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Abstract� Negative results for k�monotone polynomial and spline ap�
proximation in Lp�� � p � �� metric and unconstrained polynomial
approximation in Lp�� � p � �� quasi�norm are obtained� In par�

ticular� it is shown that the estimates E
�k�
n �f�p � C���f

�k�� ��p and

E
�k�
r�n �f�p � C���f

�k�� ��p are not true in general for � � p � �� and
the estimate En�f�p � Cn���m�f �� n���p is true for not all f � AC�

if � � p � �� where E�k�
n �f�p� E

�k�
r�n �f�p and En�f�p denote the rates

of best k�monotone polynomial� k�monotone spline and unconstrained
polynomial approximation in Lp� respectively�

x� Introduction

Let Lp��� ��� � � p � � denote the space of all measurable functions on
��� �� such that

kfkp �� kfkLp ����� ��

��R �
�
jf�x	jp dx

���p
� � � p �� �

ess supx������jf�x	j � p ��

is 
nite� and let Ljp��� �� be the space of functions which are j�fold integrals
of Lp��� �� functions� As usual� the integral modulus of smoothness of
orderm is given by �m�f� �	p �� sup��h�� k�

m
h �f� �	kp � where �

m
h �f� x	 ��Pm

i��

�
m
i

�
���	m�if�x 
 ih	� if �x� x 
 mh� � ��� �� and �m

h �f� x	 �� �� if
�x� x 
 mh� �� ��� ��� is the m�th �forward	 di�erence �if m � �� we set
���f� �	p �� kfkp	�

Also� let �n denote the set of all algebraic polynomials of degree � n�
and S�r�N	 be the space of all splines of order r with knots fi�NgNi�� � i�e��
s � S�r�N	 if and only if s is a polynomial of degree � r � � in each
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interval �i�N� �i 
 �	�N �� and s � Cr����� ��	� We also denote by �k the
set of all functions f such that �k

h�f� x	 � � for all h � � and x � ��� ���
In particular� �� is the set of all nondecreasing functions� It is easy to
see that� if f � Ck��� ��� then f � �k if and only if f �k��x	 � �� x �
��� ��� We are interested in approximation of such functions by polynomials
and splines from �k� i�e�� in the so called �k�monotone approximation��
Recall that the rates of best unconstrained and k�monotone polynomial
approximation are given� respectively� by En�f	p �� infPn��n kf � Pnkp
and E

�k�
n �f	p �� infPn��n�	k kf � Pnkp �

The following Theorem A was proved by A� S� Shvedov ���� in the
case i � �� Recently� S� P� Manya noticed that the same proof works for
all i � k � � �see ����� for example	�

Theorem A� Let A � �� k � �� � � p � �� n � k 
 � and � � i � k � �
be given� Then there exists a function f � Ck��� �� ��k� such that

E�k�
n �f	p � A�k
��i�f

�i�� �	p � ��	

In the case for monotone approximation� Theorem A implies that the

estimate E
���
n �f	p � C���f� n��	p is not true in general� At the same time

the following �direct	 result is known�

Theorem B� If f � Lp��� �� ���� � � p � �� then for any n � �

E���
n �f	p � C���f� n

��	p � ��	

Therefore� in the case � � p � �� if f � L�p��� �� ���� then

E���
n �f	p � Cn����f �� n��	p � ��	

Theorem B was proved by R� A� DeVore ��� for p ��� by A� S� Shve�
dov ���� in the case � � p � �� and by R� A� DeVore� D� Leviatan and
X� M� Yu ��� for � � p � ��

In the case p � �� it was proved by I� A� Shevchuk ���� and� in�
dependently� by Y� P� Ma and X� M� Yu ���� that� if f is continuously
di�erentiable� then a much better estimate than ��	 is true� Namely� the
following result was established�

Theorem C� Let f � C���� �� ���� then

E���
n �f	� � Cn���m�f

�� n��	� for any n � m� ��	

Thus� the natural question on whether one can improve the estimate
��	 in the case � � p �� arises� We will show that it is impossible� that is�
� in ��	 can not be replaced by �m with m � �� In fact� we will prove the
following negative result in the general k�monotone case� �This result is a
generalization of Theorem � of ���� and its proof is based on a modi
cation
of the counterexample from ����	
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Theorem �� Let k � N and � � p � � be �xed� and let � � N and
m � N 	 f�g be such that maxfk 
 � �m�kg � � � k 
 p��� Then for
any n � N � � � � � � and A � � there exists a function f � C���� ���

f �k��x	 � �� x � ��� �� such that for every Pn � �n� P
�k�
n ��	 � � the

following inequality holds

kf � PnkLp ����� � A�m�f
���� �	p� ��	

Corollary �� The estimate

E�k�
n �f	p � C���f

�k�� �	p ��	

is not true in general for � � p �� and f � C���� �� ��k� k � N �

In the case � � p � � Theorem A is an immediate consequence of
Corollary �� However� we can not say the same if � � p � �� since the
estimate �k�f� �	p � C��k���f �� �	p is no longer valid if p � � �though it is
easy to modify the proof of Theorem � to yield ��	 for all i � k�� and p �
�	� It is well known that Lp� � � p � � spaces are �pathological in nature��
For example� they are not Banach spaces� there are no linear continuous
functionals in Lp �except the zero functional	� etc� It was recently shown
by Z� Ditzian� V� H� Hristov and K� Ivanov ��� that the Peetre K�functional
between Lp and W r

p is identically zero�

Theorem D� For � � p � �� r � N � t � � and any f � Lp��� �� we have
Kr�f� tr �Lp�W r

p 	 �� infg�Cr �����

�
kf � gkp 
 trkg�r�kp

�
� � �

Z� Ditzian ��� proved that the rate of simultaneous approximation of
a function and its derivatives is very bad if � � p � ��

Theorem E� For � � p � � and f � AC��� �� we can not have Pn � �n

such that kf � Pnkp � C ���f� n��	p and kf � � P �nkp � C ��f �� n��	p
simultaneously with constants independent of f and n�

Thus� the following result is not surprising�

Theorem �� For every A � �� B � R� � � p � � and n � N there exists
an absolutely continuous function f �f � AC��� ��	� such that

En�f	p � AnBkf �kp � ��	

Corollary �� The estimate En�f	p � Cn���m�f
�� n��	p is not true in

general for � � p � � and any m � N 	 f�g�

At the same time� the condition f � �k is rather strong �at least
for k � �	 in the sense that it eliminates those functions f which �bring
anomalous properties� into Lp for p � �� To illustrate this we only men�
tion that employing the method of the proof used by R� A� DeVore and
D� Leviatan ��� one can show the validity of the following �direct	 result on
convex polynomial approximation in Lp for � � p � ��
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Theorem F� Let f � L�p��� �� �� � p � �	 be convex� then for every n � �

E���
n �f	p � Cn����f �� n��	p � ��	

It is well known that for unconstrained polynomial approximation one
has the following estimate

En�f	p � Cn��En���f
�	p� � � p � � � ��	

It follows from Theorem � that ��	 is not true if � � p � ��

Corollary �� For every A � �� B � R and � � p � �� there exists n � N
and f � AC��� �� such that

En�f	p � AnBEn���f
�	p � ���	

Now� the natural question is whether the estimate

E���
n �f	p � Cn��En���f

�	p ���	

is true for f � L�p��� �� � ��� In view of the estimate ��	 it seems that
it would be reasonable to expect that ���	 is true at least in the case
p � �� Moreover� it is not di�cult to see that� if p � �� then the
following inequality� which is weaker then ���	� holds�

E���
n �f	� � CEn���f

�	� � ���	

Indeed� the following proof� based on a slight modi
cation of one of the
proofs in O� Shisha�s paper ����� was proposed by D� Leviatan� Let f �
C���� �� ���� and let pn�x	 �� En���f �	�x
 qn�x	 
 f��	 � qn��	� where
q�n is the best approximation to f � from �n��� Then pn � �n ���� and

E���
n �f	� � kf � pnk� �

����
Z x

�

�f ��y	 � p�n�y		 dy

����
�

� kf � � p�nk� � kf � � q�n �En���f
�	�k� � CEn���f

�	� � ���	

Despite all the above� it was recently proved by I� A� Shevchuk ����
that ���	 is not true for p ��� Namely� there exists an absolute constant
C� �C� �

�
��� 	 and a function f � C���� �� ��� such that

E���
n �f	� � C�En���f

�	� � ���	

Thus� in a sense� ���	 is the best possible estimate of this type� If p �
�� then the rate of approximation deteriorates even further� and even
the estimate ���	 is no longer valid� The following is a consequence of
Theorem ��
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Corollary �� For any n � N � k � N � � � p � � and A � � there exists
f � C���� �� ��k such that

E�k�
n �f	p � AEn�k�f

�k�	p � ���	

Another corollary of Theorem � is the fact that one can not have the
estimate

E�k�r�n �f	p � C���f
�k�� �	p� � � p �� ���	

for k�monotone spline approximation� where

E�k�r�n �f	p �� inf
s�S�r�n��	k

kf � skp �

Thus� the following result on monotone spline approximation in Lp� � � p �
� is the best possible in the sense of the orders of moduli of smoothness�
�In the case k � � and � � p �� it was also recently proved by X� M� Yu
and S� P� Zhou �����	

Theorem G �monotone spline approximation�� The following estimates
are valid�

E���r�n�f	� � Cn���r���f
�� n��	��

if f � C���� �� ��� and r � � �D� Leviatan and H� N� Mhaskar �����

E���r�n�f	p � Cn���r���f
�� � n��	p�

if f � L�p��� �� ��� �� � p ��	 and r � � ������

E���r�n�f	p � Cn����f �� n��	p�

if f � L�p��� �� ��� �� � p ��	 and r � � �C� K� Chui� P� W� Smith and
J� D� Ward �	���

x� Proofs

Proof of Theorem �� We now construct the counterexample described
in Theorem �� This counterexample is a modi
cation of the one used in
the proof of Theorem � of ��� �see also Theorem � of ���	�

Let n � N � � � � � �� A � � and � � p �� be 
xed� and de
ne

f��x	 ��

Z x

�

Z x�

�

� � �

Z xk��

�

�
	xk � ln�xk 
 e��	 � ln 	

�
dxk � � � dx�
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�
�

�k � �	�

Z x

�

�x � y	k��
�
	y � ln�y 
 e��	� ln 	

�
dy �

where 	 � � will be chosen later� Clearly� f� � C���� ��� and it is easy to

check that f
�k�
� �x	 � 	x � ln�x 
 e��	� ln 	 � �� x � ��� ���

Suppose that the assertion of the theorem is not true� i�e�� that for
every 	 � � there exists a polynomial P��n�x	 � a�
a�x
 � � �
anx

n � �n

such that P �k�
��n ��	 � k�ak � �� and

kf� � P��nkLp����� � A�m�f
���
� � �	p � ���	

Now� note that there exists a constant C� which depends only on p� � and
k� such that

�m�f
���
� � �	p � C� � ���	

Indeed� if � � k �which is possible only in the case m � �	� then

�m�f
���
� � �	pp � �m

��
ln�x 
 e��	

�
� �
�p
p
�
��ln�x 
 e��	

��p
p

�

Z �

�

��ln�x 
 e��	
��p dx � Z �

�

jlnxjp dx � � 
 ��p 
 �	 �

If � � k� then

�m�f
���
� � �	pp � �m

��
ln�x 
 e��	

����k�
� �
�p
p
�
����ln�x 
 e��	

����k����p
p

� ���k��	�
����x
 e��

�k�����p
p
� ���k��	�

Z �

�

dx

x���k�p
�

�� � k � �	�

�� �� � k	p
�

since �� � k	p� � � �� Now� using the estimate

����
Z x

�

�x � y	k�� ln�y 
 e��	 dy

����
p

�

Z �

�

��� y	k��
��ln�y 
 e��	

�� dy

�

Z �

�

��ln�y 
 e��	
�� dy � Z �

�

jln yj dy � � ln � �

together with ���	 and ���	� we have

���� �

�k � �	�

Z x

�

�x � y	k�� �	y � ln 		 dy � P��n�x	

����
Lp�����

� �maxf����pg�AC� 
 � ln �	
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and� therefore �see Lemma ��� of ����	����� �

�k � �	�

Z x

�

�x � y	k�� �	y � ln 		 dy � P��n�x	

����
L������

� C����p�maxf����pg�AC� 
 � ln �	 �� C� �

Now� applying Markov�s inequality� we get���	x� ln 	 � P
�k�
��n �x	

���
L������

� ��kn�kC�

and� in particular�
���ln 	 
 P

�k�
��n ��	

��� � ��kn�kC�� Therefore� choosing 	 �

expf��kn�kC�g
 � we get P
�k�
��n ��	 � ��kn�kC� � ln 	 � �� thus� obtaining

a contradiction�

Proof of Theorem �� Let 	 � n���� be a parameter which will be chosen
later� For x � ��� n��� we de
ne

f��x	 ��

��	
�

x	��� x � ��� 	��
�� x � �	� n������
n��	���� 
 �� x	��� x � �n����� n���� 
 	��
�� x � �n���� 
 	� n����

Now� let f��x	 �� f�
�
x � �xn���n��

�
for x � �n��� ��� Clearly� f� �

AC��� ��� Let us denote Y� �� fx � ��� �� � x � �xn���n�� � �	� �
�n� �g �

	n
���

i�� � in� 
	� i
n� 


�
�n� � � Y� �� fx � ��� �� � x� �xn���n�� � � �

�n� 
	� �
n� �g �

	n
���

i�� � in� 
 �
�n� 
 	� i
�n� � and Y� �� ��� �� n fY� 	 Y�g� Then f��x	 � �

if x � Y�� f��x	 � � if x � Y�� and jf ���x	j � 	�� if x � Y�� Hence�

kf ��k
p
p � 	�pmeasfY�g � �n�	��p � At the same time� since every polyno�

mial Pn of degree � n has not more than n � � points of monotonicity
change� there exists an interval �a� b� � ��� �� of the length at least ��n such
that Pn is monotone on �a� b�� In turn� this implies the existence of an
interval �
� �� � �a� b� of the length ����n	 �in fact� �
� �� is �a� �a
 b	��� or
��a 
 b	��� b�	 such that either Pn�x	 � ��� or Pn�x	 � ��� for x � �
� ���
Suppose that Pn�x	 � ���� x � �
� �� �the other case is treated similarly	�
Then

kf� � Pnk
p
p �

Z
Y�������

jf��x	 � Pn�x	j
p dx �

Z
Y�������

jPn�x	j
p dx

� ��pmeasfY� � �
� ��g � ��p��n�n����� 		 � ��p��n�� �

�In fact� using more precise calculations one can show that kf� � Pnkpp �
Cp�	 Finally� it is su�cient to choose

	 � min
n
n�����

�
��p��A�pn�Bp��

������p�o
in order to complete the proof of the theorem�
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