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An exact analytic solution is presented, by using the method of separation of variables, to the problem of electro
magnetic wave scattering by an optically active (chiral) spheroid. Fields outside as well as inside the spheroid 
are expanded in terms of vector spheroidal eigenfunctions, and a set of simultaneous linear equations is ob
tained by imposing boundary conditions on the surface of the spheroid. Solution of these equations results in 
the unknown coefficients in the series expansions of the associated fields. The behavior of the scattered fields 
is illustrated by plots of scattering cross sections for both prolate and oblate spheroids of different sizes and ma
terials in the resonance region. 

1. INTRODUCTION 

Biological particles that present distorted circular dichro
ism and optical rotatory dispersion spectra are said to 
be optically active. The usual constitutive relations for 
the electromagnetic field do not hold within optically ac
tive media, as a result of chirality (handedness). More
complex relationships between the electric- and the 
magnetic-field quantities have been used to analyze 
the behavior of the macroscopic electromagnetic field in 
the presence of optically active (or chiral) objects. The 
concept of chirality has been of interest to researchers in 
many different fields (e.g., physics, chemistry, biology) 
since the 19th century. Embedding chiral formations in 
a dielectric makes it possible to manufacture artificial 
chiral materials. During the past few decades, as a result 
of numerous applications in the fields of scattering, anten
nas, and propagation, a lot of attention has been focused 
on the interaction of electromagnetic fields with such chi
ral media. The historical background and a general de
scription of the subject of electromagnetic chirality and 
its applications can be found in Refs. 1-7. Exact analytic 
solutions for electromagnetic scattering by chiral spheres, 8 

circular cylinders, 9 spherical shells, 10 and layered circular 
cylindrical shells11 are available in the literature. The 
purpose of this paper is to present an exact analytic 
solution to the problem of the scattering of plane electro
magnetic waves by chiral spheroids of any geometric 
dimensions and material characteristics, for arbitrary di
rections of propagation and polarization of the incident 
waves. This research is motivated by the fact that the 
(prolate or oblate) spheroids are well suited to approxi
mate the actual shape of a larger variety of chiral objects. 

The paper is arranged as follows. In Section 2 we give 
the transformation used in converting the coupled-wave 
equation in a chiral medium to its uncoupled form, and 
then we derive the eigenfunction expansions of the differ
ent electric and magnetic fields, using the radial-vector 
spheroidal-wave functions. Derivation of a set of simulta
neous linear equations by imposition of the boundary con
ditions, is described in Section 3, and calculation of the 
normalized scattering cross sections is described in 
Section 4. Numerical results obtained for different chiral 
spheroids are given in Section 5, and in Section 6 we pre-
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sent concluding remarks. In Appendix A we present a 
definition of spheroidal-wave functions. 

2. FORMULATION 

For a time-harmonic excitation exp( }wt), we consider the 
following constitutive relations for a chiral medium12: 

D = e-E - }f.cB, 

H = (l/µ)B - }f.c E , 

(1) 

(2) 

where E, B, D, and H are the electric-field intensity, the 
magnetic induction, the electric flux density, and the 
magnetic-field intensity vectors, respectively. e-, µ, and 
f.c are the permittivity, the permeability, and the chiral 
admittance of the medium, respectively. The absolute 
value of f.c indicates the degree of chirality of the medium. 
Different constitutive relations have been used for opti
cally active media.8

-
10 Combining Eqs. (1) and (2) yields 

(3) 

where 

(4) 

and rearranging Eq. (2) gives 

(5) 

E"c is known as the effective permittivity of the chiral me
dium. Using Eqs. (3) and (5), we can write the Maxwell 
equations for a source-free chiral medium as 

V XE= wµf.cE - jwµH, 

V x H =jwe-cE + wµf.cH, 

V • E = 0, 

V·H=O. 
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(6) 

(7) 

(8) 

(9) 
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Fig. 1. Prolate spheroidal geometry. 

From Eqs. (6)-(9) one obtains the source-free wave equa
tion for a chiral medium in the form8

•
11 

(10) 

where 

(11) 

Following Bohren, 8 in order to decouple the equations in 
expression (10) we define the vector fields ER and EL by 
the linear transformation 

(12) 

with 11c = (µJec) 112
• ER and EL correspond to electric-field 

intensities in right and in left circularly polarized waves, 
respectively; from Eq. (12) and Eqs. (6)-(9) the following 
set of uncoupled equations is derived for a source-free chi
ral medium11

: 

with 

kR = wy-µ:e; + wµ,gc, 

kL = wy-µ:e; - wµ,gc. 

(13) 

(14) 

(15) 

Consider an arbitrarily polarized, monochromatic, uni
form plane electromagnetic wave, with an electric-field 
intensity of unit amplitude, incident at an arbitrary angle 
on a spheroid whose center 0 is at the origin of the Carte
sian coordinate system and whose axis of symmetry is 
along the z axis, as shown in Fig. 1. The plane of inci
dence is taken to be the x-z plane. The spheroid is as
sumed to be homogeneous, linear, isotropic, and chiral, 
with chiral admittance gc, permittivity e, and permeabil
ity µ,; and the medium outside is assumed to be a free 
space, with permittivity e0 and permeability µ, 0 • The ar
bitrarily polarized incident wave can be resolved into 
transverse electric (TE) and transverse magnetic (TM) 
components. If the incident propagation vector ki makes 
an angle 8; with the z axis, then for TE polarization of the 
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incident wave the incident electric-field intensity E; can 
be expanded in terms of radial-vector spheroidal-wave 
functions in the form 13 (see Appendix A) 

Ei = y exp[- jk(x sin 8; + z cos 8;)] 

+ dmn(h,8;)N~.<~n(h:r)], 

where k is the wave number and 

(16) 

(h 
8

) = _ 2(2 - f>om)P i 1 d';'n(h) 
Cmn , I Nmn(h) r-0,1 (r + m)(r + m + 1) 

d m x -d p m+r (cos 8;), 
8; 

4mp-l 
00 

, d';'n(h) 
dmn(h,8;) = -- L ---) --

Nmn(h) r-o, 1 (r + m (r + m + 1) 

P;;:+r (cos 8;) x . 
sin 8; 

(17) 

(18) 

Nmn(h) is the normalization constant of the spheroidal 
angular function Smn(h,cos 8;), d';'n(h) are the spheroidal 
expansion coefficients, P;;:+r (cos !:I;) are the associated 
Legendre functions of the first kind, and 8om is the 
Kronecker delta function, which is 1 for m = 0 and 0 for 
m ¥ 0. h = kF, with F the semi-interfocal distance of the 
spheroid. The subscripts e and o in the vector spheroidal
wave functions M and N refer to the even and the odd 
functions, respectively. r denotes the spheroidal coordi
nate triad g, 11, </J. Explicit expressions of the g, 11, and <P 
components of the vector spheroidal-wave functions are 
given in Ref. 13. When 8; = 0, all the coefficients with 
m ¥ 1 vanish, and 

2p ~I lnh 
C1n(h,O) = - Nln(h) r~l dr ( ) , 

2 ·n-1 oo , 

dln(h,O) = N~n(h) r~1
1

d/n(h). 

(19) 

(20) 

If we consider the full range of m, i.e., -oo < m < oo, then 
by taking into consideration the fact that 

m (n - m)! 
S-mn(h,11) = (-1) ( )~Smn(h,11), 

n + m. 

[
(n - m)!]

2 

N-mnCh) = (n + m)! Nmn(h), 

where R ;:!. (h, g) is the spheroidal radial function, we can 
write the expansion given in Eq. (16) in the form 

00 00 

E; = L L [fmnCh,8;)M:;;~(h;r) + gmnCh,8;)N:;;~(h;r)], 
m--oo n-lml 

(21) 

where 

(22) 

fmn(h,8;) = [1/(2 - 80 m)]Cmn(h,8;), (23) 

gmn(h,8;) = -(j/2)dmn(h,8;). (24) 
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Where fJ; = 0, only f 1n(h,O) and g 1n(h,O) remain nonzero, 
and they are given by 

(25) 

In the case of TM polarization of the incident wave, the 
electric-field intensity, E;, can be expanded in terms of 
the radial-vector spheroidal-wave function as 

E; = [(-cos fJ;)x + (sin fJ;)z] 

X exp{- jk[x(sin fJ;) + z(cos fJ;)]} 

= - j L L [gmnCh, fJ;)M~~(h; r) 
m--oo n-lml 

+ fmn(h,fJ;)N~~(h;r)]. (26) 

Thus, for an arbitrary polarization of the incident wave, 
the expansion of E; in terms of radial-vector spheroidal
wave functions is given by 

E; = L L [Pmn(h,O;)M~~(h; r) 
m--oo n-lml 

+ Qmn(h,fJ;)N~~(h;r)], (27) 

where 

Pmn (h, fJ;) = fmn (h, fJ;)COS 'Yk - }gmn (h, fJ;)sin 'Yk, (28) 

Qmn(h,O;) = gmn(h,fJ;)cos 'Yk - }fmn(h,fJ;)sin '}'k, (29) 

with 'Yk being the polarization angle, which is zero for TE 
polarization and Tr/2 for TM polarization. Equation (27) 
can now be written in matrix form as 14

•
15 

(30) 

with the overbar denoting a column matrix and T denot
ing the transpose of a matrix, Here 

with 

M2"ir = [M:;,'.t~1(h; r) MQ[~1+1(h; r) MQ[~1dh; r) ... ] , 

(32) 

and 

(33) 

with 

lwT = [PU\lwl(h,fJ;) Pw,lwl+I(h,O;) Pw,lwl+2(h,O;) ... ]. 
(34) 

The elements of 9l;11 and jq are obtained from those of 
~J.Jl;<1 l and jP• respectively, by replacing M by N andp by q. 

The electric field scattered by the spheroid is expanded 
in terms of radial-vector spheroidal-wave functions of the 
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fourth kind as 

00 

Es = L L [amnM~~i(h; r) + f3mnN~~i(h; r)], (35) 
m--oo n-lml 

where amn and f3mn are the unknown expansion coeffi
cients that have to be evaluated. This expansion can be 
written in the matrix form 

(36) 

The elements of these vector matrices are obtained from 
those of the matrices in Eq. (30) by replacing X~~(h; r) by 
X~~(h; r), where Xis either M or N. The elements of a 
and {i are obtained from those of jP and jq, respectively, 
by replacing p by a, and q by /3. 

From Eqs. (12) and (13), the electric-field intensity, E 0 

inside the chiral spheroid is obtained as a superposition of 
fields in right- and left-handed circularly polarized 
waves,8

-
10 

(37) 

with 

ER = L L 'Ymn[M~~(hR; r) + N~~(hR; r)], (38) 
m--oo n-lml 

EL = L L Bmn[M~~(hL; r) - N~~(hL; r)], (39) 
m--oo n-lml 

in which 'Ymn and Bmn are the unknown coefficients that 
have to be evaluated; hR = kRF, and hL = kLF We can 
write in matrix form 

where 

IDl?JT = (MfillT' 

5R~1JT = (N/illT' 

with 

M(llT' 

N(llT' 

M (l)T' 
-1 

N-(l)T' 
-1 

(40) 

... ], (41) 

N~l)T' N~f ... ], (42) 

M2"lT' = [MQ[~1(hR; r) + N:;,'.[~1(hR; r) 

M:;,'.[~1+i(hR;r) + N:;,'.[~1+1(hR;r) ... ], (43) 

N2"JT' = [M:;,'.[~1(hL; r) - NQ[~1(hL; r) 

MQ[~1+1(hL;r) - NQf~l+i(hL;r) ... ]. (44) 

The elements of y and a are obtained from those of a and 
{i by replacing a and f3 by y and 8, respectively. 

Using the Maxwell equation 

( )

1/2 

H = jk- 1 
:: V x E (45) 
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for the incident and the scattered fields, and Eq. (12) for 
the fields inside the spheroid, we obtain the expansions of 
different magnetic fields from those of the corresponding 
electric fields as 

Hi = j(E:o/µ,0)112 [91f1lTjP + IDi?lTjq]' (46) 

Hs = j(E:o/µ,o) 112 [91~4lT(i + IDi~41r/3], (47) 

He =j(E:c/µ,) 112 [-91~l)TB + IDi~l)Ty]. (48) 

3. IMPOSING THE BOUNDARY 
CONDITIONS 

Across the surface of the spheroid (g = g0) the tangential 
electric- and magnetic-field intensities are continuous: 

(Es+ E;) X flMo =Ee X flMo• (49) 

(50) 

where f is the unit vector normal to the spheroid surface. 
In order to obtain a set of simultaneous equations, we first 
multiply the 17 and the <f> components of Eqs. (49) and (50) 
by l~ = (go2 - 172)512 and lq, = (go2 - 172)2(go2 - 1)-112, re
spectively. Then, each of these components is multiplied 
by S1m\-1,\m\-l+•(h,17)exp(±jm<f>) form =F 0 and by 81,i+,/h,17) 
for m = 0 and integrated over the surface of the spheroid; 
after applying the orthogonality properties of the trigono
metric functions and of the spheroidal angular functions, 
we obtain, finally, 

n=m 

n=m 

+ [u:,;;.,n(hL) - v:,;;.,n(hi)]Bmn 

- u~: •. n(h)amn - v~: •. n(h)f3mn} 

"' 
= 2: [u:,;;K,n(h)pmn + v:,;;K,n(h)qmn] > (51) 

+ [x:,;;K,n(hL) - y;,;;K,n(hL)]Bmn 

- x;;:K,n(h)O'.mn - y;;:K,n(h)f3mn} 

- x[u:,;;K,n(hL) - v:,;;K,n(hL)]l)mn 

- v;;: •. n(h)amn - u;;\,n(h)f3mn} 

- x[x:,;;K,n(hL) - y:,;;K,n(hL)]8mn 

- y;;;K,n(h)O'.mn - x;;:K,n(h)f3mn} 

for m = 0, 1, 2, ... , K = 0, 1, 2, ... , with x = [E:c/Lo/(E:0µ,)] 112. 
Form =F 0, u~ .•. n(c), V~'.K,n(c), X~'.K,n(c), and Y~'.K,n(C) are 
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given by 

(ii - J... fl f 2?T r(i) • Um,K,n(c) -
2 

l~Mmn~(c, go,71,</>) 
7T -1 0 

X exp(±jm<f>)S1rn\-1,\rn\-l+•(h,71)d71d<f>, (55) 

V~'.K,n(c) = 
2

1 J1 

f
2

"z~N';!;~~(c;go,71,cp) 
7T -1 0 

X exp(±jmcp)S1m\-1, \m\-l+•(h, 71)d71dcp, (56) 

X~'..,n(c) = 
2

1 J1 

(
2

"lq,M';!;~q,(c;g0 ,71,cp) 
7T -1 Jo 

X exp(±jmcp)S1m\-1, \m\-l+•(h, 71)d71dcp, (57) 

1 fl J2?T (ii __ r(i) • Ym,.,n(C) -
2 

lq,Nmnq,(c,go,71,cp) 
7T -! 0 

X exp(±jmcp)S1m\-1,\m\-1+.(h,71)d71dcp. (58) 

When m = 0, l/b'.1K,n(c) and Y6'.l",n(c) are zero. Vb'.1K,n(c) and 
X6'.l.,n(c) are given by 

1 JI J2" V6'.~.n (c) = -
2 

l~No~4(c; go, 17, cp)S1,1+.(h, 71)d71dcp, 
7T -1 0 

(59) 

The explicit expressions of u~),K,n(c), v~ •. n(c), x~ .•. n(c), 
and Y~'. •. n(c) are similar to those given in Ref. 16. The 
integrals in 71 are evaluated elsewhere. 17·18 Solution of 
simultaneous equations (51)-(54) results in the unknown 
coefficients a, {3, y, and 8. 

4. NORMALIZED SCATTERING CROSS 
SECTIONS 

Using the asymptotic forms of the vector spheroidal-wave 
functions M ;!;~l and N ';!;~, we can express the scattered 
electric field in the far zone as 

Es = {[exp( - jkr)]/kr}[F0(0, cp)O + Fq,(11, cp)~], (61) 

where 

F ((} A.) = ~ ~ {- ·n mSmn (h, cos 11) [( _ ) 
0 •'I' L.J L.J J . {} O'.mn CX-mn 

m~I n~m Sln 

X cos(mcp) + j(amn + O'.-mn)sin(mcp)] 

d 
+ f dOSmn (h, COS 8)[(f3mn + /3-mn)cos(mcp) 

+ j(f3mn - /3-mn)sin(mcp)]} + ijnf3on: Son(h, COS 11), 
n~o 11 

(62) 

X cos(mcp) + j(f3mn + /3-mn)sin(mcp)] 

d 
- F+i dOSmnCh, cos 11) [Camn + a-mn)cos(mcp) 

+ j(amn - O'.-mn)sin(mcp)]} - if+Iaon i_Son(h, cos 11), 
n~o do 

(63) 
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Fig. 2. Normalized bistatic cross section for a chiral prolate 
spheroid of axial ratio 2, with ka = 3, ~ = 1.33, and different 
chiral admittances. 

and r, 8, </> are the spherical coordinates at the point of ob
servation with respect to the center of the spheroid. 

The normalized bistatic cross section is given by 

The normalized backscattering cross section is obtained 
from Eq. (64) for (} = (}i and</> = 0: 

TTu(8;)/J.. 2 = jF6(8i, 0)/2 + jFq1(8i, O)j2. (65) 

5. NUMERICAL RESULTS AND DISCUSSION 

Computed results are presented in the form of normalized 
bistatic and backscattering cross sections in the far field 
for spheroids of different sizes and materials in the reso
nance region. Since the series expansions of the differ
ent fields in terms of vector spheroidal-wave functions are 
infinite in extent, all the matrices involved in the field 
expressions have infinite dimensions. So that numerical 
results of a required accuracy can be obtained, these infi
nite series and matrices are appropriately truncated. To 
obtain a two-digit accuracy in the computed bistatic cross 
sections for the sizes, permittivities, and chiral admit
tances of the spheroids considered in this paper, we need 
to consider only m = 1 and n = lmi, lml + 1, ... , lml + 12. 
However, to obtain the same accuracy for the computed 
backscattering cross sections we need m = 0, 1, 2, 3 and 
n = lmJ, lml + 1, ... , Jml + 12. The bistatic cross sections 
are calculated for the case of axial incidence, while the 
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backscattering cross sections are calculated for an arbi
trary angle of incidence. We present numerical results 
only for µ, = µ, 0 , but the formulation and the computer 
program are valid for anyµ, ~ µ,o, as long as the material 
is linear. 

Using our program for chiral spheroids, we computed 
normalized scattering cross sections for both prolate and 
oblate spheroids with gc = 0 and different values of h. We 
compared these results with the corresponding results ob
tained for achiral spheroids in Ref. 16, and found them to 
be in good agreement. 

Figure 2 shows the variation of the normalized bistatic 
cross section, with the scattering angle for a dielectric 
prolate spheroid of axial ratio 2, permeability µ, 0 , and dif
ferent chiral admittances. The semimajor-axis length a 
of the spheroid is defined by ka = 3, and the dielectric 
constant Er of the material of the spheroid is defined by 
v';;: = 1.33. The electric-field intensity in the incident 
wave is assumed to be along the positive y axis. Fig
ure 2(a) presents the cross sections in the </> = TT/2 plane 
and Fig. 2(b) those in the</> = 0 plane. The chiral admit
tances considered are 0.0005, 0.0010, and 0.0015 S, and 
the achiral case (gc = 0.Q) has also been included for the 
purpose of comparison. As the admittance increases, we 
observe an increase in magnitude of the scattering cross 
sections in both the </> = 7r/2 and the </> = 0 planes. How
ever, when we compare the magnitudes in any two cases, 
the relative increment or decrement in the forward-
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Fig. 3. Normalized bistatic cross section for a chiral oblate 
spheroid with ~ = 1.33, of axial ratio 0.5, and of the same 
major-axis length as the spheroid in Fig. 2. 
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Fig. 4. Normalized backscattering cross section for a lossy chiral 
prolate spheroid of axial ratio 2, relative permittivity Er = 2.13 -
j0.055, and different sizes. 

scattering cross section is higher than that in the back
scattering cross section. As €c increases, the minima in 
the scattering patterns move toward () = 0° for scattering 
cross sections in the cf> = 7r/2 plane and in the opposite 
direction for the cross sections in the cf> = 0 plane. As in 
the case of the achiral spheroid, the presence of a si.ngle 
minimum in the pattern for chiral spheroids of low chiral 
admittance within the region below()= 75° is determined 
by the electrical length of the spheroids being practically 
equal to a wave length and by the values of permittivity 
and of axial ratio considered. 

In Fig. 3 we present plots of normalized bistatic cross 
sections for a dielectric oblate spheroid of the same mate-
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rial parameters and the same major-axis length as those 
of the prolate spheroid shown in Fig. 2. The scattering 
cross sections in the cf> = 7r/2 and the cf> = 0 planes are 
shown in Figs. 3(a) and 3(b), respectively. In this case 
the variation of the magnitude of the scattering cross sec
tion with €c is not so regular as in the case of the prolate 
spheroid. Nevertheless, the magnitude of the forward
scattering cross section is higher at a higher value of €c· 
For the two chiral spheroids with €c = 0.0005 S and €c = 
0.0010 S, we observe more oscillations in the scattering 
cross-section patterns in the cf> = 0 plane relative to the 
corresponding ones in the cf> = 7r/2 plane. Qualitatively, 
the pattern for the achiral oblate spheroid resembles that 
of a dielectric disk with a single minimum in the cf> = 7r/2 
plane, whose presence and position is determined by the 
major-axis length of approximately one wavelength and by 
the axial ratio and the permittivity of the spheroid. The 
shape of the pattern changes considerably with the value 
of the chiral admittance, a relatively sharp minimum for 
€c = 0.0015 S, appearing near 110° in both the cf> = 7r/2 
and the cf> = 0 planes. 

The plots of normalized backscattering cross section 
versus angle of incidence are given in Fig. 4 for a lossy 
chiral prolate spheroid of axial ratio 2, permeability µ, = 

µ, 0 , and two different chiral admittances. Figures 4(a), 
4(b), and 4(c) correspond to ka = 1, 2, and 3, respectively. 
The relative permittivity of the spheroid is given by 
Er= 2.13 - j0.055. When €c increases from 0.0010 to 
0.0015 S, we observe an increase in magnitude of the scat
tering cross sections for a particular value of ka. It is 
interesting to note that when ka = 3, the behavior of the 
scattering patterns for the two values of €c are different, 
whereas the behavior for the two values of €c is almost the 
same in each of the other two plots, which correspond to 
ka = 1 and ka = 2. 

The results for a chiral sphere8 were obtained as special 
cases from the solution presented in this paper. To the 
best of our knowledge, numerical data for scattering by 
chiral spheroids in the resonance region are not available 
in the literature. A coupled integral-equation formulation 
for chiral objects of an arbitrary shape and computed re
sults for scattering cross sections in the case of small 
spheroids (ka = 0.2 -;- 0. 7) are presented in Ref. 19. 

6. CONCLUSIONS 
An analytic solution to the problem of the scattering of 
electromagnetic plane waves by chiral spheroids has been 
obtained by using the complete expansions of the fields in 
terms of vector spheroidal eigenfunctions. This solution 
is exact within the frame of the macroscopic electromag
netic theory, subject to the assumed constitutive rela
tions (1) and (2). For vanishing eccentricities of the 
spheroids and for identical constitutive relations, it re
duces to the exact solution for chiral spheres. 8 The 
numerical computation corresponding to the analytic solu
tion presented can be performed for arbitrary values of 
spheroid linear dimensions, axial ratios, frequency, and 
material characteristics. The expressions derived for the 
scattered electromagnetic field can be used to calculate the 
circular dichroism and the optical rotation of macroscopi
cally homogeneous media embedded with spheroidal chiral 
particles. In this paper numerical results are given only 
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for bistatic and backscattering cross sections, for both 
prolate and oblate spheroids, with lossless or lossy chiral 
materials in the resonance region. 

The solution presented can serve as a benchmark; re
sults obtained by our exact analytic method can be used 
for evaluating the accuracy of various numerical tech
niques and for validating computer program codes for ar
bitrarily shaped chiral objects. The formulation can 
readily be extended to a system of interacting spheroids in 
arbitrary orientation.20 

APPENDIX A: DEFINITION OF 
SPHEROIDAL-WAVE FUNCTIONS 

The even and the odd scalar spheroidal-wave functions of 
the ith kind are defined as 13 

Cil • _ <il {cos(mcp), 'I' <mn(h, g,"f/,cfJ) - Rmn(h,g)Smn(h,"f/) , ( A.) (Al) 
o Sln m.,, 

where Smn (h, "f/) is the spheroidal angular function, repre
sented in the form of an infinite series of associated 
Legendre functions of the first kind, 

Smn(h,"f/) = L 1

d;."n(h)P:;:+,("f/), (A2) 
r=0,1 

and R r,:}n (h, g) is the spheroidal radial function of the ith 
kind, represented by an infinite series of spherical Bessel 
functions and spherical Neumann functions, given as 

(
e l)m/2 oo I 

R~~(h,g) = T r*l a;."n(h)}m+r(h,g), 

(e - 1)m/2 
00 

I 

R:;~(h,g) = -g-2- r*l a;."n(h)nm+r(h,g), 

R~~(h,g) = R;;;~(h,g) + jR:;~(h,g), 

R);~(h, g) = R ;;;~(h, g) - jR:;~(h, g). 

(A3) 

(A4) 

(A5) 

(A6) 

The prime on ~ indicates that the summation is over only 
even values of r when (n - m) is even and over only odd 
values of r when (n - m) is odd. 

The corresponding radial vector spheroidal-wave func
tions are defined as 

M~<::,n(h; S', 11, cp) = 'V'l' ~i;,n (h; g, TJ, cf>) x r, (A 7) 
0 0 

N;C::,n(h;g,"f/,cfl) = k-1[V x M;C::,n(h;g,"f/,cfl)], (A8) 
0 0 

where r is the position vector with respect to the center of 
the coordinate system. 
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