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Abstract. A nonnegative function w € L1[—1,1] is called a doubling weight
if there is a constant L such that w(2I) £ Lw(I), for all intervals I C [—1,1],
where 21 denotes the interval having the same center as I and twice as large
as I, and w(l):= [;w(u)du. In this paper, we establish direct and inverse
results for weighted approximation by algebraic polynomials in the L,, 0 <p
< 00, (quasi)norm weighted by wy, := p, ()" ffj;”((;))
n 1 — 22+ n"? and w is a doubling weight.

Among other things, we prove that, for a doubling weight w, 0 < p < oo,
r€Np,and 0 < a <r+1—1/),, we have

(%) En(f)p, =00 = W (fin Dpw, =07,

w(u) du, where p,(z) :=

1
where A, :=pif 0 <p < oo, Ay :=1ifp=o0o, [|f|,, = ( fil | f (w)|Pw(u) du) /p,
1l o = esSsuDer-1.1) (F @), W3(F,0), 0 = 50P0cnz [ Db (£ ], -
En(f), . = infp,en, [[f — Pull, ,,, and II, is the set of all algebraic polynomials
of degree < n — 1.

We will also introduce classes of doubling weights W7 with parameters
0,7 2 0 that are used to describe the behavior of wy, (z)/wm (x) for m < n. It turns
out that every class WY with (5,7) € T := {(6,7) €R*[§ 21,7 2> 0,6+~ = 2}
contains all doubling weights w, and for each pair (4,7) & Y, there is a doubling
weight not in W?7. We will establish inverse theorems and equivalence results
similar to (*) for doubling weights from classes W97, Using the fact that 1 € W,
we get the well known inverse results and equivalences of type (%) for unweighted
polynomial approximation as an immediate corollary.

Equivalence type results involving related K-functionals and realization type
results (obtained as corollaries of our estimates) are also discussed.

Finally, we mention that (%) closes a gap left in the paper by G. Mastroianni
and V. Totik [13], where (*) was established for p = co and w,** instead of wjt*
(it was shown there that, in general, () is not valid for p = oo if w{,t*
by wg,).

@
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1. Introduction and main results

As usual, L,(I), 0 < p £ oo, denotes the set of all measurable on I func-
tions f equipped with the (quasi)norm || f|, 7, and [|f[[, := || f[ly, _11y- For
a (nonnegative) weight function w and I C [—1, 1] denote

o= [0 )”

and
Il ()0 7= €S55UPLer (| f (1) ] w(w)).

We also let |1£],,., = I, 1. Note that |If]l ), = w7 Sl ) i€
0 <p<oo,and [|fll,_ (1w = llwflly_p if p = oc. Assuming for convenience
that w is identically zero outside [—1, 1], we recall that w is called a dou-
bling weight if there is a constant L (the so-called doubling constant of the
weight w) such that

/ﬂw(u) du < L/]w(u) du,

for all intervals I C [—1, 1], where 2/ denotes the interval having the same
center as I and twice as large as I. We note that the class of doubling weights
is quite large, for example, all generalized Jacobi weights are doubling. Also,
they are closely related to Muckenhoupt’s A,, 1 < p < oo, weights all of
which are contained in the so-called A, class of weights that assign to
a subset of an interval I C [—1,1] a “fair” share of the weight of I. We
refer the reader to [21, Ch. V] for details on A, and A classes, their char-
acterizations and properties, and to the series of papers [13-16] for detailed
discussions of various properties of doubling weights.
Following [13-16], for a weight w € LL;, we set

@)= [
wp () = w(u) du,
,On(.%') T—pn ()

where p,(7) :=n" V1 — 22 +n"2

If r € N, the weighted modulus of smoothness is defined by

Wp(f: ) = sup [[Afy (£

)
0<h<t pyw
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POLYNOMIAL APPROXIMATION WITH DOUBLING WEIGHTS

where ¢(z) :== 1 — 22 and

") (1) T (@~ rh/2 4 i), i x+rh/2 € [a,b],
AZ(f,:L’, [a,b}) = ; <Z>

0, otherwise,

is the rth symmetric difference, A} (f, z) := AZ(f, x,[—1, 1]) )

Throughout this paper, we use the standard notation, i.e., N is the set of
all positive integers, Ng := NU{0}, R, := [0, 00), II,, is the set of all algebraic
polynomials of degree < n — 1, ¢ are positive constants that may be differ-
ent even if they occur in the same line, A ~ B means that cA < B < cA, for
some constants ¢ that do not depend on the “important” variables (what is
“Important” is usually clear from the context). We also use the notation c,
c¢* and ¢; (i € Ny) for constants that we need to refer to, but those stay fixed
only inside the lemmas where they are introduced (to make this explicit, we
use ¢y, for example, in several statements, but none of these constants are
assumed to be the same). Additionally, E,(f), ,, = infp.emn, [|[f — Pal,,, is
the rate of best weighted approximation with weight w of f by algebraic
polynomials of degree < n — 1.

The following theorem that motivated this work was proved in [13, The-
orem 1.1].

THEOREM A. Let w be a doubling weight and r € N. Then there is a con-
stant ¢, depending only on r and the doubling constant of w such that we
have for any f

E'fl(f)oo,wn é C*wz;(f? 1/n)oo,wn'

Conversely,

n
j— C -
) e, S 5 KT B e
k=1

It immediately follows from Theorem A that, for 0 < o < r,

(1.1) En(f)somw, =0~ <= wi(f, n*l)oo’wﬂ = 0(n™%),

and it was shown in [13, p. 183] that (1.1) is no longer true if w{;"? is replaced
by wg, (in the case r = 1). Among other things, we show in this paper that
(1.1) holds if w[;*? is replaced by w[*! (see Corollary 7.8).

In this paper, we prove direct and inverse theorems for all 0 < p < oo.
For example, we prove that, if w is a doubling weight, 7 € N, 0 < p < oo and
f € L,[—1,1], then for every n 2 r,

En(f)p’wn § Cw:;(fa 1/n)p,wn‘
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Conversely,
n
(L) s E i ST TV, 1S P S 00,
k=1
and
n 1/p
wy(fon™h) L, S nr_cl/p<2k’"p2Ek(f)§,wk> , 0<p<1,
k=1

where 0 < ¢ = 1 is some constant, A\, := p, if p < 00, and A\ := 1, if p = c0.
This implies that, for any doubling weight w, r € N,0 < p < co and f €
L,[—1,1], for 0 < o <7 —1/\, we have

En(f7 [_17 1])

In fact, we prove the inverse theorems in a more general way. In Sec-
tion 2, we introduce classes of doubling weights W with parameters 6,7 = 0
that are used to describe the behavior of wy,(z)/w.y,(x) for m < n. It turns
out that every class W7 with (§,7) € T = { (6,7) €ER?|5=1,720,6+7
> 2} contains all doubling weights w, and for each class WY with (§,7) € T,
there is a doubling weight not in this class. We will establish inverse theo-
rems for doubling weights from classes W7 for all 6,7 = 0. Since positive
constants are doubling weights from the class W9 we get the well known
inverse results for unweighted polynomial approximation as an immediate
corollary.

The paper is organized as follows. In Section 2, we discuss several prop-
erties of weights w, and introduce classes W7, An auxiliary result on
a polynomial partition of unity that is crucial in our proof of direct re-
sults is introduced in Section 3. In Section 4, we approximate the weights

1/p
Wn,

=0(n™ %) <= w;(f, n_l) =0(n™%).

pywn PsWn

by polynomials from II,,. Section 5 is devoted to proving Jackson type
(i.e., direct) results on polynomial approximation with weights w,,. Markov—
Bernstein type results are discussed in Section 6. A major part of this sec-
tion is devoted to the case 0 < p < 1 in preparation for inverse results for
these p. The inverse theorems are proved in Section 7 and, in Section 8, we
discuss some results on the equivalence of the moduli w’, as well as the aver-
aged moduli w}, and several K-functionals and Realization functionals with
weights w,, .

It is also worth mentioning that it seems possible to get the Jackson-
type results in the case 1 < p < oo using the Jackson-Favard type inequali-
ties proved in [15,16] and equivalence of the moduli w,, with weights wy, and
related K -functionals that can be obtained following proofs in [7] (as was
done in [13], see also [4]). However, we opted for a different approach in this
paper that works in the case 0 < p < 1 as well.
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POLYNOMIAL APPROXIMATION WITH DOUBLING WEIGHTS

2. Doubling weights and their subclasses

In this section, we discuss several properties of w,, that will be used in
this paper. First, we note that it was proved in [14, Lemma 7.1] that the
doubling condition is equivalent to

(2.1)
wn(z) £ K(1+nlz —y|+n|o(@) — oy)])

S

wp(y), neN, zyel-1,1],

with some positive constants K and s.
It immediately follows from (2.1) (see also [13, (2.3)]) that

(2'2) ’Z - y’ < Mpn<$) = wn(x> ~ wn(y)

with equivalence constants depending only on M and the doubling constant
of w.

We will now discuss the relations between w,, and w,, for different n
and m. First of all, it is evident that, for any = € [—1, 1],

pn(x) < pm(z) < (n/m)’pu(z) if m <.
Therefore, since w is nonnegative we have
(2.3) wn(z) < (n/m)*wm(z), m<n.

Also, taking into account that w is doubling and using [14, Lemmas 7.1 and
2.1(vi)] we have, for m < n and M :=n/m,

. T+M?py(x)
wm(z) < pp(z)” / w(u) du < cwy(x),
T—M?p,(z)

for some constant ¢ that depends on M and the doubling constant of w.
Hence, in particular,

wp(x) ~ wp(z), if n~m.

It is rather obvious that (2.3) cannot be improved uniformly for all

€ [-1,1] (for all doubling weights w) in the sense that it is no longer

valid if (n/m)? is replaced by (n/m)*~¢, for any e > 0 (see also Lemma 2.1

below). At the same time, it is clear that (n/m)? in (2.3) can be replaced by

(n/m) for x that are “far” from the endpoints of [—1, 1]. The following sim-

ple lemma makes this observation more precise and turns out to be crucial
in our proofs of the inverse theorems.
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LEMMA 2.1. Let w be a doubling weight, m,n € N be such that m < n,
and let

(2.4) (6,7) €T ={(6,7)€eR? |21, v=0, 6+72=2}.
Then

Wy () n\9 1 7
(2.5) e < <E) (1 n m@(@) . 1<z<1.

Moreover, if (8,7) € Y then there are doubling weights w for which (2.5) is
not valid.

PRrOOF. Clearly, (2.5) is satisfied if m =n, and so we assume that
m < n — 1. Since p,(x) < ppm(x), we conclude that

z+pn (x) T+ pm ()
/ w(u) du < / w(u) du,
T—pn () T—pm ()
and hence
wn() _ pm(z) _m p(z) +1/m
wm(z) = po(x)  m @(x)+1/n
Therefore, (2.5) will be proved if we show that

_pl@)+1/m (ﬁ)éfl <1+ ! >’Y = R.

ex)+1/n = \m me(x)

Now, if ¢(x) = (n —m)~", then

st = (0 m;<m>>7 ()

< <1 + m(pl(x)>7max{1,(n/m)17} <R

If o(z) < (n —m) "', then

A

-1 1/m—1/n<£§<n)5+’y—l R

o(x)+1/n=m = \m

We will now construct examples showing that (2.5) is no longer valid if

(0,7) ¢ .
Let Rs(x) denote the right-hand side of (2.5). Since lim,_; R5~(x) =0

if v <0, it is obvious that v has to be nonnegative for (2.5) to hold (for
example, if ¥ < 0, then 1 ¢ W®7 for any §).
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Now, let we(z) = |z — ¢|”® with ¢ € [-1,1] and 0 < o < 1. It is not dif-
ficult to see that w® is doubling and (w®),,(z) ~ min { |z — c[~%, pu(c)"*}.
Hence, if m < n, then

(0,020 ey () ~ ()

(w'), (1-n72) m m

Hence, if 6 + < 2, then (2.5) does not hold for the doubling weights w!
with max { (§ +7)/2,0} <« < 1. Also,

M ~ <£>a and Rs~(0) ~ (2)67

(09),,(0) ~ \m m

and so, if § < 1, then (2.5) does not hold for the doubling weights w® with
max{6,0} <a<1l. O

DEFINITION 2.2. Let 4,y = 0. We say that a doubling weight w belongs
to the class Wf{7 if, for all m,n € N such that m < n and all z € [-1,1],

(2.6) w (@) (@) S An’m = p (@) wp (2),

for some constant A which may depend only on the weight w, parameters §
and ~, and is independent of m, n and x. We also denote

WO = {w | w e WY for some A > 0} :

We remark that (2.6) with A =1 is equivalent to (2.5) which is the rea-
son for Definition 2.2. Also, it is evident that W« Wo22 if §; < 65 and

1 = 7.

REMARK 2.3. Lemma 2.1 implies that all doubling weights belong to
the class Wfﬁ if (8,7) € T, where Y is defined in (2.4). Moreover, for any
pair (6,7) ¢ T, there is a doubling weight w such that w ¢ W7,

Of course, there are many doubling weights belonging to the classes W57
with (6,v) ¢ Y. For example, any nonzero constant weight belongs to W%,
The weight w*(z) = (1 — 2)™%, 0 < a < 1, belongs to W7 for all (6,7) € R2
such that 6 ++ = 2. The weight w,(z) = |2|~*, 0 < a < 1, belongs to WY
for all (6,7) € R? such that § = a. Hence, the doubling weight W (z) :=
lz|7*(1 — )", 0 < a, 8 < 1, which is a combination of w* and w, belongs
to WO for all (§,7) € R such that § = o and § + v = 28.
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Following [13,14] we say that a weight w satisfies the A* property if there
is a constant ¢* such that, for all I C [-1,1] and z € I,

*

w(zx) < |07| Iw(u) du.

Then w is doubling and (2.2) implies that wy,(z) ~ wpy,(u) if |2 —u] <
Mpm(z). Hence, if m < n, taking into account that p,(x) < pp(z) we

conclude that wy,(x) ~ wy,(u) for |z —u| < pp(z). Therefore, denoting
Im(u) = [u — pm(u),u + pm(u) N [—1, 1], we have (see also [13, p. 189])

@)=t [ wa
wp(z) = w(uw) du
pn(x) T—pn ()

1 T4 pn(T) c*
< / / w(v)dv | du
Pn ((E) T—pn () | Jm (u) ‘ T (0)
| et [ pukem()
< / / w(v)dv | du
pn(x) z—pn(T) pm(u) U—Pom (U)

L s [T ) du s o
— W (W) du ~ Wm\T ) adu ~ Wm\T).
pn(w) z—pn(x) pn(.’L') T—pn ()

Therefore, we can make the following assertion.

REMARK 2.4. Any weight w that satisfies the A* property is in the class
W%O with the constant A that depends only on the doubling constant of w.

Finally, we will need the following technical lemma that will be quite
useful in the proofs of direct results (note that z;, I; and v; are defined at
the beginning of Section 3).

LEMMA 2.5. For a doubling weight w, n € N and all 1 <i<n, x €
[—1,1] and y € I;, we have

2.7)  wn(2) = chi(x) “wa(y) and  wa(y) = ci(z) wn(w),

where constants ¢ and parameter s 2 0 depend only on the doubling constant
of w.

PRrOOF. Taking into account that, for 1 <7 < n —1, |I;| ~ ¢(x;)/n and
Vi(z) ™t =14 & — x| /|| ~ 1+ n|z — ;| /¢(x;), and using (2.1) we have

max { wn (%) /wn(2:), w(25) /() } < (14 n|z —zi] +n|p(z) — o))’
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2 2 5 s
n|r” — 2 — T

<c 1+n]a:—m¢|+¥ §c<1+n|x—mi|+M>
o(x) + p(xi) o(x;)

§c<1+‘°m'”““‘””') < epi(e), 1Si<n—1
(i)

Therefore, observing that (2.2) implies that wy,(u) ~ wy,(y), for u,y € I,
1 =i <n,and ¢¥,(z) ~ Yp_1(x), we get (2.7). O

3. Partition of unity

First, we recall the usual setup for polynomial approximation (see
e.g. [20]). Let (=)}, be the Chebyshev partition of [-1,1], ie., z; =
cos(im/n), 0 <L i = n, I; ;== [x;,z;-1], L =i < n,

|4 1<i<n.

Vi = 1/11(93) = m, =1=

Then, for 1 £ i < n,

2 . 2
COS 2N arccos x sin 2n arccos x
() = (R ) (TR

T —x; xr— T;

is an algebraic polynomial of degree 4n — 2, where Z; := cos(im/n — 7/2n),
1< <n, 2 :=cos(im/n—m/4n), 1 £ i < n/2, and 2¥ := cos(ir/n— 3w /4n),
n/2 < i < n. The following properties of the Chebyshev partition will often
be used:

|Li| ~ pn(z), x€l;; 1<i<n, and |[j| ~|Lip1], 1Si<n—1.
It is also convenient to denote

1, if z; Sx<1,
xi(@) = A1) (@) = {O, otherwise.
The crucial (obvious) property of polynomials t;, 1 < i < n, is
min{(x — x?) 72, (x — a’:i)_z} S ti(z) = max{(w — m?) 72, (x — fi)_Q},
which implies
(3.1) ti(x) ~ (|2 — 2| + 1))

uniformly for z € [—1,1].
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There exists an absolute (positive) constant c, such that, for pu,eq,e9
€ Ny satisfying p = ¢, max{ey, 9, 1},

T

Ti(x) = Ti(n, p,e1,€2)(x) 1= A; /_1 (y — i)™ (wim1 —y)t (y) dy

is a polynomial of degree (4n — 2)u + &1 + €2 + 1, where

1 -1
62 N ([ a0 W)~ P
-1

and so T;(1) =1 (see e.g. [11, Proposition 2]).
A proof of the following lemma is the same as that of [10, Lemma 6]. It
is based on (3.1), (3.2), the observation that

y T < Xy,

|Ti() — xile)] = / " TY(u) du

-1

y X > Ty,

1
o) i) = | [ Tiwdu

and the Dzyadyk inequality (see e.g. [8, Theorem 3, p. 262])

(3.3) prf”P,(L”)”OO S c(s,v)pnPalle,  Pn€ll, and seR.

LEMMA 3.1. Let 1 £i < n, and let vy, p,e1,62 € Ng be such that p =
c. max{vy,e1,€2,1}, where c. is some sufficiently large absolute (positive)
constant. Then the polynomial T; = T;(n, u,e1,€2) of degree < c(u)n satisfies
the following inequalities for all x € [—1,1]:

| Ti(x) — xi(2)| < cipi(x)”
and
7 (@)] £ el @), 0= v,
where constants ¢ depend only on .

We note that by choosing €1, €5 to be 0 or 1 we can make polyno-
mials T;(n, u,e1,e2) lie either above x;—1 or below x;. Indeed, recalling
that 7;(—1) = 0 and 7;3(1) = 1, inequalities T}(n, i, 1,0)(z)(z — z;) = 0 and
T!(n, 1, 0,1)(z)(zi—1 — x) 2 0 immediately imply that, for all 1 =i < n,

(3.4)
Ti(n, 1, 1,0)(z) < xi(z) and T;(n,p,0,1)(x) 2 xi—1(x), =€ [-1,1].
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4. Polynomial approximation of w}l/ Pfor 0 < p< oo
THEOREM 4.1. Suppose that w is a doubling weight. For every 0 < p

< oo, n €N and vy € N, there exists a polynomial Q,, € 11,, such that, for all
€ [_17 1]7

(4.1) cwn (2)P < 0, (2) < cwy ()P
and
(4.2) |pn(2)" Q) (2)| £ cwn(2)'/?, 1= v <,

where constants ¢ depend only on vy, p and the doubling constant of w.

Note that, in the case vy =1, Theorem 4.1 was proved in [14, (7.34)-
(7.36)].

PROOF. Let S,(z) be a piecewise constant function such that

Sp(x) = s; := sup wn(u)l/p, zxel;, 1<i<n.
uel;

Note that (2.2) implies that wn(x)l/p <5 = cwn(:p)l/p, forall z € I;, 1 <4
< n, and so

wn(2)YP < Sp(2) € cwn ()P, w e [-1,1].

We observe that
n —5n+z _S’L+1 XZ ) SUG[—l,l],

and define

= Sp + Z - 31—1—1 .’L’),
where, for each 1 £ ¢ < n — 1, the polynomial R; is defined as follows

Ri(z) := Tit1(n, p1,0,1), if s; — 8541 20,
Z TZL’(”H“? 170), OtheI'WiSe,

where p € N is sufficiently large (to be prescribed). Then (3.4) yields
Sp(z) = Qp(x), =e€[-1,1],
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which implies the left-hand inequality in (4.1). Now, for each z € [—1,1],
using (2.7) and the fact that ;41 ~ 1, 1 £ 7 < n— 1, we have

n—1
10u() = Sule)] £ 5[50 sena]- | Bue) — 3a(@)] < €3 (o) P
i=1

=1

n—1
3:)1/11 Z wi(@u—S/z) < cwn(m)l/p,
i=1

since Y77} Wi(@) P < ¢ if p— s/p = 2. Therefore,
0n(2) < Sp(@) + cwn ()P < cwn(2)'?,

which is the right-hand inequality in (4.1).
Now, recalling that |I;| ~ pn(x;), 1 < i < n, and using the inequality
pn(x)? < 4pn(y) (|2 —y| + pn(y)) as well as (2.7) we have, for all 1 < v < 1,

n—1
|on(2)" 20 ()| £ pul@)”]si — sia| - |BY ()]
=1
<c2pn n(@) VP L T ()

n—1
< cwn ()73 [oules) (| — 2l + pales) |7 (L i)~/
=1

n—1
x)l/p Z wi(x)u—S/p—V/Q < cwn(x)l/p,

provided p—s/p—v/2 2 2. Hence, we choose i to be such that all conditions
of Lemma 3.1 are satisfied, and also u = /2 4+ s/p + 2. Finally, we note
that we actually constructed a polynomial Q,, of degree < c¢(u)n that sat-
isfies inequalities (4.1) and (4.2). Since wy,(z) ~ wy,(x) and pp(x) ~ pm(x)
if n ~ m, this completes the proof for n = ng, for some ng € N. For 1 < n
< ng, the statement of the theorem follows from the case n =1 (by setting

Q1 (z) == w1 (0)"?, for example). O
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5. Weighted polynomial approximation: Jackson type estimates

5.1. Auxiliary results. First, we recall the well known Whitney’s
theorem (see e.g. [19, Theorem 7.1, p. 195]) that states that, if 0 < p < oo,
f elLya,b] and r € N, then

(5'1) E?"(fa [a, b])p = Pirelflr Hf - PTH]Lp[a,b] é er(f, (b - a)/r, [a7 b])p7

where wr( fit,[a, b])p is the usual rth modulus of smoothness in the L,

(quasi)norm.
We also define the averaged weighted modulus by

1 rt ot 1/p
@ (fo ) pw = <t/0 /_1 )| Ah oy (f5 )| dxdh)
1/p
( /HA )1 dh) , 0<p< oo,

and for convenience denote &g, (f, 1), ,, = wi(f:1)
Note that it is clear from the definition that

(Z);(f7 t)pﬂu g w;(f? t)p7u)7 0 < p < 0.

oo,w”

LEMMA 5.1. For a doubling weight w, feLpy[—1,1], 0<p < oo,
n,r € N, and any 0 < 8 < 1 the following holds

an (; wr‘(f,|<]| J)p<c (f?e/n)pw = g (fae/n)pw )

i=1

where, for every i, I; C J; C [—1,1] and |J;| < co|l;|, and the constant ¢ de-
pends only on 1, p, cg, 0, and the doubling constant of w.

We remark that the reason for introducing 6 is that we have NOT proved
the estimate

w;(f? )\/n)p,u)n é Cw:;(f? ]‘/n)p,wn7 p > 0

PROOF. The proof of this lemma, is rather standard and not different
from that for unweighted moduli (see e.g. [2]). The main idea is the employ-
ment of the inequality (see [19, Lemma 7.2, p. 191])

(5.2) (ft[ab])p< // ‘Ar frz,[a,b]) ’pd:rdh 0<p< oo
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Note that if J; D I; and |J;| £ ¢o|I;|, then there exists m € N depending
only on ¢y such that J; has nonempty intersection with at most m intervals
I;, 1 <5 <n. Since |I;| ~ |Lix1] ~ pn(x;), this implies that p,(z) ~ pn(y)
~ |I;] for all z,y € J;, and so |x — y| < ¢pp(x), for all z,y € J;.

Taking this into account and using (5.2) and (2.2) we have

wn(xi)wr(fa |JZ|7 Jz)z g Cwn(xi)wr(fa C*‘L;‘, Jz)i
Ly e P
< |y / / wn(xi)|A2(f,$,Ji)| dz dh
0 Ji

/ / ||/ (@

where 0 < ¢* < 1 is a constant that we will choose later.
Now, |I;| ~ pn(z) ~ p(x)/n for © € J;, i € J*, where

‘A f,ZL‘ Ji) ‘ dhdzx,

J={12isn|iN(LUL) =0},

and so, for i € J*, taking into account that ¢* < v/c* (it is a red herring for
now, but is needed because of the estimate for i ¢ J* below), we have

(5.3)

» clf/n
wn(oer (£ 7)) S en [ [ ()| Aoy (s, J) " dh

Suppose now that i ¢ J*. We recall that Aj(f,z,J;) is defined to be 0 if
x £rh/2 ¢ J; and, in particular, A’;up(x)(f,x, Ji) =0if 1 — |z| < rhe(x)/2.
Therefore, recalling that p(z)/|I;| < enpn(x)/|1;| £ cn, x € J;, for each fixed
x € J;, we have

e Ll fo(z)
o), )
/0 ‘Iz‘ |Ah4p(x) Iz, Jz)| dh

§cn/ 2)|Af oy (Fr2, Ti) | dh,
S

_ [ 201 )
S"{h}“’é {w(l‘)’ ro(@) }}
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POLYNOMIAL APPROXIMATION WITH DOUBLING WEIGHTS

C {h‘0<h§02min{2c,\/1—|xl}}
n

1 —|a|

C{h|0<h§cz\/c>*/n}.

Therefore, (5.3) is valid for ¢ € J* as well (with ¢y instead of ¢;). We now
choose ¢* to be such that max{cy,c2}v/c* < 6. Then

n n 0/n
an(xi)wT(f,]Jil,Ji)i §cn2[]/0 wn(x)‘A};(p(x)(f,w,J¢)|pdhdw
i=1 i=17Ji
n 0/n
§cn2// ()| Aoy (f> ) [" dh da
i=1 71 70

0/n
<cn/ / wp(z |Ah@x) (f,x ‘pdxdh<cw (£, 0/1)7 0.

and the proof is complete. [J
An analog of Lemma 5.1 in the case p = oo is the following result.

LEMMA 5.2. For a doubling weight w, f € Loo[—1,1], n,r € N, and any
0 < 8 <1 the following holds

sSup wn(xz)wT(f7|J| J) B cw;(f, 9/71)00711)",

1<i<n

where, for every i, I; C J; C [—1,1] is such that |J;| < co|l;|, and the con-
stant ¢ depends only on r, ¢y, 8, and the doubling constant of w.

PRrROOF. Let 0 < ¢* < 1/(2r) be a constant that we will prescribe later,
and let 1 < i <n, 2* € J; and h* € (0,c¢*|L;|] (note that h* < 1/r) be such
that

W := sup wn(ajj)wr(f BAR J) wn($i)wr(f,|<]i|7<]i)oo

1<55<n
§ Cwn(xi)wr(fa C*|-[i|7 JZ) 00 é Cwn(‘TZ)}AZ* (f7 CL’*)’ :

It was shown in the proof of Lemma 5.1, that |z — y| < cpn(x), for all z,y
€ J;, and so wy(x;) ~ wy(z¥).

Now, we set h := h*/p(z*) and consider two cases: (i) ¢(z*) = 6/(2n)
and (ii) ¢(2*) < 6/(2n). In the case (i), |Li| ~ pn(z*) ~ p(z*)/n, and so
h £ cc* /n for some positive constant ¢, and we can choose ¢* so that h < 6/n.
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In the case (ii), since z* £ 7rh*/2 € [—1, 1], we conclude that ¢(z*) = \/h*/2,
and so h* < 02/(2712) . Therefore, h < v2h* < 0/n.
Hence, for some 0 < h < 0/n,

W = cwn(m*)‘A}”w(x*)(f, z*)|,
and so

W <c¢ sup sup |wn(:v)Azw(I)(f, z)| = awy(f, 9/n)oo’wn. O
0<hZ0/n z€[—1,1]
5.2. Jackson type estimate.

THEOREM 5.3. Let w be a doubling weight, r € N, 0 < p < oo and f €
L,[—1,1]. Then, for every n 21 and 0 < ¥ < 1, there exists a polynomial
P, €11, such that

1f = Pallpw, S @o(f,0/n), 0, S cwip(f,0/1),,,

and

5P| S el (£,9/n)y 0, S Wl (£,9/0),,,, TS w0,

p7wn
where constants ¢ depend only on r, vy, p, 9 and the doubling constant of w.

We remark that, in the case p = oo, it is usually assumed that f €
C[-1,1] since, otherwise, wi,(f,1/n),,, = ¢>0,n € N, and so the assump-
tion that f € Loo[—1,1] does not make this theorem more general.

PROOF. We first assume that 0 < p < oco. For n € N, let (2;);"_, be the
Chebyshev partition of [—1,1], and let p; € II,, 1 £ i < n, be a polynomial
of near best approximation of f on J; := I; U1 (with I := ) in the L,
(quasi)norm, i.e.,

1f = pilly 1) S eB(F ),

We define S,, to be a piecewise polynomial function such that p; = S, I,
1<5:<n.
Then

n—1
Su(x) = pal(@) + Y [pile) = pis1 (2)] xi(2)-
i=1
Therefore, using (2.2), (5.1) and Lemma 5.1 we have

_p:” wp (T z) — S, (x)|* dx
If =Sl g;A W ()| £(2) — S()|Pd
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DAL / 176 = p(@)|"da

||/\

Z xzwr(fa|I’J)p<c (fae/n)pw’

where 0 < 6 < 1 will be chosen later. We now define
n—1
Py(z) :=pu(2) + Y _ [pi(z) = pis1(x)] Ti(2),
i=1

where T; = Ty (n, u,e1,€2) are the polynomials from Lemma 3.1 (note that
the choice of 1 and 9 is not important; for example, we can set 1 = €9 = 0)
with a sufficiently large p (we will prescribe it later so that all restrictions
below are satisfied).

Lemma 3.1 now implies

1 n—1 p
||sn—Pn||§,wng/Iwn@)[Zlm —pin ()] - [xi(@) W)@ du
- =1
1 n—1 p
S wn@]| S in-pilitor] d
- =1

Now, using the Lagrange interpolation formula and [3, Theorem 4.2.7] we
have, for all pe I, and 0 S [ < r — 1,

54) PO £ e DO oy S el LT P Il 0y,

and hence
1 n—1 P
150 = Pl S [ wnte)| e pisalh sy 1700y~
-1 i=1
Now, if 1 £ p < oo, since Z?;ll ¥? < ¢, we have by Jensen’s inequality

n—1 P n—1 n—1
<Z |’Yz'|7/1z‘(90)2> e i) £ ed |l
i=1 i=1 =1

and if 0 < p < 1, then

n—1
(me ?) Zm% < e3 .
=1
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Therefore, using (2.7) we have

1 n—1

IS0 — Pulb . S c Zupz L ()i ()P dy

1 n—1

i3 C/ Z s —pz‘+1H§p(L)]Ii\_1wn(xi)¢i(x)(u—r—1)p—s A
=1

n—1

<cZwr f,’]‘ JUJ2+1) |[’_ Wy, xl/ wz u r—1)p— S du.

=1

Now, if @ = 2, then f_ll Yi(z)* dx < c|I;|, and so

n—1
190 = Pallb o, S > wnl@i)wr (f, Ll Ji U Jisa) ) < e (f,0/n)} -
i=1

provided (u—r —1)p—s = 2.
Now, note that

n—1 v
PO =@+ Y ()@ - s @) )
=0

=1

(v)

and so, for r £ v < 1y (which guarantees that p;’ =0), we have using
Lemma 3.1 and (5.4)

[t
1 V n—1 v v (l) (l) (V—l) p
§/1 p[z <l>‘pi (x) —pils (@ )“Tl (x)‘] dx
B i=1 =0
1 n—1 v »
scf 17“””(:”)””(:”)”’)[ I = P | (e )} da
- i=1 =0

llfl/pwi (J:)MT+I+1:| P dIE

1
S C/ Vp[z ||pz' = Pitill, 1

I/*]./p,llz)i (:L‘)},LTJF].:| P dfl:

1 n—1
= c/ wn(x)pn(x)”p[z 1pi = pitall, ()L
- i=1
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-1

1 n—1
Sc / W (@)pn (@)D Nlps = pesa [l )[BT () # VP da
=1

n—1

1
#ﬁnWZmzmm”nwl@Mwww“m

=1

A

Now, since py(z)? < 4pn () (| — il + pu(;)) and |L] ~ pn(z;),
1 n—1 /2
<c Z |pi — pz-i-lH]L 1)[pn($l)(|$ — x| + Pn($1))] P

p
|t B [y, =

X \IZ'\_”p_lwn(aci)v,/)i(:r)(“_r_l)p_s dx

1 n—1
/ Z |pi _pi+1||£p(1i)|Iz‘|71wn(;L‘i)dji(l»)(#*rflfl//mpfs i,
=1

and exactly the same sequence of inequalities as above yields
p
|en PO < car(f o/,

provided (u—r—1—1y/2)p — s = 2. Thus, if we pick u = u(r,vp,p,s) so
that this (the most restrictive in this proof) inequality as well as the re-
strictions on p from Lemma 3.1 are satisfied then, for each n € N, we have
constructed a polynomial P, of degree < c,n with some ¢, € N depending
only on r, vy, p and s, such that

(55) ||f - Pn”p,wn é C@;(f7 H/n)§7w7L
and
(5.6) 16 B S @(F,0/) s TS v S 100

We now pick 6 :=19/(2¢,), and conclude that this completes the proof
for n 2 ¢,. Indeed, suppose that n = ¢,. Then there exists m € N such that

me, £ n < (m+1)c,. Then, for polynomials P, of degree < c,m (which
implies that P, € II,,), (5.5) and (5.6) hold, and

(Z};(f, e/m)p,wm = (Z}; (f’ 19/(2(3*77’1)) Dy Wi,

< @l (f,9/n),,, S «@L(f,9/n)

P,Wn?
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since wy, (x) ~ wp,(z) if n ~m. Also, pn(x) ~ pm(z) if n ~ m, and the proof
is complete for n 2 ¢,. Finally, for r < n < ¢,, the statement of the theorem
follows from the case n = r, Whitney’s inequality (5.1) and the observation
that w,(0)w,(f,2)) = cwi,(f,9/r)} ,, (see Lemma 5.1). This completes the
proof in the case 0 < p < oo.

If p = o0, the proof is analogous and, in fact, simpler. For completeness,
we sketch it below.

The estimate || f — Sullo 4, = cwi(f,0/n) 4, immediately follows from

Lemma 5.2, and for each = € [—1, 1], we have

W (2)] Sn(2) = Pu(z)| < wn(z) 2_: |pi(2) = piv1(@)] - [xi(z) - Ti(z)|

n—1
< ey llpi = pisallegywn @)@y
i=1

n—1

§ (& Z w’r(fa ’Iz’, Ji U Ji—H) Oown(xi)wi(w)u—r—s-t,-l
i=1

n—1
< el (£:0/n) g, D Vi@ S Wl (£,0/1) g
=1

provided p —r —s+1 = 2.
Similarly, for » < v < vy, as in the case p < oo, we have

pa(@)"wn ()| P ()]

n—1 v

< cwp (2)pn(x)” I (2) =1 (@)] - |1V ()|

i=1 [=0

n—1
< cwn(@)pn(2)” D Ipi = pisalloqy | Il i)
=1

n—1

< Cz |pi — ]9z‘+1HC(L)wn(96‘1')%'(90)%74_8“_”/2 = cwy(f,0/1) 00 a0,

=1

if u—r—s+1—v/222. This completes the proof for n = c,n, and the
rest of the proof is the same as in the case p < oo taking into account that

Wy (0)wr (f32)0e = Wl (f,9/7) 00 np,- B
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6. Markov—Bernstein type theorems

LEMMA 6.1. Let w be a doubling weight, r € N and 0 < p < oo. Then,
for allm € N and P, € 11,

(6.1) 1B, < clPl

p7wn‘

where the constant ¢ depends only on v, p and the doubling constant of w.

Lemma 6.1 will be used to prove an inverse theorem in the case 1 <
p < oo. However, in the case 0 < p < 1, it will not be sufficient and will
have to be much improved since we will need to know the dependence of the
constant ¢ in (6.1) on r making sure that it does not grow too fast with r.
This will be done in Section 6.1.

PRrROOF. First, we recall Markov-Bernstein’s inequality (see e.g. [17], [7,
(7.2.7)], 9], [22, Lemma 4], [6, Lemma 2.2], [1, (A.4.22)], [18] as well (3.3))

(6.2) Hp;Py)Hp§c||Pan, P,ell, and 0<p= oo,

where ¢ depends only on r and p.

Clearly, (6.1) is true if r = 0. Now, using strong induction in r, we sup-
pose that it is true for all 0 £ < r — 1. Using Theorem 4.1 with vy = r + 1,
for example (and noting that, in the case p = oo, we take 1/p to be 1 in (4.1)
and (4.2)), the Leibniz formula and (6.2) we have

PP, S cllpnP0n]| ) S el (Paga)” +cZ||pn Do,
r—1
< cflon Q)N e > PO
=0
< c”PnQTLHp + CHPTLHp,wn = CHP"Hp,wn’

and so (6.1) is proved. O

6.1. A refinement of Lemma 6.1 for 0 < p < 1. In the proof of
the inverse theorem in the case 0 < p < 1, we will need to know the depen-
dence of ¢ in Lemma 6.1 on r making sure that it does not grow too fast
with r (since this estimate will be used for all 0 < r < n —1). Hence, we
need to reprove Lemma 6.1 in the case 0 < p < 1 paying particular attention
to the constants in all estimates.
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It is convenient to denote

0k(x) := max {119_932’ k,lz} .

We start with the following lemma.

LEMMA 6.2. Let 0 <p < 1. Then, for every n,ke N, 0SS u<n-—1,
k=mn/2, and P, €11,

(6.3) 1og ™ P, = elu+ DIIGEPall

where the constant ¢ depends only on p and is independent of wu, n and k.

In one form or another, Lemma 6.2 is known. For example, it follows
from [22] and [6] (see also [18]). However, since this result and, in particular,
the exact dependence of the constant on p is crucial in our proofs and since,
as far as we know, Lemma 6.2 was not explicitly stated anywhere in the
present form we sketch its short (and rather standard) proof.

PRrROOF. It is known (see e.g. [22, (2.11)] or [6, (2.3)]) that, for any n € N,
0= pu<n-—1and P, €1I,,

(6.4) l" T P, < ern(p+ 1)@ Poll,, 1 = ci(p).
It is also well known that

1PAl, < con®||Pall,,  c2 = ea(p)-

Therefore, denoting &y, := {z | v1—22 < 1/k} and noting that &(z) =
1/k? if x € €, and 6p(x) = @(x)/k if z € [-1,1]\ &, we have

- +1 +1 +1
2P| P S (I8P, I

I, ey I I, (-1.1ne0)

= k22| PollL, en) + k_“_lHSD”'HPMLP([_LU\&C)
S ET2B |, + ETR T e R,
< ek 02| Py, + cin(u+ DE Tl By,
= ea(n/k) (K2 Poll, + 1 (n/k) (u+ D e/ Pall,

< [ea(n/k)* + er(n/k)(u+ D] 167 Pall,, < 4(er + e2) (p+ 1)[|6p Pall,. O
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LEMMA 6.3. Let w be a doubling weight and 0 < p < 1. Then, for all
n,m,k € N and p € R such that

m<k n<k and 0Sp<n-1,
and P, € 11,
1
157 Py, S Gt DeallF Pl

where the constant ¢, depends only on p and the doubling constant of w.

ProOOF. First, using Theorem 4.1 (with g = 1) we let Q,, € II,,, be such
that

1w ()P £ 0 (2) £ o, (2)'/?
and
| ()2, ()| < cawnm ()7,

where constants c¢1, co and c3 depend only on p and the doubling constant
of w.

Note that P,9Q,, € II,1.,n»_1 and so taking into account that u < n —1
<Sn+m—2and k2 (n+m —1)/2, by Lemma 6.2, we have

1857 (Pa2m)'[],, < el + D[ 0 PaQ]]
where ¢4 depends only on p. Therefore,

1K Pl S 1 OFT POl

DyWm

< o 2P| SN P Q) ||+ (10T P )
T2 P (ey(u+ 1) 55(13”9,”)”]) + cs| 55+1p;11in}7{p“p)

< 2 oy V)| R, + s

p;Wm PsWm, )

< 01_12_1“/1”(0204 + e3)( H )| 64 Pn H O

pwvn
COROLLARY 6.4. Let w be a doubling weight and 0 < p < 1. Then, for all
n,m,k,r € Nandl € Ny such thatm <k, n<k, Il <r<n-1, and P, € I,

7l
k't n = * k l
1R, o, < (e 0B,

PyWm

where the constant ¢, depends only on p and the doubling constant of w.
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PrROOF. Lemma 6.3 implies

o2 P, = 10 (BD) ., = G+ De@) |55

= ’
P, Wm D, Wm D, Wm

for all 0 £ j < r — 1, which immediately implies the statement of the corol-
lary. O

Now, taking into account that d,(z) < pn(z) < 24, (z), we finally get the
result that we need in order to prove the inverse type theorems for 0 < p < 1.

COROLLARY 6.5. Let w be a doubling weight, 0 <p <1, n,r € N, [ € Ng,
0SI1<r<n-1, and P, €1I,. Then

<2 PO,

lon P, =

where the constant ¢, depends only on p and the doubling constant of w.

We note that exactly the same proof as above (and actually simpler since
Lemma 6.2 is no longer needed and (6.4) can be used) yields the following
result.

COROLLARY 6.6. Let w be a doubling weight, 0 < p <1, n,r € N, [ € Ny,
0S1<r<n-1,and P, €11,,. Then

(7”) H

H (,0 g *)T—l%!nr—l || (plpél)

Y
p,wn Hp7wn

where the constant c, depends only on p and the doubling constant of w.
6.2. Other Markov—Bernstein type estimates in the case
0<p<l1

LEMMA 6.7. Let 0 <p <1 and n,m,r € N be such that m < n, and sup-

pose that w is a doubling weight from the class Wf\ﬁ with v < rp.

Then, for any k > 0, there exists a positive constant ¥ depending only on
K, r, p, A, and the doubling constant of w, such that, for any P, € 11, and
0<t=1/m,

5/
(6.5) Wy (Pons 90),,,, 10 () (tm) 1 P

The following corollary is an immediate consequence of Lemma 6.7 and

Hpvw'm

Corollary 6.5 with [ =0 (by setting x := [(c.)"r!] ~! where ¢, is the con-
stant from Corollary 6.5).

COROLLARY 6.8. Let 0 <p <1 andn,m,r € N be such that m < n, and
suppose that w is a doubling weight from the class Wf\” with v < rp.
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Then, there exists a positive constant ¥ depending only on r, p, A, and
the doubling constant of w, such that, for any P, € 11, and 0 <t < 1/m,

, n\o/p ,
(6.6) WP )y, S ()7 () | Pl

PROOF OF LEMMA 6.7. The method of the proof is rather standard (see
e.g. [2,5,22]). Suppose that h < ¥t < ¢¥/m, where 9 is a positive constant
that we will choose later. Using Taylor’s expansion of P,, we have

r

00 ApylPaa) = X (D)1 Pl 4 (- /Do)

1=0

Il
<
/\ﬂ
~—
—
I
[a—
—
l
i
-
—
~.
[
<
~
N
N~——
<
>
<
©
8
S
S|
S
&
N~—

m—1 g 4
— gp(x)fpgg)(x)ﬁAg((-)ﬂ,o).

Recall now that, if g(") is continuous on [z — ru/2, z + /2] then, for some
fe (x_ru/25$+TM/2)7
A(g.2) = u"g"(©).

This implies

0, if 0<j<r—1,
6.8 AT((),0)] £ ! :
©8)  [a((r.0]= (." /2 iz
j—r)!
Also, since w € Wf\"y,
(6.9) w (x)(x)? < An’m 0 o () wi (z),

and taking into account that jp=rp =+, r<j<m—1, and ¢(x) <
mpm(x), we have

1
| AR (P || :/_1wn(:v)|A2¢(x)(Pm,x)‘pdx

sWn
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< mzl ( (/2 ) / 11 wn(@)|o(2) PO @) da

m—1 j A Pl ) '
<A (2 ) [ e el ) P )] d
j=r

m

m—1 1 ] p 1 ) )
AG)'S (G ) [ netlpatr e i

It follows from Corollary 6.5 that, for some constant c¢; that depends
only on p and the doubling constant of w,

1
| wn@lom@ PR @) do = [P
—1

P,Wm

< (2@ L) PP, rSismot

Therefore, recalling that A < 9/m, we have

(B ] [
n\S T [ (hm)j! Por .\ ’ |P
<3 () 8 (o vy ) I,

e N D S (W

. . 1P
Now, if ¢ = 1/(rc1), noting that » 22 (1/2)0-"P [(i)} = ¢g, where ¢y de-
pends only on r and p, we conclude that

6/
Wy (Pons 90, S 2 (Ae2) P07 () (41, P

P, Wm

Hence, if we guarantee that o is such that 2" (Acy)/P9" < k, then

5/
W (P 9) g, < 1 (22) " ()" 7, L)

)
m Hp7w7n
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and the proof is complete if we pick ¢ := min {1/(7‘01), Kl/T(ACQ)il/(rp)/Z}.
Il

Note now that if the same weight w, is used on both sides of (6.5) (i.e.,
m = n), then there is no need to use (6.9) in the proof of Lemma 6.7. Also,

one can keep using ¢’P and not replace it by (npn)jp , and use Corollary 6.6
instead of Corollary 6.5 in order to estimate H(pj RSJ ) pr . The following

result that is proved using an idea from [5] will be used in the last section to
show the equivalence of the moduli and certain realization functionals. Even
though the proof is very similar to that of Lemma 6.7 we sketch it below for
completeness.

LEMMA 6.9. Let w be a doubling weight, 0 < p <1 and n,r € N. Then,
there exists a positive constant ¥ depending only on r, p and the doubling
constant of w, such that, for any P, € II, and 0 < h =<t < 9/n,

(1/2)7h7 || |

<A (B < 3/2)VPh || PO

)
p,Wn p,Wn p,Wn

and so

(1/2) 7| PO S Wl (Pat), ., S (3/2)P || 0" P

p’wn pywn

PRrROOF. The beginning of the proof is similar to that of Lemma 6.7. We
suppose that h <t < J/n, where 9 is a positive constant that we will choose
later. Then using (6.7) and (6.8), and taking into account that A7((-)",0)
=r!, we have

| A (Pa) = k™" BD||7

sWn

n—1 hj . p 1 i i p
<> <(j—r)'(r/2)J > /  un(@)]e(@) PP (@) da.

j=r+1 ’

Using Corollary 6.6 we conclude that, for some constant ¢; that depends
only on p and the doubling constant of w,

1
/ wn(@)|p(2) PO ()| d = || O]

I\ P
g(@»ﬂ"’“ﬁ) nU Pl BN L r+1SjSn- L

p?w’ll
Therefore, recalling that h < ¢/n, we have

|5, (Pa) =B P[P
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n—1 g\ P

h] r 77"! j—r T T
S (gl ) e O,
=r+1 ’

j_

A

n—1 A . P
(T a)

Jj=r+1

n—1 ) . P
< h’“p”gorp ”p 197’01/2) Z <(19r01/2)JT1 (‘7))
Jj=r+1 "
Now, if 9§ = 1/(re1), then 3752 ) (1/2)(3'—7«—1);;[(3;)]1) = ¢9, where ¢z depends
only on r and p, and if ¥ < 2(2¢2) VP (rey) 7Y, then we get

|87 (R~ e PO, < S| P

pwn—2 j XTI

Therefore, if we set ¢ := min {1/(rc1), 2(202)_1/p (rer) } then we get

Ll

3
= ([ Ak By, =5

wrlle P, B

p,Wn pwn

7. Weighted polynomial approximation: inverse theorems

7.1. Auxiliary results.

LEMMA T7.1. If w is a doubling weight, 0 <p < oo, fe€Ly[—1,1],
n,r € N, ¢, >0, and t < ¢, /n, then

wgg(f? t)p,w” g C”f”p,wn?
where ¢ depends only on T, ¢y, p, and the doubling constant of w.

PRrROOF. First, we recall that Ahw x)(f, r) =0if z ¢ D,p,/5, where

2
D) ::{xlit?éil and$i)‘90(55)€[_171]} :{ ’|x|_ 1+§\\2}

and hence, for 0 < p < oo,

G0, S s | wn<x><
0<hSt I Drny2
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r

< c sup Z/ |f x4+ (i —1/2)hp(x ’pdx
0<h§t i=0 th/Z

It is clear that, if h <t < ¢/n, then ho(x) < cpp(x). Therefore, if y;(z) :=
v+ (= r/2h(x), 0SiSr, then |- y(e)| < rhe(z)/2 < cpa(z) and
(2.2) implies that wy,(2) ~ wy (yi(z)) . Hence,

T

G, S s 3 [ () |7 (o) [ da
rh/2

0<h<t ;g

1
< c/_Iwn@)}f(y)l”dy 1B

In the case p = oo, the needed modifications in the proof are obvious. [

LEMMA 7.2. Letw be a doubling weight, n,m € N, ¢, >0,t < ci/n, 1 <p
< oo. If f has the (r—1)st locally absolutely continuous derivative on (—1,1)
and ”cprf(r) Hp < o0, then

o (fs ), Z et |7 £

where ¢ depends only on 7, ci, p, and the doubling constant of w.

)
D, Wn

We remark that it is well known that, in general, Lemma 7.2 is not
true for 0 < p < 1 and, in fact, one can show that, for every M € R and
n € N, there exists an absolutely continuous function f on [—1, 1] such that

En(f7 [_171]) > MHf/H :

ProoOF. If f has the (r — 1)st absolutely continuous derivative, then

h/2 h/2
AL (f,z) / FON @+t 4+ b)) dty ... dty.
h/2 —h/2

In the case 1 < p < oo, if h < ¢/n, we have

1 1/p
([ won@afr.0]” o)
hp(a)/2 h(a)/2
< / [/ e / w/P (z)
Drnsz L/ —he(z)/2 —hp(z)/2
p 1/p
X ‘f(r)(:v+t1 +--'—|—t7«)‘dt7«...dt1] d:v)
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he(x)/2 he(x)/2

<c / [/ / WP (x4t 4+ )
Drnsa LI —hep(z)/2 —he(z)/2

» 1/p
X ’f(")(ﬂc+t1+---+tr)|dtr---dt1] dﬂC) :

By Hélder’s inequality, for each u satisfying —1 <z +u — hp(z)/2 <z +u
+ he(x)/2 < 1, we have

he(x)/2
/ w}l/p(x—f—u—f—trﬂf(”(sv—f—u—f—tr)‘dtr
—he(x)/2

ztuthp(x)/2
-/ wl/? ()| (0)] o
ztu—hp(z)/2

§ Hw"ll/p(‘OTf(T) ”]Lp(fl(z,u))||(’D_r||]l‘p’(ﬂ(xvu))’
where 1/p+1/p' =1 and
Alau) i= [0+ u— hip(a) 2,0+ u+ hp(a)/2].

The needed estimate now follows from

(7.1) T e
7.1 / [/ / ol e
Drny2 —hp(z)/2 —hep(x)/2 Ly (A(z,ti4+tr_1))

x |[wl/Per 10|

p
1/ (r)y||P
Ly (A(@,ti++tr—1)) dty—1.. 'dtl] dz = Cth‘|wn Po'f | P’

where 1 < p < oco. In the case p = 0o, an analogous sequence of estimates
yields

(7.2) he(z)/2 heo(z)/2 H |
7.2 sup / / o " o
TE€Drn/2 J —hyp(z)/2 —hep(z)/2 Ly (A ti+-+tr_1))

Nt PNy sty gy Bt - dta S g PO

Note that, in the case r = 1, estimates (7.1) and (7.2) are understood, re-
spectively, as

(7.3)

1P p p
L0 (a7t ey 4o S ko I, 1S 0 <,
h/2
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and

@0 s 67 (aop lonef e (aoy S chllunof s 2= o0
x h/2

Estimates (7.1)—(7.4) were proved in [12] (see (4.2)—(4.4) there with r = 0,

variable “k” replaced by “r”, ¢() replaced by w,l/ P () with 1 /oo :=1, and
noting that D in [12] is actually D)/ in the current paper). 0O

7.2. Inverse theorem: the case 1 < p < oco. Recall the following
notation that was used in the introduction

p, if p < oo,
P 1, if p=oc.

THEOREM 7.3. Let r € N, 1 < p < o0, and f € L,[—1,1]. Suppose that
w s a doubling weight from the class \/\7?\’7 with v < rA,. Then

, =
wy(fin 1)p,w” S =3/ A Zk ' WAPE’“(f)p,ww
k=1

where the constant ¢ depends only on r, p, §, v, A, and the doubling constant
of the weight w.

Taking into account that any doubling weight belongs to the class Wi’l
(see Remark 2.3) and that y=1=<7r),, for all re N and 1 < p < oo, we
immediately get the following corollary of Theorem 7.3.

COROLLARY 7.4. Let w be a doubling weight, r € N, 1 < p < oo, and
fel,[-1,1]. Then

n
-1 c —1-1/A,
(™) o S =i DK T T B ()
k=1

the constant ¢ depends only on r, p and the doubling constant of w.

REMARK 7.5. Since any weight that satisfies the A* property is in W0
(see Remark 2.4), it immediately follows from Theorem 7.3 that, for A*
weights w, we have

—_
Il
S
A
g

wy(fin),

)

n
¢ -1
Wn é F Z k" Ek(f)pﬂvk’
k=1

In the case p = oo, this is the “inverse” part of [13, Theorem 1.3].
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PROOF OF THEOREM 7.3. Let P} € II,, denote a polynomial of (near)
best approximation to f with weight w,,, i.e.,

clf = Pallpw, = Jof W = Pullpw, = En(Hpw,-

p7w'll -
We let N € N be such that 2V < n < 2Vt and denote mj = 2J. Then re-
calling that wy,(x) ~ wy,(z) if n ~ m, and using Lemma 7.1 we have

w; ( f’ n_l) D, W, é w; ( f’ 2_N) p,Wn

_w;(f :’LN’2 N)p,wn+w (PW*lN’2 N)p,wn

S ellf = Py, + @b (Pry 27
gCEmN(f)p,me (P';;N72_ )p,me'

Now, the fact that w € W% implies (see (2.6))

Wiy (2)p(2)" < AmAym] ™ pm, () Wi, (), 0= 5 S N.

Hence, using

N-1
Pr =P+ (P —Ph)
=0
and Lemmas 7.2 and 6.1 we have
N-1
(P':;LN72_ )p,me = w;(P;Hl o P;”L ’2_N)P7wmzv
7=0
N-1
<c 2_NTHw71n/3PQOT(P;~LHI mj)(r)”p
=0
N-1
< e 3 27N || md T e e (B = PO
=0

Since r —v/A, 2 0 and ¢ < m;pyy,,, this yields

(PTTLN’ 2_N) PyWm
N—
< o3 9N e g AP -2,

7=0
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POLYNOMIAL APPROXIMATION WITH DOUBLING WEIGHTS

N-1
<o 3 2 IO it (- B )|
j=0 ’
N-1
<ec 9= (N=3)(r=8/Xp) || 1/ *» (p* — p* ) H
— m; mjt1 m;
Jj=0 ’
N-1
<c o~ (N=9r=0/N) (Fpa,, -
Jj=0 v
Therefore,
N
w;(fvnil)p,wn Sc Z SN0 )EmJ(f)pwm
and so

O ZW ) B, ()

c el
= < pw1+z Z K 6/ApEk(f)p»wk)

j=1 k=m;_1+1

c N
= nr—0/As Zk ' WAPEk(f)p,wk' u
k=1

We have the following immediate corollaries of Theorems 5.3 and 7.3.

COROLLARY 7.6. Letr € N, 1< p < oo and f € L,[—1,1]. Suppose that
w is a doubling weight from the class WY with v < rAp. Then, for 0 < «
<1 —46/Ap, we have
E,(f,[-1, 1])p7wn =0(n™%) <= Ww(/, n_l)pﬂun =0(n™%).
Again, taking into account that any doubling weight belongs to the class
W}’l and that 1 S r),, for all r € N and 1 = p < oo, we get the following

corollaries (or one can obtain them as a consequence of Theorem 5.3 and
Corollary 7.4).
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COROLLARY 7.7 (1 < p < oo and all doubling weights). Let w be a dou-
bling weight, r € N, 1 < p < oo and f € Ly[—1,1]. Then, for0 < a <r—1/p,
we have

E,(f,[-1,1])

Clearly, this corollary is also valid for p = 1 and p = oco. However, since
r —1/X, =r — 1 in both of these cases it seems more natural to state them
in the following form replacing r — 1 with r.

=0(n™%) <= W (/, n~ ') =0(n"9).

p,wn P, Wn

COROLLARY 7.8 (p =1 or p = 00, and all doubling weights). Let w be
a doubling weight, r € N, p=1 or p=o0, and f € Ly[—1,1]. Then, for
0 < a<r, we have

E,(f,[-1,1]) =0(n™ ) <= Wi (f,n) =0(n%).

P,Wn ¥ P,Wn

In the case p = 0o, Corollary 7.8 was proved in [13] (with w:fg instead

of w;“). Also, it was shown in [13, p. 183] that, in the case r =1 and

r+1

p = 0o, Corollary 7.8 is no longer true if w is replaced by wy,.

©

7.3. Inverse theorem: the case 0 < p < 1.

THEOREM 7.9. Let 0 < p <1, f € L,[—1,1] and let r € N, and suppose
that w is a doubling weight from the class Wf\"y with v < rp. Then

n 1/p
_ c Z rp—6—
w;(f’ Un 1)p,wn é nr5/p< w ' 1Ek(f)£7wk> ’
k=1

where ¥ is the constant from Corollary 6.8, and the constant ¢ depends only
on r, p and the doubling constant of w.

We now recall that any doubling weight w belongs to the class W7 with
(6,7) € Y. In particular, w belongs to the class W% with ~o := min{rp, 1}
and §g := 2 — 9. Hence, we get a corollary of Theorem 7.9 for all r € N,
0 < p <1, and doubling weights w with dyp = 2 — min{rp,1}. However, in
the case rp < 1 this corollary is useless since the resulting inequality

n 1/p
w;(f, 19”—1) < Cn2(1/P—'I’) <Z k2rp_3Ek(f)£7wk)

pWn —
k=1

simply means that w;( 1, ﬁn_l) o is bounded above by a quantity larger

than cE1(f),,,, which is worse than what Lemma 7.1 implies.
Therefore, we do not really get anything useful that is valid for all dou-
bling weights if 7p < 1. In the case rp > 1, dg = 79 = 1, and we are back to
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the same situation as in the case for p = 1, i.e., we can use the fact that any
doubling weight is in W%’l. Hence, we get the following inverse theorem that
is valid for all doubling weights.

COROLLARY 7.10. Let w be a doubling weight, 0 < p <1, f € Ly[—1,1],
and let r € N be such that r > 1/p. Then

n 1/p
r —1 c rp—2
(£, S (FT B )
k=1

where ¥ is the constant from Corollary 6.8, and the constant ¢ depends only
on r, p and the doubling constant of w.

REMARK 7.11. Since any weight that satisfies the A* property is in W9
(see Remark 2.4), it immediately follows from Theorem 7.9 that, for A*
weights w, we have

n 1/p
wh(foom™h) < c(Zkrp—lEk(f)ﬁwa , 0<p<l.

P, Wn nr
k=1

In fact, it is possible to show that one can set ©¥ = 1 in this case.

PROOF OF THEOREM 7.9. The method of the proof is rather standard
(see e.g. [6]). The beginning is the same as in the case 1 < p < co. Namely,
let P¥ € 1I,, denote a polynomial of (near) best approximation to f with
weight w,,, i.e.,

Hf - P’;:Hp,’wn é CEn(f)p’wn‘

We let N € N be such that 2 < n < 2Vt denote m; = 27 and recall that
¥ is the constant from Corollary 6.8.

Recalling that wy,(z) ~ wp(z) if n ~ m, and using Lemma 7.1 we have

S (Fn )P, (g2

p7w7l pvwn

Sw(f =Py, 027N)P o wl (B, 027

my? pw my? D, Wn

Sc|f - P:“LNHz,me +wy, (P 92~ N)P

M
mn Dy Wi 5

é CEmN (f)g,me + w;(P;LN’ 1927]\7) szmN ’
Using
N-1
P:;LN :P1*+ Z(P;lj+1 - ;la)
7=0
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and Corollary 6.8 with ¢ := 27" (noting that ¢t < 1/m;; for all 0 < j <
N — 1) we have

N-1
wSO( mn? 192_ )pa’me g w (P;L i+1 192_ )p’me
=0
N-1 m é
N —-N Tp * || P
é j=0 (mj—i-l) (2 ijrl) H M+ _ijH YWm g
N-1
(N—=i)(rp—3§
<ec 9= (N=j)(rp )Emj(f)g wn,
5=0
Hence,
N
4)
w:)(f7 077’ an S Z N ])(Tp Emj (f)g,wmja

7=0

and so as in the proof for 1 < p < 0o, we conclude that

(f’ ?9n_1)pwn g o é 223(7"17 5)E (f)p7wm
7=0

= nrzf 6< pw1+z Z KT (f)pwk>

=1 k=m;_1+1

[IA

nrp—9 Zk"'p ° lE (f)wak 0

We have the following immediate corollary of Theorems 5.3 and 7.9.

COROLLARY 7.12 (0 <p<1). Letr e N, 0<p <1 and f € L,[—1,1].

Suppose that w is a doubling weight from the class WO with - < rp. Then,
for 0 < a<r—4§/p, we have

Ea(f.1-11)),, = 0n™) e w(fin"

We remark that, since 1 € W9, an immediate consequence of Corol-
lary 7.12 is the usual equivalence result for unweighted polynomial approxi-
mation in L, for 0 <p < 1.

Again, taking into account that any doubling weight belongs to the class
WH1 and assuming that rp > 1 we get the following corollary.

)p’wn =0(n"%).
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COROLLARY 7.13 (0 < p < 1 and all doubling weights). Let w be a dou-
bling weight, 0 < p <1, f € Ly[—1,1], and let r € N be such that r > 1/p.
Then, for 0 < a < r — 1/p, we have

En(f? [_17 1])

As a final remark in this section, we mention that it is still an open
problem to prove or disprove if Theorems 7.3 and 7.9 are sharp.

=0(n%) <= W (/, n~ ') =0(n™%).

p,Wn D,Wn

8. K-functionals and realization

For f € L,, r € N and a weight w, the weighted K-functional is defined
as follows

K, .(f, t)p7w = g(hli)gljxcm (Hf - 9||p,w 4+ ¢ Hgo?"g(r) |‘p7w)7

where ACj,. is the set of all locally absolutely continuous functions on
(—=1,1). In fact, for doubling weights w we are interested in a sequence
of these K-functionals with weights w,, and so we define several related
quantities (all of which depend on n) as follows:

Koier (5O, = B, (1 =l + 1l

p,wn)’
where ¢ (z) = p(z) + 1/n = npy(z),

R, O, = 08 (17 Pally, ¥ 7P|

)

p,w")
and
Bron ([0, = ik (1L = Pally, + 2 [l 27|

Note that R, and R, are sometimes referred to as “realizations” of ap-
propriate K -functionals or “realization functionals” (see [4,5], for example).
It is clear that

(81) KT,SO(f? t)pﬂ,un é KT,QOn (f? t)pﬂ,un é RT,QOH (f7 t)p’wn and

Kr,cp(f, t)p,wn g R7"7<P(f7 t)p,wn § RT#’n (f’ t)p,wn7 t>0.

It follows from Theorem 5.3 that, if w is a doubling weight, r € N, 0 < p
S oo, fely[—1,1], and A > 0 is any constant, then there exists P, € II,
such that

||f o PTLHpvwn + n_TH(PZP”g/T) Hp,wn g C@;('f,‘A/n)p:wn g Cw;(f7ﬂ/n)pzwn’

PyWn, )
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n 2 r, and hence, for any constant B > 0,

(8.2)
RT,GDn (f7 t)p,wn g C(:}Z;(.ﬂ ‘A/n)p,wn é CW;(f,.A/n)nwn, n Z r and t é B/na

where the constant ¢ depends only on r, p, A, B, and the doubling constant
of w.

Lemmas 7.1 and 7.2 imply that, if w is a doubling weight, 1 < p < oo,
fel,—-1,1], €>0, D >0, and g is any function such that g1 e AC),.
and ||cp’"g(r) Hp < 00, then

WL (fo 1), S Krp(f,C1),, , 0<t<D/n,

where the constant ¢ depends only on 7, p, €, D, and the doubling constant
of w.

Therefore, together with (8.1), this immediately implies the following
result.

COROLLARY 8.1. If w is a doubling weight, 1 < p < oo, f € L,[—1,1],
and n,r € N are such that n 2 r, and A/n <t < B/n, then
W () g, ~ D (), ~ Ko (fr ), ~ Ko (f1 ),

~ RT‘,QO(f? t)pﬂuﬂ ~ RT’,gDn (f? t)pﬂun’

where all equivalence constants depend only on r, p, A, B, and the doubling
constant of w.

We now turn our attention to the case 0 < p < 1. Things are a bit more
complicated now since, as was shown in [5], the K-functionals are identically
zero if 0 < p < 1. However, we are still able to get the equivalence of the
moduli and the realization functionals.

Lemmas 6.9 and 7.1 imply that, for a doubling weight w, 0 < p < 1,
n € N, and some constant ¢ depending only on r, p, and the doubling con-
stant of w,

w:;(f? t)p’u)n é CRT’,Cp(fa t)p’wn7 O < t é ’19/77,7

where ¢ depends only on r, p and the doubling constant of w. For n = r,
together with (8.2), this implies, for A/n <t < ¥/n,

83)  Rrp, (fit)pw, S Wo(fsA/N)y 0, S L (fit)w, S wi(fit)yw,

S cR, o (f, t)p,wn < cRyp, (f, t)p,’wn
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Suppose now that P} € II,, is a polynomial of (near) best approximation
to f with weight wy, i.e., |f — Py, .. = cEn(f) and consider

D, Wn?

RS (F ), = I = Pl + 1[0 (P

Then, Lemmas 6.9 and 7.1 and Theorem 5.3 imply, for A/n <t < 9/n,

D,Wn

RS (F )y, S CBa(f)p, + 1|07 (PO

p,Wn

A

< CEn(f) o, + c(A/n)"||0"(PH)"|]

p;Wn

A

CEn(f)pw, + e (PryA/n) o S Bu(f)y 0, + e (fLA/M),,,,

PyWn

g Cw;(f? ‘A/n)p7u}” g Cw;(f’ t)p7w”'
Since
R”#’(fa t)p,wn é R;‘k,cp(fv t)p,wn7

together with (8.3) we get the following result.

COROLLARY 8.2. If w is a doubling weight, 0 <p <1, feL,[-1,1],
and n,r € N are such that n = r, then there exists a positive constant 9 de-
pending only on r, p and the doubling constant of w, such that, for any
constant 0 < A <9 and A/n <t < 9/n, we have

w;(f, t)p,wn ~ %(ﬁ t)p,wn ~ RTv@(f’t)p,wn ~ Rrv@n(f’ t)p,wn ~ R;eo(f’ t)p,wn’

where all equivalence constants depend only on r, p, A, 9, and the doubling
constant of the weight w.
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