos AL - -5 ANw)

one has 7(\) = 7], and consequently, for each ¢ € {1,2,...,k—1}, there is an edge between
Sl Mg (2D'by + Sy eAjaby) and

T N T
(D22l + A(D')%by + Z D'eXo by + Z ni.;(c2D'bj + Z cAjibr).
I=N+1 j=1 I=N+1
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Now for each s € {0,1,...,t}, let as = ZleMS(D’)chl. Forie {1,2,...,k — 1}, let

z; = (D/)ché —|— Cbo + Z D’ v, b + Z D’ cn; ]b -+ Z ZU%JV] 161,

leF leF j=1

and let
2 = ZD cnk,ibj + ZZUk;Vglbz
leF j=1

We shall show that (ag,ai,...,a;)pe C S and that the sets (cz; + [ag,a1,- .., ap)¥ ; form a
complete k-partite subgraph of G, completing the proof that part (b) of ¢(k, m,p,c,t) holds.

We show first that (ag,a1,...,a¢)pe € (bo,b1,...,b7)Qr.pr. Solet x € (ag,ai,...,a:)pec,
and pick § € {0,1,...,t} and pgi1, g42, - - -, e € [—Dp,p] such that

T =cag + Z HsQs.
s=p+1

Then .
=Y AW+ Y, D pse(D)hy
leMg s=B+11eM,

Since min Mg < min Ui _p+1 M, we have that the leading coefficient in this expansion is D",
while all other coefficients are at most pe(D ) <Q".

Next we show that for each i € {1,2,...,k — 1},
czi + [ag, a1, ..., ap C D"zé + [bo, b1, ..., br]g,
and consequently the sets (cz; + [ag, a1, - . . ,at]p)f;f form a complete (k — 1)-partite graph. To

this end, let uo, 1, ..., 1t € [—p,p]. Then

t
czi+ Y ety =
s=0
(D"2c2L + (D')? 2b0+Zcholbl+ZDc 1i,;b; +chmﬂyﬂbl+z Z ps(D")2chy.

leF leF j=1 s=0leM;

The coefficient on z, in this expansion is D” while the coefficients on the b;’s have absolute
value at most 2pc(Q’)? < Q".

Finally we let i € {1,2,...,k—1}, let w € cz;+[ag, a1, ..., alp, let © € czp+[ag, a1, ..., ap,
and show that there is an edge between w and z. Pick ag,aq,...,as,00,01,...,0s € [—p, D]
such that w = cz; + Zi:o asas and = = czp, + ZZ:O dsas. Then

w = (D)2 +(D')* 2b0+z cD Vglbl+ZD c 77sz *chnw%lbﬁz Z as(D')chy,

leF leF j=1 s=01eMs
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and
m—ZDc M, 0j +Zchk7ijlbl+Z 2(5 cbl
IeF j=1 s=01eM,

For I € F and j € {0,1,...,N}, let \j; = v;;. For s € {0,1,...,t} and | € Mj, let
A = D'dg, let Aoy = D'ag — mi 05, and for j € {1,2,..., N} \ {r}, let \;; = 0. Note that each
IAji] < 2pQ'. Note also that for s € {0,1,...,t} and | € M,

N
D ki = (D)6
j=1

and
N

D/C)\O’l + Z NijAjIC = (D/)2coz5.
j=1
Then

A= (AoN41- s AN o ng, s ANNt)s -5 Qo An) € ([=2pQ, 2pQ PV TY
satisfies

(a) for each l € F, (Ao Aig,---5Ang) = (Vog, Vi, - -+, vNy) and

(b) for each s € {0,1,...,t} and each I,v € My, (Aozs A1ty ---s ANI) = (A0ws Al ws -5 AN w)-

Consequently, there is an edge between Zjvzl ki (c*D'b; + EIT:N-H cAjiby) and

T N T
(D22 + A(D')%by + Z D'e by + Zni,j (*D'b; + Z cAjiby).

I=N+1 j=1 I=N+1
Now
an] 2Db + Z C)\]lbl
I=N+1
= Z”’w c*D'b +ZZ77’HVNCbl+Z > Z"’w Ajach
ZEF] 1 s=01leM;s j=1
= me D+ S e+ Y Y D
leF j=1 s=01leMs
= .
Also,
T N T
(D22l + A(D')%by + Z D/c)\oylbl—i—Zm’j(cZD/bj + Z cAjibr)
I=N+1 j=1 I=N+1
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= A(D")?2 +A(D bo—i-Zn” AD'bj+> ( Dc)\gl+2n” i1¢)b

leF
+Z ) Dﬂoﬁzw L
s=01eM;
= (D2 +A(D b0+2171302Db +Z D'ewy, +Z77”1/]lc )by +Z Z )2cash
leF s=01eM;,

5 Independent arithmetic progressions, revisited

The following (in a more general form) was originally proved in [9] by application of the
Hales-Jewett theorem. To illustrate a different approach in a special case, we now give a different
proof, this time using Szemerédi’s density theorem for arithmetic progressions [18] (which says
that for any m and € > 0 there exists an n so that any set of en elements from [1,n] contains
an m-term arithmetic progression).

Theorem 5.1 ([9]) Fiz k and {. If G is a K-free graph on N, then there exists an {-term
arithmetic progression which spans an independent set in G.

Proof: Denote by S(k,{) the following statement: There exists an integer n = n(k, ) such
that for every Kj-free graph G whose vertex set is an arithmetic progression of length n, there
exists an arithmetic progression of length ¢ which is an independent set in G.

If for every k and ¢, S(k, ) holds, then Theorem 5.1 follows. For each fixed ¢ we will prove
S(k,¢) by induction on k.

Observe that S(2,¢) is trivially true with n(2,¢) = ¢. Suppose, therefore, that S(k — 1,¢)
holds and set n* = n(k — 1,¢). Let n = n(k,¢) be very large and consider a Kj-free graph G
with vertex set {a,a+d,...,a+ (n—1)d}. Assume that G contains no independent set which
is an arithmetic progression of length ¢. Also, observe that V(G) contains

(n_(5_1))+(n—2(£—1))+...+<n— U:” (5—1)) ZZZ

arithmetic progressions of length ¢. Since each of these arithmetic progressions contains an
edge and each edge is contained in at most (g) arithmetic progressions of length ¢ the graph G

contains at least
n2 [0\ 1 2n?
- >
30\ 2 = 303

edges. This means that there exists a vertex = joined to at least 5177}), other vertices. Now if n is
sufficiently large compared to n*, we may infer by Szemerédi’s theorem that the neighborhood
of x contains an arithmetic progression Y of length n*. Since {z,y} € F(G) for every y € Y the
subgraph G[Y] of G induced by Y does not contain Kj_1. Thus, by the induction assumption
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S(k — 1,¢), the set Y contains an arithmetic progression of length ¢ which is an independent
set in G[Y] and hence also in G. O

We note that since an early draft of this paper, J. Solymosi (personal communication) has
independently observed a similar proof of Theorem 5.1.

6 Concluding remarks
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