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Simultaneous Approximation by Algebraic Polynomials

K. Kopotun

Abstract. Some estimates for simultaneous potynomial approximation of a function
and its derivatives are obtained. These estimates are exact in a certain sense. In particular,
the following result is derived as a corollary:

For f e C"[-1,1],m € N, and any n > max{m + r — 1, 2r + 1}, an algebraic
polynomial P, of degree < n exists that satisfies

|F® @) = BE(£,0)] = CoomTame 0) 0™ (£, Tarma () ,

for0 <k <randx € [—1, 1], where w”(f("), &) denotes the usual vth modulus of
smoothness of f ® and

Crrmi (x) =
n/1—x2, if xe[-14+n21-n"7}

ety LD -
(1 — x2)r—ktDfr—ktm) , if xel[-1,—-1+n"7]
ULl —n2 1]

n

Moreover, for no 0 < k < r can (1 — x2)¢=k+D/O=k+m) (] 15 2(m=1)/(r—k+m) pe
replaced by (1 — x2)%n?%~2 withag > (r —k + 1)/(r — k +m).

1. Introduction

We begin by recalling some standard notations. The symmetric mth difference of a
function f is given by

m

m m-i om . . m
AT (f, %, a, b]) = ;(i)(_l) f(x 2n+ln), if xizne[a,b],

0, otherwise.

The Ditzian-Totik modulus of smoothness is (see [5] and [6])

wp(f. 6, la, b)) 1= Sup | Aoy (fs %, L@, BD i cia.bys
<h=<
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where ¢(x) := +/1 — x2 and {a, b] C [—1, 1]. Note that if A = 0, then
o' (f, 8, la, b)) = & (f, 8, [a, b))

is the usual modulus. Also, we denote the set of all algebraic polynomials of degree < n
by I, and we let A, (x) :=n~"'v/1 —x2 +n"2 and @i (f,8) == &l (f,8, =1, 1D).

The following results on simultaneous approximation of a function and its derivatives
in terms of the usual moduli of smoothness are known.

Theorem A. Let f € C'[—1, llandm € N. Then there exists an integer ng = ny(r, m)
such that for any n > ng there is a polynomial P, € I, satisfying, for 0 <k <r and
xe[-1,1],

(D [fO@) — PP < Clor,m)A(x) ™ (f, Au(x)).

Theorem B. Let f € C'[—1, 1]andm € N. Then there exists an integer ny = no(r, m)
such that for any n > nyg, there is a polynomial P, ¢ T1, satisfying

—3 r—k ——
) If”"(x)—P,f"’(x)i5C(r,m)< lnx) o™ (f“% : "),

n

forO0 <k <min{r —m+2,r}and x € [—1, 1].
Moveover, the condition k < r — m + 2 cannot be removed.

Remark. In Theorem A, the exact lower bound on n is ng = m + r — 1. Indeed, it is
easy to see that forn = m +r — 1, Theorem A is valid (choose P, to be a Lagrange
interpolation polynomial of degree < m +r — 1), and thatforn < m+r — 1, (1) is
no longer true (consider f € T1,.,_1). At the same time, the exact lower bound on »n
in Theorem B, as far as we know, is not found (at least not for all » and m). It follows
from Corollary 2-3.1 in Section 2 (see also [22]) that ng < 27 + 1. Also, it is not difficuit
to see that (2) implies f® (1) = PO(£1) fork =0, 1,...,&k + [(r — k)/2], where
k= min{r — m + 2, r}, and, therefore, ng > max{m +r — 1, 2k +2[(r — I;)/Z] + 1}
Thus, in the case 3 < m < r + 1 the question about the exact value of #n¢ in Theorem B
remains unanswered.

The following is a brief history of proofs of Theorems A and B. Estimate (1) with
k = Qand m = 1 was obtained by A. F. Timan [28] in 1951. In 1955, A. O. Gelfond [10]
proved Theorem A with n~! instead of A,(x) and m = 1. In 1962, R. M. Trigub [29]
showed the validity of Theorem A in the case m = 1 and remarked that the same proof
works for m = 2 (see also V. N. Malosemov [23]). In 1963, Yu. A. Brudnyi [1] (see also
[2]) extended Timan’s result showing that (1) is valid for k = 0 and arbitrary m € N. In
1966-67, S. A. Telyakovskii [27] and 1. E. Gopengauz [12] independently proved (2) in
the casesm = 1,k =0andm = 1,0 < k < r, respectively. In 1967, 1. E. Gopengauz
[13] proved Theorem A in general. In 1975, R. A. DeVore [4] being the first to prove
estimates involving @™ (+/1 — x2/n) with m > 1, obtained (2) form = 2 and r = 0.
Eight years later, in 1983, E. Hinnemann and H. H. Gonska [16] proved the case m = 2,
r > 0and k = 0 in Theorem B. In 1985, they [11] also showed the validity of (2) for
thecasesk =0, m <r+2and0 <k <r —m,m < r.In 1985, X. M. Yu [30] showed
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that (2) is not true if k = O and m > r + 3. Finally, W. Li [22] in 1986 and R. Dahlhaus
(3] in 1989 independently settled Theorem B as stated.

W. Li [22] also proved the following result showing that the obtained estimate is the
best possible in some sense (we refer the reader to Theorem 11 of [22] for details).

Theorem C [22]. Let-f € C'[—1, 1}.andm > r + 2. Then, foranyn > m +r — 1,
there exists a linear operator Q,,: C'[—1, 11 — I1, such that

3) 1fP@) - 0%, )
7\ "k A3
<ce, m)( —2 ) o (f(’), — +;}2-(n\/1_—?)<’+2“">/'"),

forO<k<randx e[-1,1]

The following result is an immediate corollary of Theorem C.

Corollary D. Let f € C'[—1, 1] and m € N. Then there exists a sequence of linear
operators Q,: C'[—1, 11+ I1,, such that for every 0 <k <randx € [-1, 1],

1 —x?

r—k
@ sf“"(x)—Q,‘,")(f,xn_sC<r,m)< ) " (F, An(x)).

Indeed, if m > r + 2, then /1 — x2/n + 1/n%(n/1 — x2)0+270/m < CA, (x) and,
therefore, (4) is valid. For | < m < r + 2, (4) follows from the case m = r + 2 and
the inequality " *2(f,8) < C(r)w™(f®,5). Estimate (4) is not as strong as (2),
but, on the other hand, it is valid for all 0 < k < r while (2) is not true in general for
k>r—m+2.

Recently, the following analog of Theorem B and Corollary D in terms of w;ﬂ moduli
was obtained by Z. Ditzian, D. Jiang and D. Leviatan [7].

Theorem E [7]. For a function f € C"[—1,11, m € Nand 0 < 1 < | there exists a
sequence of polynomials P, € T, for which

r—k
_ y2
G 1% - PPwI<C (%) DR (fO MA@, 0<k<r

and
(6) 1P < CA@) ol (fO, n 7 A()' ™), k= m+r,
where x € [—1, 1].

Clearly, (5) coincides with (4) when A = 0. For m = 1, 2, better estimates than those
in Theorem E were proved in [7].
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Theorem ¥ [7]. For f € C'[-1,1] and 0 < A < 1, there exists a sequence of
polynomials P, € T1,, such that for all x € [—1, 1],

r—k s
D 1P - PP W) gc(_l—_x_z_> wi,x(f(’),n“’\ (\/l—xZ) )
n

forl=1,2and0 <k <r,and

®) [P ()] < CA) el (f(’), n (——
forl+r <k < ko, with some ky € N.

(In Theorem 1.2 of [7] it was stated that (8) holds for all k > [ 4 r. This is a misprint
since the only polynomials such that P% (41) = 0 for all k > [ + r are those of degree
< r +1 — 1. One should add the restriction k < kq.)

Other results on simultaneous approximation of a function and its derivatives can be
found in [14], [15], [17], [21], [26], and [31].

2. Main Results

In this paper we obtain some results on simultaneous polynomial approximation of a
function together with its derivatives which improve the estimates quoted in Section 1.
Our proof is different from those employed in the above-mentioned papers (it seems
that it is closest to the one used by Yu. A. Brudnyi in {2]) and, hence, can be viewed
as an alternative proof of Theorems A-F. Moreover, not only do we improve the esti-
mates (1)—(8), but aiso our construction (see Theorem 2) yields a polynomial P,(f, x)
(more precisely, a linear operator P,(f, x): C"[—1,1] — II,), which fits all the above
cases simuitaneously. Furthermore, unlike the polynomials in Theorems E and F, which
are different for different A’s, P,(f, x) is constructed independently of A (for further
discussions see Theorem 2 and the comment after it).

We start with the following result which is of the same type as Theorem A, and which
improves (1)—(8) inside the interval {—1, 1], i.e., forx € [—1 + n=2,1—n"?].

Theorem 1. Letr € No,m € Nand f € C'[—1,1). Then foranyn = m +r — 1,
there exists a linear operator P,(f,-). C"[—1, 1] > I, such that for every 0 < 1 < 1
and x € [-1, 1],

@ 1P = PP 0| < Clrm)A Rl T, AL (),

for 0 <k <r and any r; € Ny satisfyingk <ry <r.
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Also, the following estimates hold for every 0 < X < landx € [-1, 1]:
(10) IPE(f, 0] < COAY Tl (O, n 7> A (1)),

fork>m+randanyr € Ng, 0 <r <r.

Note that the properties of the «°, moduli (see Chapter 6 of [5]), unfortunately, make
it impossible to simplify the assertion of Theorem 1 without losing its generality (we
encounter the same problem for Theorem 2 whose assertion is even more forbidding).
When A > 0, the cases for different r;’s and #’s are independent. This is determined by
the fact that the inequality

(11 @hi(g, n M A, (0)'TH < CAWN (g T AR(x)! ™)
is not, in general, true if A > 0. Indeed, forany0 < A <l ands € N,
wfﬂl (x°, 8) = s'min{8*, (2/5)°}.
Therefore, if g(x) = x* andn > 5/2, then
Wi (8,7 A (1)) = C) T A) T
and
W Mg n T 80T = CO@T A0

Hence, if (11) were correct for A > 0, we would have A, (x) > Cn~ ! forallx € [—1, 1],
which, of course, is not true. On the other hand, for A = 0 (11) is correct and, hence, the
assertion of Theorem 1 for A = 0 is much simpler (estimates (9) and (10) for r; > k and
7 > 0 follow from the case r, = k and ¥ = 0).

Corollary 1.1. For f € C"[—1,1],m € N,and anyn > m +r — 1, a linear operator
P,(f, ). C"[—1, 1]+ I, exists such that for x € [—1, 1],

(12) IO @) = PP(f, )] < Clorom)o™ (P, Au(x)),
JorO0 <k <r,and

(13) PR 0] < CRA @) ™ (f, An(x)),
fork>=m+r.

Corollary 1.1 not only implies Theorem A, but also (12) is better than (1) since the
inequality, @™ (f, 8) < C8w™ (£, §), generally cannot be reversed.

Our next result is an analog of Theorems B~F (i.e., the rate of approximation is
estimated by the quantity which is zero at the endpoints of the interval [—1, 1]) in
terms of wZ& moduli, which improves (1)~(8) near the endpoints of [—1, 1] (i.e., for
x€[-1,-1+n2JUl —n~2 1]).

Theorem 2. Letr € Ng,m € N, kg = m +r,and f € C'[-1,1]. Then for any
n > max{m +r — 1, 2r + 1} there exists a linear operator P,(f, ). C'[—1,1] — II,
such that for every sequence {ag};_o C [1/m, 1}, andfor0 < A < 1and0 <k <r,the
following inequalities hold:

14 19w = PP 0] < Clho) ) F ol (f7, n7 Ap(x)! ),
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forx e [-1+ n % 1—=n"?], and

(15 1fP00) = PO 0] < Clhon 20 (1 — i) Iz

x (l):;)\(f(r), n—)»((l _ x2)akn2ak—2)l—k)’

forx e [—1, =1 +n2JU[1 —n72,1].
Also, there exists a constant ng = ng(ko) such that if n > nqg, then for every
{Otk}f_’:mﬂ c [1/m, 1], {rk}f’:mﬂ C [0, kgl,and for0 <A < landm +r <k < kg,

operator P, (f, x) satisfies
(16) IPR(f, 0)] < Clko) An (1) * (f 7, n 7 A, (1)),
forx € [=1+n72,1—n"?], and

(17) |Pr§k)(f7 x)| < C(ko)nZ(rk‘r+k+l—o(km)(l _ x2)rk+l‘akm

x W (f7 a1 = xByaPnT)h,

forx e [—1,—1+n"2JU[l —n2 1]

Even though Theorem 2 looks somewhat formidable (even the case A = 0 is rather
involved), it has some nice applications, and, in particular, all the results from Section 1
(the direct part of Theorem B) immediately follow from it. Subsequently we present a
few corollaries of Theorem 2 for the particular case A = 0. To simplify the exposition
we omit the estimates of the higher derivatives of approximating polynomial P,(x) (or
operator P,(f, x)) in these corollaries.

We emphasize one more time (it is already done in the statement of Theorem 2)
that (15) and (17) are valid for all choices of ;’s and r’s (which can be different for
different k’s) satisfying 1/m < oy < 1 and 0 < rp < ko. In fact, the upper bound ko in
the restrictions on the r;’s is not important. We need it only to stress that the r’s cannot be
boundlessly large. Any positive integer (say, k1) would do. In that case the construction
of P,(f, x) and all the constants in (14)—(17) would depend on k. However, rather than
introduce one more parameter we employ what is already in use, the number k. In that
way we do not over-complicate the statement and, at the same time, it is very easy to
see that by employing ko doing so we lose no generality of Theorem 2 (ko can always
be chosen larger than k).

We also remark that the lower bound on n in Theorem 2, n > max{m +r —1, 2r + 1},
is exact.

In addition, the natural question, How sharp are the estimates of Theorem 2, is partially
resolved in this paper. First, since Theorem 2 (A =0, m > r +2,and oy = (r +2 —
k)/(2m) for 0 < k < r) implies (3) which cannot be improved in some sense (see
Theorem 11 of W. Li [22]), then (15) cannot be improved uniformly for all A in the same
sense. More details for the case A = 0 are given in Theorem 3. In particular, the negative
part of Theorem B follows as its corollary. In fact, the proof of Theorem 3 is based on a
slight modification of the ideas of X. M. Yu [30] which, in turn, were used in the proof
of Theorem B in [3].
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Theorem 3. Letr € No,m € N,andleta > 0,8, v € Rbesuchthata+mp > r+1.
Then for every constant K € R, a function f € C""~1[—1, 1] exists such that

inf max [f(x) — Py(x)]
Pell, | xel=14n2,1-n=2]1 A (x) ™ (f ), A, (x))
| f(x) — P(x)]
+ su > K.
xe[—1,-1+n*§;u[1_n72,1] (1 —x2)en2e=2rgm(f0 (1 — x2)fnv)

We have the following corollaries of Theorems 2 and 3.

Corollary 2-3.1. Let f € C'[—1,1] and m € N. Then for any n > max{m +r — 1,
2r + 1} there exists a linear operator P,(f,-): C'[—1,1] — TIl, such that for every
0 < k < r, the following inequalities hold:

(18) IfO @) = PO, x| < Clrym) A (x) ™ (f 7, An(x))
forx e [—1 +n21—n"?],and
(19) 1FOx) — PO x| < Cr mT i (1) * ™ (F, T (%)),

forx e[—1,—1+ n 21Ul —n~2, 1], where
Fnrmk(x) = (1 _ x2)(V—k+l)/(r—~k+m)(l/n?,)(m—l)/(r—k+m).

Moreover, these estimates are exact in the sense that forno 0 < k <r can Uyppi (x)
be replaced by (1 — x®)%n** 2 withay, > r —k+ 1)/(r — k + m).

Corollary 2-3.1 improves the estimates of Theorem B. First, ['yppmi (x) < +/1 — x%/n
forany0 <k <r-+2—mandforallx € [-1, =1 +n"2JU[l —n~2, 1]. Second, (18)
and (19) hold for all 0 < k < r while (2) may not be true if k¢ > 7 + 2 — m. It is also of
interest to consider the special case m = 1 in Corollary 2-3.1.

Corollary 2-3.2 (m = 1). For a function f € C'[—1,1] and any n > 2r + 1 there
exists a linear operator P,(f,): C"[—1, 1] — I, such that for every 0 < k < r and
x € [—1, 1], the following inequality holds:

1FO@) = PO 0] < COManc @) 0 (£O, i (),

where Ty (x) == min{1 — x%, /T = x7/n}.
Moreover, T, (x) cannot be replaced by min{(1 — e 1 - xZ/n} witha > 1.

The following result follows from Corollary 2-3.2 by the argument used by D. Leviatan
in the proof of Theorem 2 of [21].

Corollary 2-3.3. Let f € C"[—1, 1]. Then for any n > 2r + 1 there is a polynomial
P, € T, such that for every0 < k <randx € [—1, 1],

k

f®x) — PP < Cr) (min {1 —x?, E,,(f),

where Es(g) :=infper, g — Pslici-1.11-
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Corollary 2-3.3 improves the estimate

V1= x2
n

r—k
[fO@) - PP < Clr) ( ) Eur(f),

which was obtained by T. Kilgore {17].
The most general case in Theorem 2 for A = 0is when «y = 1/m for all k. Therefore,
for A = 0, Theorem 2 (without (16) and (17)) can be restated as follows:

Corollary 2-34. Letr € No,m € N,and f € C'[—1, 1. Then for any n > max{m +
r — 1,2r + 1} a linear operator P,(f,-): C'[—1, 1] — I, exists such that for every
0 < k < r, the following inequalities hold:

(20 1F® @) — POf,x)] < Clr,m)A,(x) ™ (fO, An(x)),

forx € [—1 +n2,1=n"?],and

(m—1)/m
QD 1fP@ =PRI <Clrm)(1 —xH) o™ (f(”, (1—x2)/m (735) )

forx e [-1,—1+n"tJUl —n7%1].
Moreover, for any y € R the quantity (1 — x2)V/™(1/n?)*=D/m jn (21) cannot be
replaced by (1 — x*)%nY witha > 1/m.

It should be mentioned that (20) and (21) coincide with (3) whenk = r andm > r+2.
Even though for k¥ < r (3) is weaker than (21), it can be shown (using the Taylor
expansion) that (21) with & < r follows from the case k = r if PO (£1) = F®(£1) for
allk =0, ..., r. Therefore, for m > r 4 2 and large #n, the direct part of Corollary 2-3.4
follows from Theorem C. (Similarly, it can be shown that Corollary 2-3.3 follows from
Theorem B withm = 1.)

In the next section we recall some definitions and introduce notations which are used
throughout the paper. Then following section contains auxiliary results for the proofs
of Theorems 1 and 2. In Section 5 we separately consider auxiliary results intended for
the proofs of the case A > 0 (therefore, this section can be skipped by the reader only
interested in the case A = 0). Finally, the proofs of Theorems 1 and 2, and Theorem 3
are given in Sections 6 and 7, respectively.

3. Definitions and Notations
Throughout this paper we use the following notations (cf. [8], [9], [24]-[26]):

x; = cos(jm/n), 0<j<n,

I = [xj, xj_1], hj = xj_1 —xj, 1<j<n.
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" (Note that k41 < 3h; and A, (x) < hj < 5A,(x) forx € I;.)

7o (xj, %j—m—rq1l, if m4+r—1=<j=<mn,
o [xm-f—r—l’ 1]7 if OEj <m+r_17

whenm +r —1 > 0, and

- (L, if 1
g “{11, it

1A

J =n,
Os
whenm +r — 1 =0 (@.e.,, whenm = 1 and r = 0). Also,

2
COS 2n arccos x sin 27 arccos x \ 2
L(x) = — ) T|\————

x—xj X—Xj

is the algebraic polynomial of degree 4n —2, where X; := cos(jmw /n—m/2n),1 < j <n,
x) = cos(jm/n —m/4n), 1 < j < n/2and x} := cos(jm /n—3n /4n),n/2 < j <n.
This polynomial was introduced by V. K. Dzyadyk (see also . A. Shevchuk [26]) and
extensively used in [9], [24]-[26], and [18].

Let
1
I, (1, e, &) = f (1= yH5 ()" dy,
-1

Ti(n, p, §)(x) :

I

L (n, 2, &) / (1 — Y5 ()dy,
-1

and

Rim(n, p, §)(x) = (x — x;)" Tj(n, i, §)(x).

We also denote

) = I, if x>ux,
Xi) =10, otherwise,
and
h;
vi= Ix — x| +h;°

and note that ; < 1 forallx e [—1,1}and 1 < j <n.

L(f,t;11,...,t,41) s the Lagrange polynomial of degree < v which interpolates the
function f at the points t1, ..., f,.

Finally, all C are positive constants which are not necessarily the same, even when
they occur in the same line. In order to emphasize that C depends only on the parameters
Vi, ..., V the notation C (v, ..., v) is used.

4. Auxiliary Statements and Results

The following proposition contains simple but important inequalities which are used in
almost all proofs later on.
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Proposition 4.  The following inequalities hold forall x, y € [—1,1]and 1 < j < n:

(22) (Ix — x5l +71))7% < 5(x) <4-10%(x = x;1 + b)) 77,

(23) An(3)? < 40, (x) (Ix = ¥l + Ag(x)),

24 (x =yl 4+ 2.00/2 < |x =yl + A () < 2(x — ¥+ A, (%)),
14+x 1 - X -1

(25) 1+xj—-1 =< CI/f] and ey =< Cl/f, »

(26) CYIALx) < An(x) < Y Ay (),

and

@7 Z v <C, forany o=>2.

i=1

Proof. Estimates (22)-(24) and (27) are verified by straightforward computations, and
can be found in [24]-[26], for example. To show the validity of (25) we write

1+x X — Xj_y |x—x-_1| 1
1 2 ooy,
1+)Cj_1 1+Xj_1 l’lj 1’;,]
and
I—x X — X lx — x;]
=1+ <1+ L =y
I—XJ‘ + I—Xj =0 hj wj

The right-hand side inequality in (26) follows from (23) and (24) since

| X — x| + An(®)
An(xj) < 475 (x) A
X — x;1 + Anlx)) -
< 8A,(x) /}An(x,-) < Y A).

Finally, using the last inequality, we have

An(x)?
S (A WES)

A A(x) An(x;) )
= 4 A,(x) Ix — x|+ Anlx)) chj Ay (x),

which is the left-hand side inequality in (26). |

The following proposition is needed to describe the behavior of the polynomials
T;, R; ., and their derivatives (see Lemmas 6 and 7 below). To some degree it is a
generalization of the inequalities (17.8) and (17.10) of [26].
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Proposition 5. Let i € N and & € Ny be such that i > & + 1. Then the following
inequalities are valid for any 1 < j < n:

(28) C(u) < TG, pa )1+ 2,0 51— x) 0 < Cw).

Proof. The estimates (28) can be proved using the method from [24] and [26] (i.e.,
by estimating separately each of the following three parts of the original integral: ff’l

f5, and fle). However, there is a simpler proof. Since the function (1 — y*)¥; (y)*

A

does not change sign in [—1, 1], then (22) im_plies

I, 1, £) “’f( 1-y? )5 I P
rx0fd-xk L \Trg00-x)) Gy—xi+rp@™ =7

Now,

v

N xj1=h; /3 1—y2 : 1
e [ () e
xXj+h; /3 T+ 0A = x;) ) (Iy = x; + hy)™

J

- /"i-‘“hfﬂ((l+xj+hj/3)(1—xj_1+hj/3)>$ 1 d
= Jyins (T4 = x;) @y ¥
> Chj_sz,

and, hence, the left-hand side inequality in (28) is proved. For the proof of the right-hand
side inequality (using (25)) we write

! hy % 1
e () e
- 1 \y — x| + A (ly — xj| 4+ hj)>

1 hj 2u—2¢ 5
e[ (tg) o
S\ =iy e

X h: 228
Ch7 / / dr < Ch72#+!, m
J 0 t + hj J

IA

Lemma 6. Let,§ € Nbesuchthat p = &+ 1,and let 1 < j < n be a fixed index.
Then for the polynomial

Ti(x) = T;(n, u, &) (x) = Hj(n,u,’é)’lf (1 =y ()" dy,
-1

of degree < 4np the following inequalities hold for x € [—1, 1]:

. 1 52 E—k+1
29) 1T9(x)] SC(“)((1+xj_1)(1_xj)) YRR 1<k<é
and

1-x C e
(30) |T,»(x>—xj<x)|scw)((lﬂj_lm_xj)) yr
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Proof. Forany x € [—1, 1] (using Proposition 5 and (22)) we have

1T ()]

IA

C( 1 —x? )Et.( 2!
At+xd—x)) 750

1—x2 d 21, —1
= C<<1+xj_1><1—xj>) vithi

which is inequality (29) with k = 1.
For the proof of (30), we consider two cases: x < x; and x > x;. First, for x < x;
(using (29) with & = 1 and the second inequality in (25)) we have

[f Tj’(y)dy‘
1
x 1 & h. 2u—§
[.(755) =) e
1 \14x ]y—xj|+hj

A

IT;(x) = x;(0)| = [T;(x)]

=
<1t ghzlbgw1 fx (x; —y +h)" 4
- 1+Xj_1 J —oo iy / Y
=<

1_x2 § )
C el
((1 +x;1(1 —x;)) Vi

Similarly, for x > x; we write

-
IT;(x) — ;) =11 = T;(x)| = / Tj'(y)dy‘

L/ § hi 2u—§
[ (=) G=amm) e
L=y \b=x1+8) %

L=x\ et [ 2+
C " v —x;+hy) dy
X

1—xj

< C( -2 )E Y2t
A+ xpd=-xp/) T '

IA

IA

This verifies inequality (30).
Thus, it remains to prove (29) for 1 < k£ < £. We need the following inequality of
V. K. Dzyadyk [8] (see also [9] and [26]) for algebraic polynomials:
For any P, € T1,, and any s € R the inequality
€20) 1A, P )l < CW) AR (x) Pa(x) |

holds for any v € N, where || - | .= || - llcj=1.13-
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Now the fact that #; (x) is an algebraic polynomial of degree < 4n — 2, together with
(31) and (23), implies

A ( v+2t(v)( < ClIA 2t- <C An(X) )2
A O™ 7 (O = ClA ()7 (x)] < (m
”4An(xj)(|x — x| + Au(x;)) ‘l <C h;
- (Jx = x;| + k;)? T ol =xi R T

Therefore, for any v > 1 and x € [—1, 1] (using (23) and (24)) we have

1A

— y. v42
(32) 1 ) K_%_Hé&))

n\Aj

lx — x| + h; v —v— —v—
C (—}Z—i W7V < Clyh) ™
7

IA

Using the last inequality, we have, for 1 <k < £,

I (n, 1, I 001 = 100 = 71010
k—1

k-1 e
= Z( )[(1 _x2)§](k 1 )[tj(x)“](")
y=0 v
%=1 k—1-v
k=1 k—1—v e
. Z( v ) 2 ( ; >[(1 — 0)f 1% 4 0f 0
v=0 =0
x Y @ @l
e,
k—1 k—1—v
< CZ Z { _x)s—k+1+u+1(1 +x-)§_’
v=0 [=0
X v Z |(wjhj)—i|—2 .. (wjhj)—iu—Z’(Lx _ xj| + hj)—2p_+2v
A
k—1k—1—vy
< C Z Z (1 _X)E~k+l+v+l(1 _'__X)E—leZp.—Svhj—Zp__U.
v=0 .I=0

Therefore, Proposition 5 yields

. e kel | — 42 E—k+1 1—x v+
T ¢ |
IOIER DD ((1+xj~1)(1_xj)> ( )

=0 (=0 1 - x;

k—1— k—1—v—
o ( l4+x ! h; ! hj lwgu—Suth
1—|—Xj_1 l—x]' ]+Xj_1 Y J




80 K. Kopotun

Now, using (25), inequalities 1 — x; > h;, and 1 + x;_| > h;, and the fact that ¥; < 1,
we have

) 1—x? e 2u—6v—k+1
T! l < C 2u—bv—k+lp —k
70| < ((1 o —x;)) ;% J

1 _xz E—k+-1
<C ( w;u»7k+7hl—k.
- (1 +.Xj_1)(1 —.Xj) 4 I

The proof of (29) is complete. [ |

Lemma7. Let1 < j < n be a fixed index, and let my, kg, u, & € N be such that
& > 2ky and p = 108 + mg. Then for any 0 < m < myg the polynomial R; ., (x) =
Rjm(n, (0, 8)(x) = (x — x;)"Tj(n, u, §)(x) satisfies the following inequalities for x €
[-1,1]and 0 < k < ko:

1—x?

(1 +xj_1)(1 - X;

£§/2
(33)  IR% () =[x —xp)" P (0] < C(w) ( )> T

Note that [(x — x;)"]% =0 for k > m + 1. Therefore for these &, (33) becomes an
estimate of the kth derivative of the polynomial R; ... This observation is used in the
proofs of (10), (16), and (17).

Proof. We have
IR @) =[x = )" 1% 1 2)|
< 16 = 2" 1O @) — % )] + i (i) T (0] L6 — ;)" 1%
— S1(0) + Sa(x). .

Note that if £ > m + 1, then S;(x) = 0. For 0 < k < m (using (30)) we have the
following:

Si(x)

IA

Cl |m—k 1 - x2 ¢ wzﬂ_g'—l
oA O+xpi-x) 7

1 — 52 £/2
<C ¢2u—2§+k“m_lh'~n_k.
- (1+Xj_1)(1—Xj) 7 J

In order to estimate S;(x) (using Lemma 6) we write

k 1 —x? vt p~Tv47 &
Sx) < C TR e — xR
2(x) = ((1 +xj'__1)(]. _x])) W, J "x x]

v=max{l,k—m}
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1—x? 82 k b2, 2u—TvH+T_, k k
H—5— H— 1V —m-—viym—
=< C( )> E Iﬁj 1//j ‘ﬁj hj

(1 +xj_1)(1 - Xj v=max{l,k—m}

1 —x? 82
<c ( ) bk ke
- (1 +x;-)(1 —x;) ! !

Combining the estimates for S; (x) and S (x) together, and keeping in mind that ¢; < 1,
we obtain (33). [ ]

For the proof of Theorem 1 we need the following lemma.

LemmaG. Letr € Ng,m € N,and f € C’(ij), where j = m+r — 1 is a fixed index.
Then the following inequalities hold for all 0 < k <r:
(34) 1FO @) — LOC, x5 X0 Xjtn e oo Xjemeri)]

< Clrmo™ *(f® n;, 1), xel.

Proof. For r = 0, the assertion of the lemma immediately follows from the well-
known Whitney inequality. For » > 0, it was proved by I. A. Shevchuk (Lemma 1.4.2 of
[26]). |

The following consequence of Lemma G is used for the proof of Theorem 2.

Corollary H. Letr e Ng,m € N,and f € C’(ij), where j > m +r — 1. Then the
Sfollowing inequalities hold for all 0 <k < r:
(35) |FP@) = LOC, x5 x5, 021, -, Xjmmera)]

<Cor,mh ™ (fO, 0. ), xel.

Also, for the proof of Theorem 2 we consider Lagrange polynomials concurrently
with Lagrange-Hermite polynomials when interpolating f and its derivatives at 1 (or
—1).

Lemma8. Letr € No,m € N, f € C"(I). Let i(f, x) be the Lagrange-Hermite
interpolation polynomial of degree < m +r — 1 such that ﬁ( Lix)=fx),1<j<
m—1and L®O(f,1) = f®(1),0 < k < r. Then the following inequalities hold for all
O<k<randxe[l-n211

36) 1P — LY, x)|
(m~1)/m
< Cr,m)(1 —x) *a™ (f<'>, (1 —x)l/m (;113) ,1]).

Changing variable x to —x (i.e., considering the symmetric case), we immediately get
the following result for L(f, x) := L(f(—x), —x).
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Lemma9. Letr €¢ No,m € N, f € C’(1,). Let I:(f, x) be the Lagrange-Hermite
interpolation polynomial of degree < m+r — 1 such that L(/, X)) = fx;),n—m+1<
J<n—1land L& (f, - = f(k)(—l), 0 < k < r. Then the following inequalities hold
forall0<k<randx e[-1,—1+n"?]:

37D 1P - LPf, X))
(m—1)/m
< C(r,m)(1 + x) *a™ (f(’), 1 +x)lm (%) 1)

Proof of Lemma 8. In the proof it is convenient to denote the interval I; by J. Then
{J1 = max{l — xp4,-1, I —x1}. Also, let

L({f,x):=L(f, X; Xpar—1,---,%0)

be the Lagrange interpolation polynomial of degree < m 4 r — 1 (it is important that
L(f, x) has the same degree as i( [ x)). First, we prove that for i( £, x) an inequality
similar to (35) is satisfied (i.e., to obtain the estimates of local approximation near +1
of the same type as (35) we can use either Lagrange or Lagrange-Hermite interpolation
polynomials). The following identity is valid:

f) = L(f,x) = f) — L(f,x) = Lf — L(f, ), %)

Using the Taylor formula, we write the polynomial i( f — L(f, ), x) in the form
L(F=L(f 0.0 =) @) FP) = L2 D) = 1 + (& = D™ pua(f, %),
i=0

where p,_2(f,x) € My if m > 2, and p,,2(f,x) = 0if m = 1. Now f(x;) =
L(f,x;),1 <j<m~-1,imply f,(f —L(f,),x;)=0,1<j <m— 1. Therefore,

DA M) = LS D) = D+ 6 = D paa(fx) =0,
i=0

for 1 < j < m — 1. Using the fact that n=2 < |x; — 1| < |J| < Cn™2 (C = 3" will
do), we have, for 1 < j <m — 1,

IPm—Z(f, xj)l < Cn2'+2 Z lf(i)(l) _ L(i)(f, 1)|n—2i,
i=0
and, applying Corollary H, we have

,
P2 (fox)| < Cn P23 " a2 (fO 02 Jyn ™
£

< CrPo™(fO,n7% J).

Now, since

m—1 .
Pra(fox) = < [T = x’)pm_z<f,x,->,

S Xj T X
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the estimate
|Pm—2(f, X)| < CR2™(F, 072, )

follows for all x € J. This implies
IL(f — L(f, ), 0| < Cn 20" (f,n72,J), xel.
Applying the Markov inequality we have
IO = L), 0l < CUITHILY = L ) 0] < Ca72 el (£0, 072, ),
Therefore, together with (35), we have

1FO@) = LOf, 0 < 1fP@) = LOE 0+ L9 = LS, ), )|

<
< Cn_2’+2ka)’”(f(’),n_2, D), xel.

Now we improve the last inequality near 1 using the fact that L®(f, 1) = £®(1),
0 <k <r,and the techniques developed in [9] and [26]. First, we consider the case
k = r. Denoting £ (x) — L”(f, x) by g(x), we conclude that

g0 < C™(F",n72, J) = Ca™(g, n" 2, J), x€J,

since L (£, x) is of degree < m — 1. Now, using the equality g(1) = 0, we have the
following for any x € [1 —n~2, 1]:

lg) = [g(1) —gx)| <w(g, 1 —x,J).

Therefore, if m = 1, then (36) is proved for k = r. If m > 2, then using the Marchaud
inequality, we have

(38 g™ = w(g, 1—-x,J)

11
arw%ftﬂw@mnW+uﬁme
1

-X

A

IA

171
c(l—x) (/ u W™ (g, u, Jdu + |J) 0™ (g, 7], J))
1

—X

IA

[71]

cd —x)/ u 0™ (g, u, J)du.
1-x

The last inequality is valid since, for all u < |J|, we have |J|™w™(g, |J|, J) <

Cu™"@™(g, u, J). Therefore,

|71 /]
/ u ™ (g, u, J)du > c/ ™™ 2™ (g, 1T, J) du
1 1

—x —X

> ClJ| o™, 1], I).

Estimate (38) implies

. 1]
IfO@) - LY(f, ) < Ccd —x) u ™ (f O, u, J) du.

1—x



84 K. Kopotun

Now let us denote 2, := (1 — )/ (1/n?)"= /" Clearly, 1 —x < Q, <n 2 < |J|
for any x € [1 —n~2, 1]. Hence,

Q |71
C(l—x) (f +/ )u"za)m(f(’),u, Ndu
1—x Qy

C(l—x)(/ u o™ (f 7, Q, J)du
1—x

1fO ) — LY, x)

IA

A

[J1
+/ Q" u" " (f, Qx,f)du)
0

Ca™(f 7, e, NA+ Q™1 — )T
Co™(f0, Q0 1), xell—n% 1%

IATA

Thus, (36) is proved for any m € N for the case k = r.
For 0 < k < r — 1 (using the Taylor formula) we have

. ry I
) — £ f’x)lzlf @) =BG

(r — k!

for some ¢, € [x, 1]. Finally, using the last equality and (36) with k = r, we have, for
O<k<r—1landx e[l -n"21],

n 1 (m—-1)/m
7P - L0l < —X)""w’"<f(”, (=gt (—2) ,J)
‘ n
1 m—-1)/m
< Cc(- x)""w’”(f(”, (1 —x)!/m (—2) : J),
n
which completes the proof of the lemma. |

The following lemma shows how any spline can be presented as a linear combination
of the truncated power functions (¢ — ;).

Lemma I (Proposition 2.3.1 of [20]).  The spline S(t) of degree M with the knots at t;,
1<i<N-1@ <t <--- <ty)is uniquely presented in the form

M
1
(B9 S@) = Y =8V — )"
v=(
vy ! M0 (s 10y — SM-D(z — 0 M=
+ —— (T + L —0NE — 1)y
i:l,Za(M—J)!( (t; +0) — (t: — 0))(

fort € [, tw].

Note that if S(x) has defect k; (1 < k; < m + 1) at a knot ¢;, then S~/ (t; + 0) —
S(m—j)(ti —0)=0fork; < j <m.
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5. Auxiliary Results for the Case A > 0

This section contains results which are used only in the case & > 0. The foliowing lemma
shows that, in fact, it does not matter whether we use w™ or wgﬁ moduli to estimate the
degree of local approximation. Whatever is convenient to use (in most cases, the usual
modulus of smoothness) will do.

Lemma J [19]. Let |a,b] C [—1, 1] be such that b —a < CAn(a); where C is an
absolute constant. Then for any integer m, there exists a constant C(m) such that for
any A € [0, 1] and x € [a, b],

(40) Cma™(f, Ay(x), [a,bl) < @ (fin " Ay(x)' ™, [a, b])
Cm)w™ (f, An(x), [a, b]).

=
=

Note that only the first inequality in (40) is used in our proofs. For the proof
of Theorem 2 we also need the following refinement of the above lemma for x €
{x]1 —x%2 <n™?2).

Lemma 10. Foranym e N, A €[0,1],0 <o < 1, and x € {x|1 —x*> < n™?, the
Jollowing inequality holds:
(41) (l)m(f, (] _ x2)an2a—2) S C(m)(!)gl)(f, n—)»((l __ x2)an2a—~2)l—-l).

Note that (41) cannot be reversed (at least not for all A) since, for x = 1 and o # 0,

the left-hand side of (41) is equal to zero; at the same time, for A = 1, the right-hand
side of (41) does not vanish if f is notin IT,,_;.

Proof of Lemma 10. Using the definition of w_(’; moduli, we have the following in-
equalities:

Jy = a)";‘k(f’n—l((l _ xZ)aanx—Z)l—A)
= A" } ,O h < —A 1— 2N 20—24 11—
= su O < ﬁ < (1 _ XZ):ana_z
ﬂ::(hnkg/(l‘)‘) H hl=*n~ M/ 1=y _Lyj

> sup
O<h=(l—x2)xp2-2

Aﬁl—»\n_x(m)x(f’ y)

Cl—14Gn /2y 1—(m /2) 7P ]]

Now, note that forany y € [—1+ (m/2)¥ @ Mp, 1—(m/2)*? M p] the inequality 1 —
y2 > (m/2)¥ @V is valid, and, therefore, since & < n™2, then A'~*n=*(/1 — y2)* >
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(m/2) @~ p. Hence, we have (by the same argument as in Section 5 of [18])

‘])» = . Sllp “A(m/z);/(z ).)h(f }’)“C[ 14+ (m /2)%/ 2~ ’*’hl (m /2y~ AJh]
0<h<(l—x2)ep2e=2

. _ sup IAG s I et tmh /o —mis2)
0<hi=(m/2)M TP h<(m [2)M/ 20 (| —x2)2p2e-2
— wm(f, (m/z)l/(Z——).)(l _ x2)an20(—2)
> 2_mwm(f, (1 _ xZ)anZ(x—Z).

Thus, the proof of the lemma is complete. |

The following proposition is needed only to make the constants in (9), (10), and
(14)—(17) independent of A.

Proposition K [19].  For any integer m there exists a constant C = C(m) such that for
everyt > 0,0 <\ <1, and > 1, the following inequality holds:

(42) Wl (f, ut) < Cm)u" @l (£, 1).

6. Proofs of Theorems 1 and 2

The idea behind the proofs of both Theorems 1 and 2 is quite natural, and to a certain
extent was used in the literature (see [2], [4], [18], and [26], for example). Namely, if
the spline § is defined to be a Lagrange or Lagrange-Hermite interpolation polynomial
on I;, then Lemmas 8, 9, and G imply that f® is sufficiently approximated by S%.
Using Lemma I, we construct a polynomial P, which has the same form as the analytic
representation (39) of the spline, but with R; y_; instead of (- — x,) T /. Finally, using
Lemma 7, we show that P sufficiently approximates S® and, therefore, f®.

Everywhere in this section we use the following convention which simplifies notations.
Let

L(x) = LUf, X3 %, Xj—1, - s Xjem—rt1), I m+r—1=<j<mn,
T LS X X1 X2y -0, X0), if 0 j<m+r -1

Then for any j = 0, ..., n, function /;(x) is the Lagrange interpolation polynomial of
degree <m +r — 1.

Note that I; C I~J forall j=1,...,nand |I}| < C(r, m)|I;| (therefore, the condition
in the assertion of Lemma J is satisfied for any [a, b] C I}). Also, note that it is sufficient
to prove (9), (10), and (14)~(17) almost everywhere in [—1, 1], since all the functions
being considered in these inequalities are assumed to be continuous. Everywhere in this
section it is presumed that x # x;, 1 < j < n — 1. Thus, for example, when we consider
derivatives of the spline S(x) we do not emphasize (though it is implied) that S®(x) is
defined for x € [—1, 1]\ {x1, ..., X1}

Now we are ready to prove Theorem 1.
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6.1. Proof of Theorem 1

Let S(x) := lij(x)forx € I;,1 < j <n.Then S(x) is a spline of degree <m +r — 1.
Using Lemmas G and J, and properties of the classical moduli of smoothness, we have
the following estimates for x € (x;,x;-1), 1 < j < n,andforall 0 < k < r and
k<r. <r:

@3 1P - sPw) = 1P - 1P W)

Ca™ H(FB, A, (), )

CA )" ™= (F A (x), 1)

CAE a0, T A () T

CAn) T (f7, 07 A ()7,

IAN A IA

IA

Taking into account that the spline S(x) is of degree at most m + r — 1 we get the
following analytic representation (see (39)), which will be used for the construction of
an approximating polynomial.

n—1 m+r—1

@) S =pupra @+ Y D Ay =TT xe[-1, 1,

i=1 j=0

where ppi,_1(x) = Z'V":J*l(l/v!)S(”)(—l)(x + 1)¥ is a polynomial of degree < m +

r — 1, and coefficients A;; are given by

1 . )
Ai' - - S(m+rAl—J) ; 0) — S(m+r—l—J) i_o .
e ] (x: +0) @ — 0))
Now let
n—1 m4r—1
(45) Pu(X) = prir1 () + D > AijRimer—1; (x).
i=1 j=0

Then P,(x) is a polynomial of degree < 4ny + m + r and Poposmir (f ). f > Pyis
a linear operator.

Let us estimate P¥(x) — S®(x), x € [—1, 1]. First, we consider A;;. Using the
Markov inequality first and then the Whitney inequality (Lemma G with £ = 0), we
haveforl <i<n—-1,0<j<m+r—1landany0 <7 <r,

(46) Al = €IS 4 0) — ST (x —0))
= CI @) = 1T ()

Ch,-_mHhLHj Mivr — Lillcgy
Ch" ™ M i = Flle +1F = ilegy)
Chy™ M o (£ Ay (), T U T)

Chi_m—r+1+j+7wm+r‘;(f(i), An(x)s L V)

Ch" I Gt P (F O ™ A (), T U ).

IA A TA

[A
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Now we choose u and & to be large in comparison with r and m. For example, let
& =4(m+r)and p = 50(m + r). We continue to write “i”” and “£” understanding that
now these variables are functions of » and m.

Forany x € [—1, 1]\ {x1,..., %=1}, 0 <k <2(m+r)and 0 < 7 < r (using
Lemma 7, Proposition K, and estimates (46), (25), (26), and (27)) we have

@7 1PP @) - SW )

n—1 m+r—1 k

) d Mo
= Z Z |Aij| Ri,m+r—1—j(x) - W ()C — )Ci)+
i=1 j=0 x
n—1t m+r—1 ) ) i
<CY D W (O A ()
=1 =0

u—& g mtr—j—1—k
Xy h;

n—1
< Cw:;)\-ﬁ—r—r (f(r), n_)‘A,, (.X)Iﬁ)\) Z h;‘—kwiuféfzm~2r+2r
i=1

n—=1
< CAn(x)f—kaA+r—r(f(r), n—)nAn(x)l—k) Z wlfu—é——2m-—2r~2k
i=1

< CA @l (f D, 7 A ().

Therefore for any x € [—1, 1] and for fixed 0 < k < r, choosing ¥ = ry together with
(43), we have

1FP ) = PO < CA) T (), 0 8, ()T,

which is the desired inequality (9). Estimate (10) for m +r < k < 2(m + r) follows
from (47) since S®(x) =0 ae. fork > m +r.

Finally, for k& > 2(m + r), inequality (10) follows from the above estimates and
Theotem 4.1 of [6]. (Note that Theorem 4.1 in [6] was proved with constants which
depend on A. However, using the inequality w';A (g, u8) = C(s)(1 + Mzs)a)‘;,\ (g, 9) (see
Proposition K), instead of cz);;A (g, ué) < C(s, M)(1 + yf)wix (g, 8), and following its
proof word for word one can show that this dependence on A is not necessary and can
be eliminated.)

The proof of Theorem 1 is now complete for sufficiently large n, say, n > ng (in fact
we proved (9) and (10) for n > 201(m + r)). Form +r — 1 < n < ny the assertion
of Theorem 1 follows from the case n = m -+ r — 1 for which it is sufficient to choose
Poer g (f,x)=L(fix;—-1,-14+2/(m+r—1),..., 1.
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6.2. Proof of Theorem 2

For the proof of Theorem 2 we change the construction of the spline S(x) from the
previous subsection near the endpoints of the interval [—1, 1]. Namely, let

lj(x), xelj2<j=n-1,
(48) Sx):=3L(f,x), xel,
Z(f,x), x €1,

where L ( f,x)and L(f, x) are the Lagrange-Hermite interpolation polynomials of degree
< m 4+ r — 1 defined in Lemmas 8 and 9, respectively.

Inequality (43) with r, = r, together with the estimates (36) and (37) implies for any
O0<k=<r:

An(X)r_ka)m(f(r), A, (x), [;), ifx € (Xj, ijl),

(k) _ ¢l (m-1)/m
(49) |f ()C) N (x)] = c (1 _ x2)r—kwm (f(r)’ (1 _x2)1/m (%) ’ ij)’

X € (Xj,JCj_l),j = 1orn.

Now since S(x) is a spline of degree < m 4 r — 1, it has the analytic representation
(44). Let the polynomial P,(x) be defined by (45) with S(x) given by (48). Since the
Lagrange (Lagrange-Hermite) interpolation process is a linear mapping from C[~1, 1]
(C’[—1, 1)) to the subspace of the algebraic polynomials of some degree (of degree
< m +r — 1 in our case), then the operator Pay,im+,(f,*): f +> P, is also a linear
operator.

Inequality (46) with 7 = r implies thatforany2 <i <n—2and0 < j <m-+r —1,

(50) 1Al < Chy™ Mot (fO, 7 Ay ), Ty U T,

Inequality (50) also holds fori = 1 andi = n — 1, since fori = 1 (the casei = n —1
is treated similarly), we have (using Lemma 8 and Corollary H)

(m—+r—1—= Ayl = (S 1D 4 0) — STH 12D (x, — 0)]
|l':(m+r~l—j)(f’ X)) — l§m+r—1—j)(xl)|
Ch™ " NLE ) — Bllea,

CRT™ ™ALLY = Fllegy + 1 = Bllegy)
Chy™ MR (FO, Ag)), [ U D)

Ch, m+1+jw$(f(r)7 nTrA ()T U D).

A A A

IA



90 K. Kopotun
Therefore, for any x € [—1,1] and 0 < k < kg, (47) with ¥ = r holds for
the above-defined P,(x) and S(x). Now, considerations similar to those from the

previous subsection imply (14) and (16). It remains to prove (15) and (17) for x €
[—1, =1 4+n"2JU[l —n~2, 1] =: &,. The inequality

(51 L (g, ) <27 "M (g, ), h =,

yields, forany x € £, and 1 < <n —~ 1,

. h;nn2m—~2 e (m=1)/m
(52) wa“mos—Tj;rM(f“ml—ﬁﬂ/(;) )

Therefore, for any 0 < k < ko, 0 < 1 < ko, and x € &, (choosing & = 4k; and
u = 50k, for example, and using Lemma 7, (50) with A = 0, (52), (26), and (27)) we
have

(53) |PP(x) — S¥ ()
n—1 m+r—1 k

stijmRﬁwlxm—37< —x) P
i=1 j=0 l dx

n—1 m+r—1
<cy 2: B M (PO, )

i=]

§/2
x 1—x? w{ih{n+r—j—l—k
(I +x-)0 = x) L
1 m=1/m
CC()m (f(r), (1 _x2)1/m <_2> )
n
- m 2m 2 1—x §/2 P
; - x? < hi ) Vil
5 " T 1 m—-b/m
_ i m r m
= C(l —x9)*w (f (1 —x9) <¥) )
n—1 1 &/2—r;—1
XZ( ) (o) g
i=1
1 (m-1)/m
C( Z)rkA (x)r —k— rk (f(r) (1 x2)1/m <_2> )
n
S( 1 )E/z—rk‘m j—2r—2k=2
x 'l/fl- ol —2ZK—2r

2.
i=1 n*h;

1 (m—1)/m
C(l —x2)* Ay (x) ™ (f<'>, (1 —xHlm (ﬁ) )

IA

IA

A
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Now, choosing r; in (53) to be » — k (in the case 0 < k < r) together with (49), we
have, forany x € £, and 0 <k <r,

(m—1)/m
(54) 1f9x) — PP < 1 —x?) 0™ (f(”, (1 — x2yl/m (%) >

which is (15) for A = 0 and o = 1/m. Also, since S® (x) = O a.e. fork > m +r, then
(53) implies, for m +r < k < kp and any O < rp < ko,

(m—1)/m
(55 BRI < CU = 62 A0 o (f LA (n_lz) )

Now (51) implies, forx € &, and all @ € [1/m, 1],

1 (m~1)/m
(56) c()m (f(r), (1 . x2)1/m (;) )

S C(n2(1 . xZ))l—amwm(f(r)’ (1 _x2)an2a—2)-
Finally, (54) and (56), together with Lemma 10, imply
1F®x) = PO, 0l

_<_ ,Cn2—2akm(1 _ xz)r—k_f_l_akmw:;A (f(r)’ n—)\((l _ x2)akn2ak—2)1—l)’

forxe&,,0<k <r,andany o € [1/m, 1].

Similarly, using Lemma 10 and (55) and (56), we obtain (17). The proof of Theorem 2
is now complete for sufficiently large n (n > ng := 201kg).

For max{m +r — 1,2r 4+ 1} < n < ng, the assertion of Theorem 2 follows from the
case 7 = max{m +r — 1, 2r 4 1}, for which it is sufficient to choose P;(f, x) := P;(x),
where P;(x) is the polynomial such that Pﬁ(k) (£1) = fO&D forallk =0,1,...,r;
and, if m > r +2, P (=1 +2i/im—~r—1)) = f(=1+2i/(m—r— 1)) for all
i=12,...,m—r — 2. Using considerations similar to those employed for the proof
of Lemma 8, one can show that P;(f, x) satisfies (14) and (15). |

7. Proof of Theorem 3

As we have already mentioned, the method of the construction of a counterexample
and the proof is a minor modification of the method introduced by X. M. Yu [30]. For
completeness of exposition and, since the proof is not long, we adduce it here.

Suppose that the assertion of the theorem is not correct. Then there is a constant K € R
such that for every f € C™*"~1[~1, 1], a polynomial P, € 1, exists satisfying

(57) [f(x) = Po(x)] < KA, (x) 0™ (f7, An(x)),
forx e [-1+n"2%1—=n"2],and
(58) [f(x) ~ Pu(x)] < K(1 —xH)*n®* o™ (fO, (1 — x})Pn?),

forx e [—1,—1+n"2JU[l —n"2,1].



92 K. Kopotun

Let
=1+ ATy x e (1= An2 1,
fx) = {0, ref-1,1—An""],

where A < 1 is a constant which will be chosen later. Then f € C"¥~![—1, 1], and
the following inequalities are satisfied:

(59) [F)] < (An~ 2™, —1<x <1,
and
(60) " (F7, 1) < (m + ) min{t™, (An”H™), 1> 0.

The last inequality implies
LF () = P)] < K(m +1)1(1 = xH)*mbpla=2remy,

for x € [1 —n™2, 1], and, since @ + mB > r + 1, we have f®(1) = P¥(1) for all
k=0,1,...,r + 1. Also, (§7), (58), and (60) yield

|F ) = Po@)] = K(m +7)18,(0) (An™)",
forx € [~1+n"2 1-n"%}, and
/(@) = P00l = K(m +1)12°n7% (An~2)",
forx € [~1,—1 +n"21U[1 —n~2, 1]. Therefore,
[0 = Pa)] = K(m +1)1298,(0) (A0,
for all x € |1, 1]. Hence, for every x € [—1, 1] (applying (59)) we have
PPl S IFO+ £ = Py(0)) < (1 + K (m 4+ 1)) 2% An(x) (An )",
Now applying the Dzyadyk inequality (see (31)), we conclude that

1A ) P @ < Col A Pu)fl < C (1 + K(m 4 1)) 2°(An )",

and thus,
61 PO < € (14 K(m 4 7)) 2% A p 242,
On the other hand,
‘ .
(62) |P’,Er+l)(l)| = ]f(r+1)(l)| — MAIIZ~1 —2m+2‘
(m— 1)
Now, choosing
A =min{l (m + )t
- "2Cm ~ DI+ Km+rh2e |’

we conclude that (61) and (62) cannot hold simulitaneously, thus obtaining a contradic-
tion. The proof is complete. n
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