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Given volume distributions of stationary or quasistationary electric current are replaced by 
equivalent distributions of fictitious magnetization and, eventually, of surface current, on the 
basis of the Amperian model for magnetized media. The fictitious magnetization is 
subsequently replaced by the equivalent distribution of fictitious magnetic charge. 
Consequently, the magnetic field due to given volume currents is determined from that 
produced by the corresponding charges and surface currents. This modeling method is also 
presented for generalized distributions of current. A scalar potential is introduced to describe 
the field in the models constructed. This scalar potential is a single-valued function of position 
when the current distribution is modeled by using a fictitious magnetization and only an 
equivalent charge distribution within the region considered. The modeling procedure is flexible 
and the models proposed yield an easier physical interpretation and a substantially reduced 
amount of computation with respect to vector or combined vector and scalar potential 
methods used so far. A few illustrative examples are given. This paper relates to stationary or 
quasistationary magnetic fields, but the modeling technique and the scalar potential presented 
are applicable to problems relative to any physical fields governed by the same equations. 

I. INTRODUCTION 

The stationary or quasistationary macroscopic magnet
ic field in regions with known distributions of volume cur
rent density J is described by the classical equations 1 

curl H = J , ( 1 ) 

divB =0, 

B =µ0 (H +M), 

(2) 

(3) 

where H, B, and Mare the field intensity, the magnetic in
duction, and the magnetization vector, respectively, and µ 0 

is the permeability of free space. The conditions across the 
surfaces of discontinuity of the field quantities are 

D12X (H2 - H1) =JS' (4) 

fi 12 •(B2 -B1)=0, (5) 

with fi 12 being the normal unit vector oriented from side 1 to 
side 2 of each surface, and Js the local surface current den
sity. 

The magnetic field can be determined everywhere (in
cluding the regions with J #- 0) by means of a magnetic vec
tor potential [from Eq. (2), B =curl A]. Wherever J = 0, 
the field intensity is irrotational and can be derived from a 
magnetic scalar potential (from curl H = 0, 
H = - grad <I> m ) • The scalar potential is easier to compute 
from the corresponding partial differential or integral equa
tions than the vector potential, especially in three-dimen
sional configurations, since the vector potential has, in gen
eral, three components. On the other hand, it is easier to 
visualize a scalar potential than a vector potential, the sur
faces of constant scalar potential being normal to its gradi
ent. However, there are two main difficulties related to the 
usage of this scalar potential. First, it is a multivalued func
tion of position in the presence of current distributions and, 

second, it is useless wherever J ;f-0. Such a scalar potential 
has been used for calculating the field produced by filamen
tary currents in various magnetic systems (see Ref. 2, for 
instance) and for problems of pronounced skin effect. 3 Mag
netic scalar potentials and their multipole expansions were 
also constructed for specified regions outside bounded vol
ume or surface current distributions.4

•
5 It should be noted 

that the lowest nonvanishing term in the expansion of the 
magnetic field outside a localized quasistationary current 
distribution corresponds to an "effective" magnetization, 
which is directly related to the current density. 6 

In general, the field intensity in Eqs. (1 )-( 3), in the 
presence of given current distributions, can be decomposed 
in two components: one which satisfies the inhomogeneous 
Eq. ( 1) and another one which is irrotational, and can there
fore be derived from a scalar potential. Numerous authors 
consider the former component as being just the solenoidal 
field produced by the given, localized current distribution in 
a homogeneous, unbounded region (and calculated, for ex
ample, by applying the Biot-Savart formula); the latter 
component is now due to the magnetization within the mag
netic materials. This type of a decomposition is used, for 
instance, in Refs. 7 and 8, where two different scalar poten
tials are considered, one for regions without currents and the 
other one for regions with currents, the boundary conditions 
at interfaces being expressed in terms of the previously com
puted solenoidal component of the field intensity. Blewett9 

used a decomposition of the magnetic field intensity in which 
the component satisfying Eq. ( 1) is chosen to be zero outside 
the outer surfaces of the current coils and with a zero tangen
tial component on these surfaces, and gave a formula for 
calculating this field component for coils of rectangular 
cross section; subsequently, the scalar potentials inside and 
outside the coils were adjusted to represent a continuous 
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function within the whole region. This procedure was ap
plied to stationary field computations, 10

• 1
1 as well as to the 

computation of eddy-current effects in a system with moving 
solid conductors. 12 Many other appropriate expressions for 
the component which satisfies the inhomogeneous Eq. ( 1) 
(often called electric vector potential) and the correspond
ing scalar potential have been used for the solution of mag
netic field problems related to a large variety of electromag
netic devices. It should be pointed out that, in the case of 
eddy-current problems, the induced current density is un
known and, therefore, the electric vector potential is also 
unknown. 13

•
14 This vector potential can be chosen to be zero 

in nonconducting regions, such that only the scalar potential 
needs to be computed there, 14 but the general three-dimen
sional eddy-current problem cannot be reduced to the com
putation of a single scalar function. 15 

In this paper we only consider known stationary or 
quasistationary current distributions, such as those within 
the coils of various electromagnetic devices, or of magnetic 
systems in particle accelerators, magnetohydrodynamic en
ergy converters, tokamak configurations, etc. First, we mod
el volume current distributions by using distributions of fic
titious magnetization, volume and surface magnetic charge, 
and, eventually, surface current. For a large class of practical 
coils, the fictitious magnetization can easily be chosen to 
have a zero volume divergence, so that the corresponding 
volume charge is equal to zero. Now the calculation of the 
field due to volume currents is reduced to that of the field 
determined by surface charges and, eventually, surface cur
rents. Second, we define a scalar potential associated to the 
models developed and formulate the field problems in terms 
of this potential. It is shown how to model given current 
distributions in order to obtain a scalar potential which is a 
single-valued function of position. 

II. MODELS FOR GIVEN VOLUME CURRENT 
DISTRIBUTIONS 

It is well known 16--
18 that under static or stationary con

ditions, from the point of view of the macroscopic field pro
duced in free space, as well as of the forces and torques exert
ed in external fields, a magnetized or electrically polarized 
volume element is equivalent either to an elementary duplet 
of charges (electric dipole) or to an elementary current loop 
(magnetic dipole). On the basis of this equivalence, a distri
bution of magnetization or electric polarization can be ma
croscopically modeled with the aid of an equivalent distribu
tion of charge or an equivalent distribution of current 
(Amperian model). In the case of a given volume distribu
tion of magnetization M, for instance, the equivalent volume 
and surface fictitious charge distributions in free space are, 
respectively, 

Pm = - µo div M , 

Psm = -µofi.12 • (M2 - M1). 

(6) 

(7) 

In this model, the field intensity H produced by the charge 
distribution in Eqs. ( 6) and ( 7) in free space is identical to 
that due to the given magnetization, and the magnetic induc
tion Bis determined from Eq. ( 3). The Amperian model for 
the same case consists of the following volume and surface 
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fictitious current distributions in free space, respectively: 

J m = curl M , ( 8) 

Jsm = fiuX CM2 - M1) . (9) 

In this modell, the magnetic induction B produced by the 
current distribution in Eqs. ( 8) and (9) in free space is iden
tical to that due to the given magnetization, and the field 
intensity H is obtained from Eq. ( 3). Similar expressions 
correspond to the charge model and to the current model for 
a given volume distribution of electric polarization. These 
classical models have been widely used for calculating elec
tric and magnetic fields and forces in the presence of electri
cally polarized or magnetized media, as well as those due to 
point, line, and surface charges, or line and surface cur
rents. 16 

Consider now a volume distribution of stationary or 
quasistationary current of known density J, in a nonmagnet
ic material region of permeability µ 0 . The modeling method 
presented in this paper is based on treating the given volume 
distribution of current as if it would represent an Amperian 
current distribution corresponding to a fictitious magnetiza
tion M 0 such that [see Eqs. ( 8) and ( 9)] 

curl Mc = J . ( 10) 

The vector field Mc is not uniquely determined by this equa
tion alone. Since we do not impose any a priori conditions for 
its divergence, simple expressions for Mc can be found ex
tremely easily for practical distributions of current density 
(see Sec. III). For a given current distribution we may con
struct more than one model; the fictitious magnetization Mc 
may be chosen different from zero outside the regions with 
J =I= 0, but its curl must be zero wherever J = 0. In the follow
ing we assume that Mc has no line or point singularities 
anywhere, i.e., its closed line and closed surface integrals 
tend to zero when the path of integration shrinks to a point 
and the surface of integration shrinks to a line segment or to 
a point. 

In the Arnperian model, the effect of the magnetization 
Mc is the same as that of a distribution of volume current 
[see Eq. (8)], whose density is just the given J [in Eq. 
( 10)], and of a distribution of surface current [see Eq. ( 9)], 

(11) 

Consequently, for calculating the magnetic induction, the 
given volume distribution J can be replaced by the fictitious 
distributions of magnetization Mc and of surface current of 
density Jsc on all the surfaces of discontinuity of the tangen
tial component of Mc. Thus, 

(12) 

where BMC is due to Mc and BJ" to Jsc· 
On the other hand, the field intensity HMc produced by 

the magnetization Mc is that determined in free space by the 
following distributions of volume charge density and of sur
face charge density on all the surfaces of discontinuity of the 
normal component of Mc, respectively [see Eqs. (6) and 
(7)]: 

Pc= -µodivMc, 

Psc = - Po D12 • (Mc, - Mc,) ' 

I. A. Ciric 
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(14) 
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and the magnetic induction BM, is given by 

BM, =µ0 (HM,+ Mc)· (15) 

From Eqs. (12) and (15), the field intensity can be ex
pressed in the form 

H=Mc +HM, +HJ"', (16) 

where HJ" = BJ,,lµo. . . . 
Therefore, in a region of permeab1hty µ 0 , the field mten-

sity due to a distribution of volume current density _J can _be 
obtained by the superposition of Mc and the field mtens1ty 
due to the charge distributions Pc and Psc, and to the surface 
current distribution Jsc. . 

An elementary formula can be written for the field _m 
Eq. ( 16) produced by a given, localized volume c_urren~ dis
tribution in an unbounded, homogeneous three-d1mens1onal 
space, 

1 
H(r) = Mc(r) +--

4rrµ0 

(f Pc(r')R dv' +f Psc(r')Rds') 
X R 3 R 3 

+-1-f J,c(r')XR dS'' 
4rr R 3 

(17) 

where dv' and dS' are the elements of volume and surface, 
respectively, r and r' are the position vectors ~efining ~he 
field point and the source point, respectively, with 
R = r - r', and the surface integrals are performed over the 
surfaces of discontinuity of Mc. 

A few special cases are particularly important for field 
computations. If Mc is chosen such that J.c i~ E~. ( ~ 1) ~s 
zero everywhere, the given volume current dtstnbutton 1s 
modeled in terms of Mc and charge distributions only; Eq. 
( 17) does not contain the last integral and the difference 
H - M can now be derived from a single-valued scalar po
tential ;roduced by Pc andpsc (see Sec. IV). Ifpc in Eq. (13) 
is "zero everywhere, the volume current distribution is mod
eled in terms ofM and only surface distributions of charge 
and current, and ;he field in Eq. ( 17) is expressed only in 
terms of surface integrals; when Mc is chosen to be zero 
outside the regions with J ;lO, then these surface integrals 
are taken only over the boundary of that region. It should be 
noted that the field in Eq. ( 17) is indentical to that given by 
the classical Biot-Savart volume integral formula, and by 
choosing various vector fields Mc, corresponding to the 
same volume current distributions (see Sec. III), one ob
tains various vector integral identities. 

For regions with a linear, isotropic, an? ho~og_eneo~s 
magnetic material, the above results remam vahd if µo IS 

replaced by the permeabilityµ of the medium. . 
The field in the presence of inhomogeneous (but iso

tropic) magnetic materials, with the permeabilityµ varying 
within the regions occupied by the distributions of J and Mc, 
can be determined as shown in Sec. IV. The models for vol
ume current distributions are constructed by keeping the 
local values @f permeability, with the same surface current 
distribution Jsc, as in Eq. ( 11), and with the following distri
butions of fictitious charge: 

(18) 
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Psc = - 012. (µ2Mc, - µlMc,) . ( 19) 

The results of the analysis presented in this section may 
be formalized by stating the following modeling theorem: 
Let J(r) be the piecewise continuous density of a given vol
ume distribution of stationary or quasistationary current, 
and let Mc ( r) be any piecewise continuous fictitious magne
tization which satisfies the equation curl Mc = J and has no 
point or line singularities. Let Pc = - div(µMc ), 
Psc = - 812 • (µ2Mc, - µlMc, ), and Jsc = - 812 
x (M - M ) be, respectively, densities of fictitious vol
ume charge, ;~rface charge, and surface current, whereµ is 
the permeability and 8 12 the unit normal on the surfaces of 
discontinuity of Mc andµ. Then, the magnetic field intensity 
due to J is equal to the sum of Mc and the field intensity due 
to the distributions of Pc• Psc, and Jsc. 

The same modeling procedure is applicable to current 
sheets of a given surface density Js, by means of a fictitious 
magnetization Mc which satisfies the equations curl Mc = 0 
and o12 X (Mc, - Mc,)= Js [instead ofEq. ( 10)], and the 
above theorem can be correspondingly extended. The case of 
a generalized current distribution, including line currents, is 
presented in the Appendix. 

As we shall illustrate in a few examples, the volume cur
rent distributions in practical configurations can be modeled 
in terms of Mc and only a distribution of surface charge. The 
amount of computation necessary to determine the field on 
the basis of such a model is substantially reduced, since the 
computation is reduced to that of the field due to surface 
charge distributions. 

The price paid for applying the method proposed in this 
paper is that of the construction of an appropriate model for 
a given problem, i.e., the choice of an appropriate distribu
tion of fictitious magnetization Mc. A vector field which 
satisfies Eq. ( 10) and supplementary conditions can be easi
ly determined in particular situations.9

•
12·14 The only condi- · 

tion for the fictitious magnetization Mc used in our model
ing procedure is to satisfy Eq. ( 10), without any other 
restrictions inside or outside the region occupied by the giv
en current distribution. Therefore, for each configuration we 
have a few possible models to choose from, in order to opti
mize the field calculations. In the case of practical coils, for 
instance, for each of their straight or circular current tubes of 
constant cross-sectional area, with the current density J be
ing constant over the cross section, one can always choose 
Mc inside the tube as having only one component, in a direc
tion which is perpendicular to J, and depending linearly on 
the distance along the direction of Mc XJ; the volume diver
gence of such an Mc is equal to zero. 

It should be noted that, in a similar manner, a given 
volume distribution of static or quasistatic electric charge 
can be modeled in terms of fictitious distributions of electric 
polarization, volume and surface current, and surface 
charge. 

Ill. ILLUSTRATIVE EXAMPLES 

A. Infinitely long, straight conductors 

A straight conductor of an arbitrary cross section is 
shown in Fig. 1, with the volume current density oriented 
along the positive z axis, J = z J. 
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y 

f-Lo 

x 

FIG. 1. Cross section of cylindrical conductor carrying current. 

Mc in Eq. ( 10) can be chosen as 

y (ox J(x,y) dx inside the conductor, 
Mc(x,y)= Jo 

0 outside the conductor , 
(20a) 

where y is the unit vector along the positive y axis. In gen
eral, the corresponding volume charge density in Eq. ( 13) is 
not zero. If J depends only on one coordinate, say x, then the 
divergence of Mc in Eq. ( 20a) is zero, and the magnetic field 
produced can be expressed in terms of Mc and only of line 
integrals along the conductor contour C. In the case of a 
constant current density, J = const, 

l

yJx 
Mc (x,y) = 0 

inside the conductor , 

outside the conductor . 

Equations (13), (14), and (ll) give 

Pc =0, 

Psc = µ 0 fi ·Mc = µ 0 Jxny on C, 

Jsc = fiXMc = z Jxnx on C, 

(20b) 

(21) 

where nx and nY are the direction cosines of the outward 
normal fi. The field intensity in Eq. ( 17) is 

J 
H(x,y) =Mc(x,y) +-

2tr 

(
,( x'n' R ,( x'n' R ) 

X Jc Ry2 di'+ zXJc ---fzdl' , (22) 

with 

R = i(x -x') + y( y - y'), (23) 

i being the unit vector along the positive x axis. The contour 
integrals in expression ( 22) require a substantially reduced 
amount of computation as compared to the integral over the 
conductor cross section in the Biot-Savart formula. It 
should be noted that for a straight conductor of a general 
polygonal cross section, with J = const, choosing Mc as in 
(20b) yields surface densities Psc and Jsc in (21) which are 
either constant or depending linearly on the distance along 
the cross-sectional sides. For such a conductor the integra
tions in Eq. (22) can be analytically performed. 

In the case of an infinitely long, straight conductor of 
rectangular cross section, carrying a current of constant den-
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sity, J = z J, we can use the models presented in Fig. 2. If we 
choose Mc, as given in Eq. (20b), we obtain the model in 
Fig. 2(a), with only surface distributions of charge and cur
rent, 

Psc = ±f.-tolX for XE(0,a), y= ±b/2, 

J 5c=zJa for x=a, yE(-b/2,b/2). (24) 

Ifwe choose 

inside the conductor , !"f Jx 

Mc(x,y) = !vla 

0 

for XE(a,oo), yE( -b/2,b/2), 

elsewhere, 

(25) 

we obtain the model in Fig. 2 ( b), with a surface distribution 
of charge only, 

-I ±µ0 Jx for XE(O,a), y= ±b/2, (26 ) 
Psc - ±µ0 Ja for XE(a,oo), y = ± b/2 · 

For this model, the only integral in formula ( 17) is that in 
Psc and the calculation of the field is reduced to the evalua
tion of single integrals, 

J (La x'R ly'~b/2 H(x,y)=Mc(x,y)+- -
2
- dx' 

2tr o R y'~ -b12 

1
00 

R ly'~b12 ') +a -
2 

dx , 
a R y·~ -b12 

(27) 

with Mc = 0 outside the semi-infinite slab shown in Fig. 
2(b ). 

The same type of simple models can be constructed in 
the direction of the negative x axis, and also with the ficti
tious magnetization Mc along the x axis. It should be re
marked that the distribution of Mc in Fig. 2 (b) can be ended 

a) 
y 1-'-o 

F:.c 
+ 

x 

b) 

y 1-'-o n 
'Sc 

FIG. 2. Conductor of rectangular cross section carrying uniformly distrib
uted current: (a) model with surface current and charge; (b) model with 
surface charge only. 
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at any x = a'> a by placing a current sheet of density 
Jsc = z Ja [asinEq. (24)] atx =a', yE( - b 12,b /2). Simi
lar models can be used for infinitely long, straight current 
sheets. 

B. Toroidal coils 

Consider a toroidal conductor of an arbitrary cross sec
tion, as shown in Fig. 3. In circular cylindrical coodinates 
(r,cp,z), with the z axis chosen as the axis of symmetry, the 
current density has only one component in the cp direction, 
J=~J. 

Mc in Eq. ( 10) can be chosen, for example, as 

- z r J(z,r) dr inside the coil ' 
Mc (z,r) = J

0 
(28) 

0 outside the coil , 

where r 0 is an arbitrary distance from the z axis. If J depends 
only on the r coordinate, then the volume charge density in 
Eq. ( 13) is equal to zero, and models with only surface dis
tributions of charge and current can be constructed. Taking 
into account Eqs. ( 14) and ( 11 ), the field in Eq. ( 17) can be 
expressed in terms of integrals over the cross-sectional con
tour, whose integrands contain complete elliptic integrals. 

In the particular case of a toroidal coil of rectangular 
cross section, with J = const, we can use the models shown 
in Fig. 4. Choosing 

, -7..J(r-a) 
M= 

c 0 
inside the coil , 

outside the coil , 
(29) 

yields the model in Fig. 4(a), with surface distribution of 
charge and current, 

Psc=+µ 0 J(r-a) for z=±c, rE(a,b), 

Jsc=~J(b-a) for ZE(-c,c), r=b. (30) 

Choosing 

- z J ( r - a) inside the coil , 

Mc= -7..J(b-a) for zE(-c,c), rE(b,oo), (31) 

0 elsewhere, 

yields the model in Fig. 4(b), with a surface distribution of 
charge only, 

_,+µ 0 J(r-a) forz=±c, rE(a,b), 
p (32) 

sc - +µ 0 J(b - a) for z = ± c, rE(b,oo). 

Other equivalent models for this particular volume current 
distribution can be obtained by choosing 

z 

.,,,..-.:::--------
/ ............ 

I ' ', ©J \ 
...... ...._ I 

............ _!. ___ _ 

----wID--n f-Lo 
Mc ®J 

f-Lo 

FIG. 3. Azimuthal section of toroidal conductor. 
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z 
a) 

b) 

~c 
---------------- - - -

FIG. 4. Toroidal coil of rectangular cross section carrying uniformly dis
tributed current: (a) model with surface current and charge; (b) model 
with surface charge only. 

M = 'zJ(b - r) 
c 0 

which yields 

inside the coil , 

outside the coil , 

Psc = ±µoJ(b-r) for Z= ±c, 

Jsc = ~J(b- a) for zE( - c,c), 

rE(a,b), 

r=a, 

or by choosing19 

zJ(b- r) inside the coil , 

(33) 

(34) 

M~ z J(b - a) for zE( - c,c) , rE(O,a) , (35) 

0 elsewhere, 
which yields only 

I 
±µ0 J(b-r) 

Psc = ±µoJ(b-a) 
for z= ±c, rE(a,b), 

for z = ± c, rE(O,a) 
(36) 

As in the case of a straight conductor of rectangular 
cross section, mathematically equivalent models can be ob
tained from the model presented in Fig. 4(b), for instance, if 
the distribution of fictitious magnetization Mc is ended at 
any r ~ b '> b, by placing a current sheet of density 
Jsc = <l> J(b - a) [as in Eq. (30)] at ZE( - c,c), r = b '.In 
Sec. V we shall use this modeling procedure for formulating 
boundary-value problems in terms of a single-valued scalar 
potential in the presence of volume current distributions. 
Similar models can be constructed for axisymmetric current 
sheets. 

It should be remarked that when the entire current dis
tribution in a given region is modeled by using a fictitious 
magnetization Mc and a charge distribution only, the closed 
line integral of H - Mc is equal to zero, 

(37) 

for any path of integration inside that region, in a similar 
manner as in the case of an electrostatic field. 
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IV. SCALAR POTENTIAL FOR MAGNETIC FIELD 
PROBLEMS IN THE PRESENCE OF GIVEN CURRENT 
DISTRIBUTIONS 

In the following we introduce a scalar potential based 
directly on the modeling method presented in Sec. II, for 
which the boundary conditions are readily available, with
out being necessary to perform supplementary computa
tions. In addition, for a large class of practical boundary
value problems, the given current distributions can be 
modeled such that the corresponding scalar potential is a 

single-valued function of position within the entire problem 
region. Field analysis by using this scalar potential is much 
simpler than that based on various methods developed so far. 

Using the "del" operator, Eqs. ( 1) and ( 10) yield 

VX(H-Mc)=O, (38) 

and, hence, H - Mc can be derived from a scalar potential 

<l>c' 

(39) 

Once the model for the current distribution is constructed, 
the fictitious magnetization Mc is known and the field inten
sity is given by 

H =Mc - V<l>c. (40) 

From Eqs. ( 2), ( 3), and ( 40) one obtains the equation 
satisfied by <l>c. For an isotropic medium, for example, Eq. 
( 3) can be written as 

(41) 

whereµ is the permeability of the medium and MP the per
manent magnetization, eventually present at the point con
sidered. The corresponding equation in <l> c is 

V2<l>c + (Vµ!µ) · V<l>c = - (l!µ)(pc +PM), (42) 
p 

where pc is given by Eq. (18) andpMP = - µ 0V ·MP. In the 
case of a linear, isotropic, and homogeneous medium, with
out permanent magnetization, <l> c satisfies the Poisson equa
tion 

V2<l>c=-pJµ, (43) 

with pJµ = - V ·Mc. If Mc in Eq. ( 10) is chosen such 
that its volume divergence is equal to zero, then the scalar 
potential <l>c satisfies the Laplace equation within linear, iso
tropic, and homogeneous materials, 

v2<t> c = o . < 44) 

The boundary conditions and the conditions at the sur
faces of discontinuity of the quantities H, B, and Mc can be 
expressed in terms of <l>c and its first spatial derivatives, by 
taking into account the model adopted for the current distri
bution. Assuming MP = 0, Eqs. ( 4) and ( 5), with ( 40), 
( 41 ) , (11 ) , and (19) 1 yield 

D12 X(V<l>c, -V<l>c,) =.Js +.Jsc, (45) 

a<t> c, a<i> c, 
µ1-a -µ2-a =Psc• (46) 

n12 n12 
which give the behavior of the tangential and normal compo
nents ofV<l> c, respectively. Equation ( 45) shows that, wher
ever Js + Jsc = 0, and therefore across any surface for mod
els constructed by using fictitious charge distributions only, 
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the tangential component of V<l>c is continuous, which is 
equivalent to the continuity of the scalar potential itself, 

<l> c, = <l>c, · (47) 

Forµ 1 =µ 2==µ, Eq. (46) becomes 

a<1> c, 01<1> c, P SC 

---- (48) 
an12 Cln12 µ 

withpsJµ = - 0 12 ·(Mc, - Mc,). 
The solution of Eq. ( 43) for the special case of a linear, 

homogeneous, unbounded region, along with Eq. ( 40), 
yields the expression in Eq. ( 17) (withµ =µ0 ). 

Once the model for a current distribution given in a re
gion is adopted, i.e., once the distribution of fictitious mag
netization M, is chosen, all the conditions necessary for de
termining the scalar potential <l> c are known. If the surface 
current density J5 + Jsc is not zero inside the region, or if 
there are line currents which are not modeled by equivalent 
charge distributions (see the Appendix), then the scalar po
tential <l>c is .a multivalued function of position. It can be 
made single valued by using appropriate "cuts" which in
clude the surfaces of existing current sheets, as well as open 
surfaces bounded by the filamentary currents. Due to the 
flexibility of the modeling technique presented in this paper, 
for magnetic field problems related to a large class of practi
cal systems, models can always be constructed to contain 
only fictitious charge distributions within the region consid
ered. We can easily see that, ifthe whole distribution of sta
tionary or quasistationary current inside a region is modeled 
by using a distribution of fictitious magnetization and only 
charge distributions, then the scalar potential <l>c is a single
valued function of position in that region. The truth of this 
statement is evident if one remarks that, for such a model, 
the field H - Mc = - V<l> c is of the same nature as the elec
trostatic field produced by electric charge distributions. A 
generalized presentation of this statement in the form of a 
theorem, including the modeling of surface and filamentary 
currents, and its proof is given in the Appendix. 

V. EXAMPLE OF BOUNDARY-VALUE PROBLEM 
FORMULATION 

Consider a toroidal magnetic core, assumed to be of an 
ideal ferromagnetic material (µ-+ oo ) , with two toroidal 
coils of rectangular cross section, as shown in Fig. 5. The 
axes of the two coils are parallel to the axis of the magnetic 
core but, in general, the three axes do not coincide. The cur
rents carried by the two coils are uniformly distributed over 
their axial cross sections, and are equal and opposite in direc
tion, 

J 1S 1 = J2S 2 =I. ( 49) 

where S 1 and S2 are the cross-sectional areas of the coils. 
With ( 49), the boundary condition for the magnetic 

field problem inside the magnetic circuit cavity is that of a 
zero tangential component of the field intensity, 

H 
_ c 1z=O and z=h, rE(R 1,R2 ); 

tan - 0 ior 
zE(o,h), r=R 1 and r=R 2 • 

(50) 

The volume current distribution of each of the two coils 
can be modeled as shown in example B, Sec. III, by ending 
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FIG. 5. Axial section of a toroidal magnetic core with two coils. 

the distributions of fictitious magnetization Mc, and Mc, 
either at r = R 1 or at r = R 2, such that the model contains a 
distribution of magnetization and surface charge only inside 
the cavity. The magnetizations Mc, and Mc,, and the corre
sponding surface charge densities Psc, and Psc,, shown in Fig. 
5, have elementary expressions [see Eqs. (35), (36) and 
( 31), ( 32)]; the surface density of the fictitious current in 
Eq. (11) is 

Jsc,=~l/h 1 forzE(z 1,z1 +h 1), r=R 1 , 

Jsc,= -~I/h2 forzE(Z2,z2+h2 ), r=R2 .(51) 

The field problem can be formulated in terms of a single-
valued scalar potential <Pc, as defined by Eq. ( 39). Inside the 
cavity region, assumed to have a constant permeability µ 0 , 

<Pc satisfies the Laplace Eq. ( 44) everywhere, except the 
points on the surfaces S where the surface charge density 
Psc #0. The scalar potential equation at all the points within 
the problem region can be written in the form of a general
ized Poisson equation, 20 

V2<Pc = - (llµo) Psc8(S) ' (52) 

where 8<sJ is a generalized function which satisfies the con
dition in Eq. (A2) (see the Appendix). The conditions on 
the region boundary~ are obtained from Eqs. (Al2), (39), 
( 45), ( 50), and ( 51 ) , and can be expressed, for instance, as 
follows: 

<I> clZE(O, z,) = <I> cJZ ~ 0 = <I> clZE(O, z,) = 0 , 
r= R 1 ~(R 1 ,R.2 ) r= R 2 

I 
<I> I h = - (z - Z2) cze(z2,z2+ 2> h ' 

r= R 2 2 

<I> =<I> =<I> =I clze(z2 + h1 ,h) clz = h clZE(z 1 + h 1,h) ' 
r=R 2 re.(R,.R 2 ) r=R 1 

I 
<l>clzE(z,, z, + h,) = h (z - Z1) · 

r=R 1 1 

(53) 

Therefore, the boundary-value problem for <Pc is an in
terior Dirichlet problem, with a known surface charge distri
bution in a homogeneous region. Its solution can be obtained 
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by applying, for intance, the Green function method, 

<l>c(r) =_!_ ( Psc(r')G(r,r') dS' 
µoJs 

_ J <I> (r') aG(r,r') dS' 
h: c an' , (54) 

where a 1an 1 denotes the derivative along the outward nor
mal and G(r,r') is the Dirichlet Green function for the La
placian, relative to the regionzE(O,h ), rE(R 1,R2), which can 
be expressed in terms of Bessel functions. 21 

The component of<Pc given by the integral over the re
gion boundary [last term in Eq. ( 54)] represents the contri
bution of the fictitious current sheets on the cavity walls, in 
the model adopted. This component is axisymmetric, has an 
analytical expression, and is independent of the position of 
the axes and of the radial dimensions of the two coils. In fact, 
it is identical to the classical magnetic scalar potential corre
sponding to the magnetic field intensity which would be pro
duced in the region considered by two current sheets alone, 
of densities given inEq. (51). Thecomponentof<Pc given by 
the first term in the right-hand side ofEq. ( 54) is identical to 
the electrostatic potential which would be produced in the 
region considered by a charge distribution of density Psc if 
the entire boundary were kept at zero potential. The integral 
which gives this component can be numerically evaluated. 
When the coils and the magnetic core are coaxial, this com
ponent also has an analytical expression. 

A similar formulation and solution can be used for a 
system with more than two coils, if the algebraic sum of their 
currents is equal to zero. The solution presented is much 
simpler and more useful for calculating local field quantities, 
as well as global quantities (stored energy, inductances, 
forces), than those corresponding to various multivalued 
scalar potential or vector potential formulations. 

Similar models can be constructed for even more gen
eral systems, where the coil axes are not parallel to the mag
netic core axis. For such a system, the models on the bound
ary present not only a surface current distribution, but also a 
surface charge distribution. In the case of a magnetic circuit 
whose cavity is arbitrarily shaped, when the Dirichlet Green 
function is not available in an analytical form, the scalar 
potential <Pc can be determined by means of boundary scalar 
integral equations, formulated on the basis of the modeling 
technique presented. The method elaborated in this paper 
requires an amount of computation which is substantially 
reduced with respect to that required by other methods de
veloped so far. 

VI. CONCLUSIONS 

A new modeling method for given current distributions 
and the corresponding scalar potential formulation of mag
netic field problems have been presented. The method is sim
ple and flexible, in the sense that for a given problem one can 
construct the most appropriate models in order to reduce the 
necessary amount of computation. A general theorem shows 
the conditions required for the model to obtain the associat
ed scalar potential as a single-valued function of position. 

A few elementary examples illustrate the general model
ing procedure, as well as specific techniques for solving mag-
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netic field boundary-value problems in terms of a single-val
ued scalar potential. The models used allow an easier 
physical interpretation of the results, since the field due to 
volume current distributions is determined from that due to 
surface charge distributions. At the same time, these exam
ples illustrate the efficiency of the proposed method for com
putational purposes. The type of models elaborated for the 
examples in Sec. III can also be used for all practical current 
distributions which can be decomposed in straight current 
tubes of finite length and current tubes in the form of a por
tion of a toroid. Closed analytical formulas can be obtained 
for the field due to these basic elements of practical coils. 

The modeling method and the scalar potential formula
tion presented in this paper can be readily extended to sys
tems with anisotropic or nonlinear materials. Although the 
presentation has been made for stationary or quasistationary 
magnetic fields, the results obtained in this paper are appli
cable to other vector fields described by the same equations. 
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APPENDIX: MODELING OF GENERALIZED CURRENT 
DISTRIBUTIONS 

In the presence of volume, surface, and filamentary cur
rents in a region D, the generalized distribution of volume 
current density can be written in the form20 

j(r) = J(r) + Js (r)D<sJ + tc (r)icDccJ , (Al) 

where: J is the ordinary volume density of current, defined 
for rif=S and rr/=.C, Js is the surface density of current given on 
piecewise smooth surfaces S inside D, ic is the intep.sity of 
current along piecewise smooth curves C inside D, tc is the 
unit vector tangential to C, along the direction of the current 
i0 0 (SJ and O(C) are generalized functions22 Which Satisfy the 
relationships 

Lf(r)o<sJ du= lf(r) dS, (A2) 

(A3) 

for any function f(r) given in D and continuous on Sand C. 
Equation ( 1) can be written in a generalized form as 

curl H =j, (A4) 

where the generalized curl operator is20 

curl H =curl H +curl s Ho<sJ +curl l Ho<cJ , (AS) 

with curls and curl l being the surface curl and the line curl, 
respectively, 

curls H=fi12 X (H2 - H 1), (A6) 

curllH=tc lim J H·dl; 
Cr-Pc Jc, (A7) 

the line curl is defined at the points Pc of a curve Cw hi ch has 
the property that the circulation of the vector field along any 
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closed path C1, enclosing once the curve, is different from 
~ero in the limit when C1 shrinks to Pc, with the unit vector 
tc, tangential to C, associated with the direction of integra
tion according to the right-handed screw rule. 

In order to model the whole distribution of given cur
rent (Al) by means of a fictitious magnetization Mc and 
distributions of charge only, the distribution of Mc must 
satisfy the generalized equation 

curl Mc =j, (A8) 

with no restrictive conditions imposed on the divergence of 
Mc. The volume and surface currents in Eq. (Al) can be 
modeled in terms of an ordinary volume distribution of mag
netization, as shown in Sec. II, with curl Mc = J and curl s 
Mc = Js. Each filamentary current loop C, carrying a cur
rent (, represented in the last term of Eq. (Al), can be 
modeled by a distribution of surface magnetization Msc over 
an arbitrary open surface Sc, bounded by the loop, 

(A9) 

where fis, is the unit vector normal to Sc, associated with the 
directionrf ic according to the right-handed screw rule. The 
volume magnetization corresponding to Msc is 

(AIO) 

and the surface density of (positive) charge of the equivalent 
double layer isµicD<s J. The line curl of the magnetization in 
Eq. (AIO) is just t)c', which corresponds to the last term in 
Eq. (Al): 

We can now generalize the statement in Sec. IV, in the 
form of the following theorem: If the volume, surface, and 
line distributions of stationary or quasistationary current in
side a region are modeled by means of a distribution of ficti
tious magnetization whose generalized curl is equal to the 
generalized volume current density, then the difference 
between the magnetic field intensity and this fictitious mag
netization can be derived from a scalar potential which is a 
single-valued function of position in that region. To prove 
this theorem we show that the line integral of 
H - Mc = - V<f>c along any closed path f', in the region 
considered, is equal to zero. Indeed, applying the generalized 
Stokes' theorem20 and using Eqs. (A4) and (A8) yield 

J (H - Mc) • dll = ( (curl H - curl Mc) • dS = 0. 
fr Jsr 

(All) 

Thus, the scalar potential difference between any two points 
P and P0 in the region is independent of the path of integra
tion between the two points, 

<f>cp - <f>cp, = - ( (H - Mc)• di, (Al2) 
JPo 

and, therefore, <t>" is a single-valued function of position. 
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