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Stepped microstrip components are often found in microstrip integrated circuits. They act as 
impedance transfonners, as compensating elements in microstrip power dividers, or are used in LC 
ladder structures with filtering properties. Thus, knowledge of the scattering matrix of these 
configurations is of great interest for their design and for the perfonnance analysis of the respective 
circuits. Earlier authors tackled the discontiiluity problem under the assumption of stationary or 
quasistationary conditions. For this reason the derived results are only valid in the lower frequency 
range. Another approach was to use a parallel-plate waveguide model and a mode-matching 
procedure in order to determine the scattering parameters [1] employing a method of moments 
solution [2]. Computer-aided design software such as Sonnet [3] utilizes a modified method of 
moments based on Maxwell's equations to perfonn a three dimensional analysis of planar 
structures. These methods require a substantial computer time. In this paper, simple formulas for the 
scattering parameters of a microstrip step discontinuity, are derived from the two-dimensional 
telegraphists' equations presented in [4]. The first order telegraphists' equations for time-harmonic 
fields ai:e 

-VU=ZJ s (1) 

-V·J =YU s (2) 

where U is the transverse voltage, between the strip and the conducting base, J s is the surface 

current density carried by the conducting strip, Z = R + j aJL is the longitudinal impedance per 
square, and Y = G + j@C is the transverse admittance per unit area. The corresponding second 

order equations can be written in the fonn 

(3) 

(4) 

where r = .[if is the propagation constant. 

PROBLEM FORMULATION 

Consider a symmetrical step discontinuity in a lossless microstrip line (R = G = 0) as shown in 
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Fig. 1, where 2a is the width of the wide microstrip section and 2b is the width of the narrow line 
section. 
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Fig. 1. Geometry of the microstrip discontinuity. 

For a homogeneous and isotropic microstrip, the inductance per square L and the capacitance C 
per unit area are constant, independent of position and direction. Whenever the ratio b/ a is small, 
we assume that the current is uniformly distributed over the width 2b of the narrow line. With the 
system of Cartesian coordinates chosen as shown in Fig. 1, the boundary conditions are 

J .a(-a,y) = J .a(a,y) = 0 (5) 

I 
J ( 0) 

= - for XE (-b,b) 
.ry x, 2b (6) 

0 elsewhere. 

Applying the method of separation of variables to the voltage equation (3) and tal<lng into account 
the relationship between J s and U ( eqn. 1) yields 

U(x,y) =-- e 1 Y +--~ k e nY cosvkx 01LJ [-·p 2jfi ~sin Vb -R ) 

2ap b k=l Pkvk 
(7) 

where pk =~vi -P2 
, P = OJ../fC, and vk = ktr/a. To obtain the impedance Z; seen at the 

microstrip junction, we calculate the complex power transferred into the section of width 2a as 

b 

S(x,O) = JU(x,O)J~(x,O)dx 
-b 

= 01LJ
2 
(1 +j2~ ! sin

2 

v:b J= z;12. 
2ap b k=l Pkvk 

(8) 

Since 
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(J)L = L/(2a) = (i' =R 
2ap C2a Ve ca 

(9) 

with L' and C' the parameters per unit length and Rea the characteristic resistance of the 
corresponding one-dimensional transmission line (with no variation of current density across the 
strip), the input impedance is derived in the form 

(10) 

where X is the reactance due to the discontinuity. By identification 

(11) 

In the case Pk in (8) becomes imaginary, then the respective terms in the series do not contribute to 
X , but to the input resistance. 

RESULTS AND CONCLUSIONS 

In order to validate the formulation presented and the formulas derived in this paper, we compare 
results for the scattering matrix of the equivalent circuit of the step discontinuity . with available 
published d_ata. The equivalent circuit for a step discontinuity is shown in Fig. 2. 

x 

Fig. 2. Equivalent cjrcuit. 

The scattering matrix for this circuit is 

with 

ANTEM 2000 - Symposium on Antenna Technology and Applied Electromagnet/cs 

R ca 

(12) 

263 



(13) 

where Rcb is the characteristic impedance of the narrow microstrip section, when the current density 

is considered to be constant across it. In Fig. 3, results are presented for a shielded microstrip step 
[2] with Gr= 2.32, the height of the dielectric substrate h = 1.58 mm, 2a = 16.65 mm and 

2b = 4.5 mm. The error is less than 1.5 % when compared with the method of moments solution 
[2]. The necessary computer time to obtain the solution with (13) is 2 son a HP Vectra 300 MHz 
personal computer. It should be remarked that the series in (11) is rapidly convergent. For example, 
retaining only the first 15 terms in equation (11) evaluates the series with an accuracy of 10-3

• Thus 
a substantial reduction in computer time is obtained when applying the approximate solution 
procedure presented as compared to solutions by more rigorous full-wave analyses [2-3]. · 
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Fig. 3. !S12 ! versus frequency for the microstrip discontinuity in [2]. 
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