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Abstract. Let A q be the set of functions f for which the qth difference is non- 
negative on the interval [ -  1, 1], P .  is the set of algebraic polynomials of degree 
not  exceeding n, zk(f, 6)p is the averaged Sendov-Popov modulus  of smoothness  

in the L p [ -  1, 1] metric for 1 < p < 0% e)k(f, 6) and o)~(f, 6), ~b(x):= x / 1  - x 2, 
are the usual modulus  and  the Ditzian-Totik modulus  of smoothness  in the 
uniform metric, respectively. For  a function f ~ C [ - 1 ,  l ]  c~ A 2 we construct a 
polynomial p. e P .  c~ A 2 such that 

If(x) - p,(x)l _< Coga(f, n - l ~ l  - -  x I q- n - 2 ) ,  X e  [ - -1 ,  1]; 

IIf - P, II ~ -< C~o~(f, n -  1); 

IIf - p, ll, ~< C%(f, n-l),. 

As a consequence, for a function f �9 C 2 [ -  1, 1] c~ A 3 a polynomial p* e P ,  c~ A a 
exists such that 

IIf - P*II~ < Cn-lo~2(f ', n-l), 

where n > 2 and C is an absolute constant. 

1. Introduction and Main Results 

Let us recall that coapproximation is the approximation of functions f for which 
the qth forward difference, given by 

A~,(f, x, [a, b]):= ~i:o t z /  
! 
k0, 

is nonnegative for given q ~ N, for all 0 <_ h < (b - a)/q and x e [a, b], by poly- 

if [ x , x  + qh] c [a,b], 

otherwise, 
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nomials with nonnegative qth derivatives. Let Aq[a, b] be the set of such functions 
f (note that if f �9 Cq[a, b], then f �9 Aq[a, b] if and only if f tq)(x) >_ O, x �9 [a, b]). 

Denote I := [ -  1, 1], A q := Aq(I), Ahq(f, x).'= A~,(f, x, I). For  k �9 S we denote H~ 
as the class of functions f �9 C(I) whose kth modulus of smoothness does not exceed 
the k-majorant q~ = q~(t) (i.e., q~ = ~0(t), t > 0, is a continuous and nondecreasing 
function satisfying the conditions ~o(0) = 0 and t-kq~(t) nonincreasing), that is, 

Here we denote 

cok(f, t) := (.Ok( f ,  t; I)~ < r 

COk(f, t; [a, b]):= Ok( f ,  t; [a, b])~o 

:= sup liAr(f, x, [a, b])llct.,br 
O<h<_t 

W~H'~:= {f :  f l ' ) � 9  

An(x):= n - l~ /1  - x z + n -2 ,  

Pn is the set of algebraic polynomials of degree at most n, and C is an absolute 
constant. 

In the monotone case the following analog of the direct theorems for un- 
constrained polynomial approximation is known. 

Theorem A. L e t  k �9 N i f  r �9 N ,  and k = 1 or 2 i f  r = O. Then,  f o r  f � 9  W r H ~  n A 1 
and an arbi t rary  n �9 N ,  n >_ k + r - 1, a polynomial  Pn �9 Pn n A 1 sat is fying 

(1) I f ( x )  - pn(x)[ -< C(An(x))'q~(An(x)), C = C(k), x � 9  

exis ts .  

An immediate consequence of A. S. Shvedov [12] is the fact that Theorem A is 
not correct for r = 0, k >_ 3. For  r = 0, k = 1 or 2 Theorem A is a consequence 
of the work of R. A. DeVore and X. M. Yu [1] who constructed the sequence of 
polynomials p, �9 Pn n A I which approximate a function f �9 C(I)  n A 1 so that 

(2) If(x) - p,(x)[ < C~o2(f, n - i x ~ 1  - x2), x � 9  

For r �9 N, k �9 N Theorem A was proved by I. A. Shevchuk [9], [10]. 
For  convex approximation the following result is known. 

TheoremB.  Le t  k �9 N i f  r > 2, k = l i f  r = 1, and k = l or 2 i f  r = O. Then,  f o r  
f �9 W r H ~  n A 2 and an arbi t rary  n �9 N ,  n >_ k + r - 1, a polynomial  Pn �9 Pn n A 2 

sat is fying (1) exis ts .  

A. S. Shvedov showed in [12] (see also [11]) that Theorem B is not correct for 
r = 0 ,  k > _ 4 a n d r = l , k > 3 .  F o r r = 0 ,  k =  1 or 2, a n d r = k =  1 T h e o r e m B i s  
a consequence of D. Leviatan [6], where the estimate (2) was obtained for convex 
approximation. For  r >_ 2, k �9 N Theorem B was proved by S. P. Manya and 
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I. A. Shevchuk (see [11], for example). There  is a gap in Theorem B as nothing is 
known  for r = 0, k = 3, and r = 1, k = 2. 

Let us write the number  a > 0 as 0~ = r + fl where r is a nonnegat ive integer 
and 0 < fl < 1. Denote  by Lip* ~ the class of  all functions f ( x )  on 1 such that  

co2(f ('), t) = O(t~). 

A consequence of  Theorem B and also classical converse theorems (see, for 
example, p. 263 of [3]) is 

Theorem C. For ~ > O, o~ v~ 2, a function f = f ( x )  is convex on I and belongs to 
Lip* o~ if and only if, for each n > r + 1, a convex polynomial on I, p. = p.(x) of  at 
most degree n, exists such that 

(3) If(x)  - p,(x)[ ~ C(A,(x)) ~, x e I. 

For  0c = 2 the result of  Theorem C is not  complete as this ease corresponds to 
r = 1, k = 2 in Theorem B. 

In  this paper  it is shown that  Theorem B is correct  for r = 0, k --- 3 (and therefore 
for r = 1, k --- 2), and hence Theorem C is correct  for ~ = 2. Namely,  they are 
consequences of  the following theorem. 

T h e o r e m  1. 
p. = p.(x) of  degree not exceeding n exists such that 

(4) If(x)  - p.(x) l < Cco3(f, A.(x)), x e I. 

l f  f e C1(I), then the following estimate also holds: 

(5) I f ( x )  - p'.(x)l < C~2( f ' ,  A.(x)), x ~ I .  

Moreover, for f ~ C2(I)  there is also the following estimate: 

(6) I f" (x)  - N(x) l < Cr A.(x)), x ~ I. 

For a convex function f ~ C(I) and every n > 2 a convex polynomial 

Coro l lary  1. Iff  ~ C1(I) n A 2, then, for every n > 2, p ,  ~ P ,  n A 2 exists such that 

(7) If(x)  - p.(x)l < CA.(x)co2(f', A.(x)), x ~ I. 

Remark  1. 
for example). Namely,  

(8) I f ( x ) -  p.(x) l 

Estimate (4) can be improved to some degree (see the method  in [11], 

x ~ [ - - 1  + n-2 ,  1 - -  n - 2 ] ,  

x e [ - - 1 ,  - 1  + n-2)  u ( 1  -- n -a, 1]. 
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All the estimates above are pointwise. The uniform estimates in terms of the usual 
moduli of continuity are rather imperfect because as can be seen from inequalities 
(1)-(8) the degree of approximation improves as the endpoints of the interval I 
are approached. The modulus of smoothness o9~ introduced and used extensively 
by Z. Ditzian and V. Totik 1-2] is given by 

where 

o)~(f, t), = sup Ilahk,(x)f(x)ll,, 
O<h~t  

~ ) ( - 1 )  k- '  f x +  - i h  if x + - - e l ,  
kkf (x ) ;=  , i T -- 2 

k0, elsewhere 

(A~f(x) is the kth symmetric difference). It is obvious that under the proper 

conditions on the function ~b = q~(x) (for example, for ~b(x) = x/1 - x z) the step of 
the difference is decreasing near the endpoints of [ - 1 ,  1]. So uniform estimates 
in terms of the Ditzian-Totik modulus of smoothness are more exact than the 
usual ones (see [2]). 

For  f ~ C(I), c~(x) = x/1 - x 2, x ~ I in uniform metric the following definition 
of a "nonuniform" modulus of smoothness ~ ( f ,  t) will be used (see [11], for 
example): 

&~(f , t ) ,= sup Ila~(f,x)llct-l, xl, t > 0 ,  
O<h<t 

where p := p(x, h):= x/1 - x2h + h 2. It is easy to see that &~(f, t) ~ co~(f, t)o~ with 

q~(x) = ~/1 - x 2 (see also [2]). 

Theorem 2. For a function f ~ C(I) n A 2 and each n >_ 2, Pn ~ P. c~ A 2 exists such 
that 

(9) Itf - p.ll~ < C(o~(f, n-~). 

I f  f e C1(I), then the following estimate also holds: 

(10) [ I f ' - P ; t I ~  < C69~(f', n-l) .  

Moreover, for f ~ C2(I) there is also the followin9 estimate: 

(11) llf" - P~ll~ < C&6(f",  n - l ) .  

Theorem 2 improves the estimate of convex approximation 

(12) tlf - P,l[~o < C&~(f, n -1) 

which was obtained by D. Leviatan [6]. 
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Corollary 2. I f f  e C1(I) n A 2, then, for every n >_ 2, p, e P, c~ A 2 exists such that 

(13) [If -- P,H oo < Cn-l&~,(f  ', n- l) .  

Let us recall that the integral modulus of the kth order of function f e L p [ -  1, 1], 
1 < p < 0% is the function 

COg(f, 6)p := oSUp v�89 [ ~k(f, X)I p d x j  l/p, ~ E [0, 2k- 1]. 

For a function f bounded on [ -  1, 1] the local modulus of smoothness of order 
k at the point x e [ -  1, 1] is the function (see Definition 1.4 of [8]) 

COk(f,x;f):=sup IA~(f , t ) l ' t , t  + khe  x - ~ , x  + . 

The kth-order averaged Sendov-Popov modulus of smoothness of a function f 
bounded and measurable on [ -  1, 1] is (see Definition 1.5 of [8]) 

Zk( f ,  6)p:= II COk(N, ", 3) 11 p = �89 (COk(N, X, 6)) p dx , 6 e [0, 2k-1]. 
- 1  

The following properties of Zk are used (see Theorems 1.4 and 1.5 of [8]): 

(14) COk(f, 6)p < Zk(f, 6)p < COk(f, 6). 

(15) A constant C(k) depending only on k > 2 exists such that, for each 
function f absolutely continuous on [a, b], the following inequality 
holds: 

Zk(f, 6)p <_ C(k)aCOk_,(f', 6)v. 

In this paper the following theorem is proved. 

Theorem 3. Let 1 <_ p < oo. For a function f e C(1) c~ A 2 and each n > 2, 
p, e P, c~ A z exists such that 

(16) Ilf - p, llp < Cva(f, n-1)p. 

I f  f ~ C1(I), then the following estimate also holds: 

(17) [If' - P',llp < Cz2(f',  n-1)p �9 

Moreover, for f e C2(I) there is also the followin 9 estimate: 

(18) llf" - p"llp <- Cz( f" ,  n-1)v .  

Corollary 3. By (15) and (16), for f ~ C1(I) n A 2 and every n >_ 2, p, ~ P, c~ A 2 
exists such that 

(19) [If - P.[lv -< Cn-~CO2(f', n-1)p, 1 _< p < oo. 
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By the me thods  of [12], using (15) and  also est imate (16), it is easy to prove:  

Theorem 4. For a function f ~ C2(I) c~ A 3 and each n >_ 2, p, E P, c~ A 3 exists such 
that 

(20) [If - P,[I~ < Cn-loo2(f  ', n-1)oo �9 

2. Definitions and Notation 

T h r o u g h o u t  this paper  we use the following nota t ion  (see [4] and  [9] - [11]) :  

A.(x) x/1 - x2 1 
�9 - - - + n 2  , x ~ I ;  

rt 

x j : =  cos - - ,  j = O, n; ~ = =  cos - , j = 1, n; 
n 

x j : = c o s  -- if j < ~ ,  x j :=cos  -- if j > ~ ;  

I j  :=  [x~, x j_  1], h i . '=  x j_  1 - x j, j = 1, n; 

tj(x) := (x - x ] ) -  2 cos z 2n arccos x + (x - ~j)-  2 sin 2 2n arccos x 

is the algebraic  po lynomia l  of  degree not  exceeding 4n - 2 (see [3] and  [9]); 

l-lj(r f ~  1 ( Y -  XJ)r - Y)~t~(y)dy' 

where ~, ~, and # are integers. It  is shown in Propos i t ion  2 that  if r > 0, ~ > 0, 
and # is big enough in compar i son  with ~ and  ~, then Hj(r ~, p) ,,~ h j  2~+r162 
This permits  us to define 

(y - x~)t)~ dy (x~_ 1 - Y)t~~ dy 
Oj(x) := 1 , Qj(x) := , 

~__ (y - xi)t)~ dy (xj-1 - y)t~~ dy 
1 

gx 

T,~x) :=  ! ~ '  

t9(y) dy 

j ,_ t9(y) dy 

are algebraic polynomials  of  degree not  exceeding 40n. (The polynomials  Q j, Q j, 
and Tj are well defined because the denomina to r s  in the expressions of  their 
definitions are never  zeros.) 
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F o r  brevity, denote  

hj 
~/j.-- 

- xjl + h /  

To  emphasize the dependence on n we use a double  index. For  example,  x j,,, h j,., 
Ij,,, etc. 

L(x, f ;  a o, a l , . . . ,  ak) denotes the Lagrangean  polynomial ,  of degree not  exceed- 
ing k, which interpolates a function f (x)  at the points ao, a~,. . . ,  ak. We also denote  

and 

L(x, f ;  x i ) := L(x, f ;  xi, xi-1, xi-  2) 

a + b  ) 
L,(x, f ;  [a, b ] ) :=  L x, f ;  a, ~ ,  b . 

1, x E [a, b], 

z[a, b](x) :=  O, otherwise. 

C are positive absolute constants  which are not  necessarily the same even when 
they occur on the same line. Co~)  denote  constants  which depend on #_ only and 
remain fixed (for certain values of #) th roughout  the paper. (Thus COO), for 
example, denotes the absolute constant  which corresponds to # = 9.) Wi thout  
further ment ioning the inequalities hj+ 1 < 3hfi A,(x) < hj < 5A,(x) for x e Ij  are 
used. 

3. Auxiliary Results 

Proposition 1 (see [9] and [10], for example). 

(21) 

min{(x - x})-2, (x - 2j)-z} < tj(x) <<_ max{(x - x~)-z, (x - ~j)-2}, x ~ I, 

(22) t~(x) <_ 103hi -2, x e l ,  

(23) 

~j -- x~ o n 
x~ -- xj > 2 > �88 x j _ l  - x~ > �88 ~ - xj < ~h/ /f j < ~,  

The followin9 inequalities hold: 

(24) 

x j _ l  -- x} > x j _ l  -- xt > �88 ~j -- xy > �88 x~ - s < ~hj /f  
2 

(25) max((x  - x~)-2, (x - ~j)-2} _< 64(1x - x~[ + hi)-2, x ~ I j, 

and 

(26) ( [ x - x j l + h j ) - 2 < _ t j ( x ) < _ 4 . 1 O a ( [ x - x j l + h ~ )  -2, x ~ I .  

n 
J > ~ ,  
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Proposi t ion 1 can be verified by simple calculations using the definitions of the 
points x j, x}, fc i and properties of the t r igonometr ic  functions sin and cos. 

The following proposi t ion permits us to define the polynomials  Qj(x), Q.j(x), and 
Tj(x) (note that  in these definitions we need only 0 < {, ( < 1). 

Proposition 2. The  fo l lowing inequalit ies hold: 

Co(ll)-  l h f  2~+r +~ +1 < FIj(~, ~, 11) 

:= (y - x~)r - y )~ t f (y )dy  < Co(#)h;  z"§162 
- 1  

where  ~, ~, and t~ are integers satisfying ~ > O, ( >_ O, and 

# > max{3 max{f ,  ~} + 4, 9}. 

P roo f  (see 1-10]). These estimates are proved forj _< n/2. F o r j  > n/2 the proof  is 
analogous with the only difference that  instead of (23) inequalities (24) should be 
used. We write 

F/j({, ~, #) = + + (y -- xj)r - y)~t~(y) dy  =: 8,  + &2 + 93. 
1 ~ X j _ | J  

Now using the estimates (22) and (21) we get 

8 2 ~ (Xj -1  -- xj)g+{+llO3~h]-2u = 103~hf21*+r +1 

and 

a 2 >_ (y  -- x j )~(xj_l  -- y)~ min{(y -- x~) -2u, (y -- 2j)-2,} dy  

+xp/2 
_> 2(x~ -- xj)~(x~ _ 1 -- YCj) ~ (y  -- 2j) - 2u dy  

2 
_ _  (22,-  1 1)(x~ xj)r  1 - 2j)r o , -  2, + 1 - -  - -  - -  X j J  , 

21. -- 1 

respectively. 
Similarly, using (21) we have 

[O1 [ <- (xj  - y)~(x i_ 1 - y)~t~(y) dy  
1 

< (x} -- y)~4~(x 2 -- y)~(x; -- y ) - 2 .  dy  
oO 

4 ~ 

= 2# - ~ - ( - 1 (x~ - xj) -2"+r 
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and 

[a31 ~ (y - xj)r - x j_ Or dy 
1 

_< 4r - 2j)r -- 2j)r -- 2~)-2u dy 
1 

4 r 

- 2 p -  ~ - ~ -  1 ( x j - 1  - 2j)  - e " + ~ + ~ + ~  

Now using (23) we have 

(42"-r  + 4_ 2~-*-1 ) 

< 103#+lhf 2g+r 

Finally the estimates in the other direction are the following: 

//j(~, (, #) = 0~ + ~2 + ~3 

( 4 2 " - ' - 1 + 4 2 " - ~ - 1  2 (2z~_l_l)4_r ~ 
>- 2 # - r  + 2 # - - t  

>__ #-124"-1r  2;- 3((~)2"-1 _ 22r _ 2z~+1)h]-2~+~+~ +~ 

> hf2~+r +1. 

Thus the proposit ion is proved. 

L e m m a  1. 

(27) 

(28) 

(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

The following inequalities hold: 

1 8  - 0<_ T)(x) < COj hj 1, 

I zj(x) - ~ x )  t _< cr  7, 

1 - x j _  1 < T j ( y )  d y  < 1 - x j, 
- 1  

IQ':(x)l < ('~'1111"9h-1 
- -  v v - j  , - 2  

o _ zj~x) - Qj(x) _< c~)~ ,  

1-- Xj-x < f 21 Qj(y) dy < l - xj, 

I Q)(x)l _< CCJ9hf x, 

o ___ O P , ) -  xj- l(x) -< cr ~, 

2 . + r  
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and 

(35) 1 -  l < f Qj(y) dy < l - x~, 

where x e I and Xj(x).'= X[xj, 1](x). 

K. A. Kopotun 

Proof. Let us note that Q'j(x) < O, x < xj; Q'j(x) > O, x > x j; Q j ( -  1) = 0; Q~(1) = 1 
and (~'j(x) > 0, x < xj-1; Q'j(x) < 0, x > xi_l ;  Qj ( -  1) = 0; Qj(1) = 1. This yields 
Q~(x) < Xj(x) and Z~-l(x) < (~j(x), which are the left-hand side inequalities in (31) 
and (34), respectively. Now taking integrals of both parts of these inequalities we 
get the left-hand side inequality in (35) and the right-hand side one in (32). The 
other inequalities could be verified by simple calculation with the use of Proposi- 
tion 1. These proofs are either given in [10] and [11] (see also [4] and [9]), or 
the method of proof is the same. However, because of the importance of this lemma 
in our considerations the complete proof is given. 

First, using integration by parts we get the following identities: 

f l T~(y) d y <  1 - - x ~  
- 1  

r t9(y) dy dx  < (1 - x j) tg(y) dy 
1 - 1  1 

(I -- y)t](y) dy < (1 - xj) tg(y) dy 
1 - 1  

-~ H j(1, 0, 9) = (y -- xj)t~(y) dy > O, 
-1 

and analogously 

fl fl Tj(y) d y >  1 - x  j_l  ~ Hj(0 ,1 ,9)= 
-1 -1 

(xj_ 1 - y)t9(y) dy > O. 

Together with Proposition 2 this yields (29). 
Similarly, 

f l  Q J(y) dy > 1 - x j_ 1 
1 

r (y -- xj)t1~ dy dx > (1 - xj_ 1) 
1 - 1  1 

(y - x~)tJ~ dy 

(1 -- y)(y -- xj)t~~ dy > (1 - xg_ 1) (y - xj)t)~ dy 
- - 1  1 

_/-/j(1, 1, 10) = f l  1 (Y--Xj)(xJ-l--Y)t~~ 
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and 

f ~ 1 0 " s ( y ) d y < l - x j  

(xs- 1 -- Y)t)~ dy dx < (1 - xs) (x j_ 1 - -  Y)t)~ dy 
I -i I 

r (1 - y)(xj- 1 - y)tJ~ dy dx < (1 - xs) (xs- 1 - Y)t~~ dy 
1 -1 

Together with Proposit ion 2 this implies the left-hand side inequality in (32) and 
the right-hand side one in (35). 

Estimates (27), (30), and (33) are the consequence of (26) and Proposit ion 2 as, 
for any x e I, we have 

1 7 9  0 < T)(x) <_ Ch~ t s (x) 
< C-49-  lOZVhJV(tx - xj[ + hs) -18 
< r .1Sh 7 i 

I Q'j(x)l < ChJ s Ix -- x s] t)~ 
< C" 41~ 103~ - xs] + hi) -19 
( ('~11/.19/~- 1 

and, similarly, 

IQ'jx)l ~ C h J 8 1 x j - t  - x l t J~  
< C .41~  103~ xs[ + h~) -19 
_ C ~b l 9h  - 1  < ~ ' r j  "-j �9 

Now let us prove the remaining inequalities which are (28) and the right-hand 
side inequalities in (31) and (34). First, let x < x s. Then with (27), (30), and (33) we 
have 

= I T)(y)dy l 

<_Ch 17 ~x ( l Y - X s l + h j )  - 1 8 d r < c l ] / j  7, 
d -  o o  

<~ Chl 8 f x  ( l Y - - x j [ - ] -  hi) - 1 9  dy <~ CO 18 
,)-  00 
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Oj(x) - xi-l(x) = Oj(x) = ~ 1  Q',(y)ay 

<-ChJ ~ f~ ~ ( l y -  xji + hi) - ' 9  dy <_ C0J  ~, 

respectively. 
For  x >_ x j, similarly, we have 

]ZJ(x)- Tj(x)I = I1-- T~(x)I -- i f ]  T'j~y)dy I 

< Ch) 7 f :  (I Y - xil + hi)-18 dy < COJ 7, 

Zj(x) - Q,(x) = 1 - Qi(x) = f] Q'i(Y)dy 

<- ChJ 8 ~: (lY - x,I + hi) -19 dy <_% C~b) 8, 

and 

0j(x) - z j -  l(x) = 0j(x) - 1 + z[xj ,  x i -  1] 

< -- ~] Q':(y) dy + C~bJ s 

ChJ 8 ~ :  (lY - xil + hi) -19 dy + CqJ ~.s < C~) s. < 
- -  j - -  

This completes the proof  of inequalities (28), (31), and (34). Thus the lemma is 
proved. I I  

It follows from inequalities (29), (32), and (35) that  ~, fl, ? ~ [0, 1] can be chosen 
so that  for polynomials 

6j(x):= fx  (~QJ(Y) + (1 -  oOQj+ l(y)) dy, 
. I -  1 

and 



Lemma 2. 

(36) 

(37) 

(38) 

(39) 

(40) 

(41) 

(42) 
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the following equations occur: 

6j(1) = a~(1) = ~j(1) = 1 - x~. 

Let Rj{x) := (x - xj)6j{x) and Rj{x):= (x - x~}3j(x). Polynomials Rj(x),  iqj{x), and 
o-j(x) and their derivatives give sufficient approximation of the truncated power 
functions )O(x), ( x -  xi)+, and ( x -  xj) 2 (definitions of the truncated power 
functions are given in Lemma 2). Taking into account the fact that analytic 
representation of any spline of degree 2 contains only these functions, this enables 
us to obtain a good approximation of any spline of second degree by polynomials 
with controlled derivatives (see Section 4). 

The  fol lowing inequalities hold: 

_ C d l l 9 h  - 1  162(x) 1 < v , . j  _j , 

_ C d l t g b -  1 la~(x) l < - ~ . j  - j  , 

18 - 0 < a~(x) < COj h~ 1, 

16',~x) -xj(x)l <- c~J ~, 

l a ' jx)  - zj(x) l -< c~,J~,  

t a'Jx) - Xj(x) l < C~b~ 7, 

6~(x) <_ zj+ ~(x), 

a',(x) >_ z j -~(x) ,  

17 (43) l(x - xj)+ - 6s(x)] <_ C~, i h i, 

- -  17 (44) ](x -- xs)+ Six)} _< C0i hi, 

16 (45) I ( x .  xi)+ -- ai(x)] <_ C~bj hi, 

_ C d l t 6 h  2 (46) ](x - x f+  - Rj(x)[ < _~.j .q, 

(47) ](x - -  X j )  2 - -  R j ( X ) I  "~ C d t l 6 h 2  
- -  ~ - r j  , - j ,  

(48) 12(x - xj)+ - R'~{x)l <_ COJThj,  

t7 (49) 12(x - x)+  - g'j{x)l _< COj hi, 

(50) I RT(x) - 2zjx) l _< COls, 

and 

(51) I /~ ' (x) -  2Zj{x)[ < COl s, 

where x e I and (x -- xj)k+ :-= (x - x.i)kZ[xj, 1](x). 
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First, (42) is a consequence of the left-hand side inequalities in (31) and 

,5',(x) = ~O.:(x) + (1 - ~)Qj+~(~) 

_< o%(x) + (1 - ~)xs+ ~(x) 

-< z j+ ~(x) 

~)(x) = flQ_.jx) + (1 - fl)Qj+ l(x) 

>_ f lz j_ , (x)  + (1 - Dzj(x)  

>- z i- l(x). 

Inequalities (36)-(38) are immediate  consequences of (30), (33), and (27) and the 
observat ion that  ~ j e l  < 18Oj. Also, since ~,j ~ C if x El j ,  then inequalities 
(39)-(41) are consequences of (31), (34), and (28) as 

I ~ ' / x ) -  z jx ) f  <_ I Q J ~ ) -  zJ~)l + IQj+~(~) -  zJ~)l 

___ IQj(x) - zJx)l + 10j+l(x) - zj+~(x)l + x[xj+, ,  xj](x) 
_ c4,J 8. 

The proofs of (43)-(45) are similar so we only prove (43). For  x < x~ we have 

I(x - xj)+ - 6j(x)[ < f x  (~IQJy) - xj(y)l + (1 - ct)lQj+l(y) - x j y ) l ) d y  
al- l 

_ dy <_ Ch)8(Ix - xi[ + h~)-17 
l l y - x i [ + h  ~ 

F or  x > xj we have the estimate 

I(x - x~)+ - ~j(x)l = 1(~(1) - 5ix))  - ((1 - xj) - (x - x~))l 

= I~(1) - ~jx)  - (1 - x)l 

= I f~ (c~Q'(Y) + (I -~ I)dy[ 

< f :  (ctlQj(y) - xJy)l  + (1 - ~)]Q:+I(y) - zj+ ~(y)]) dy 

<Cf: (  i hj j)18 y -- xj] + h dy <_ Chj~)  v. 

Thus inequality (43) is proved. 
Inequalities (46) and (47) follow immediately from (43) and (44), respectively, 

and inequalities (48) and (49) are consequences of (43), (39), (44), and (40). Finally 
(50) and (51) follow from (36), (39), (37), and (40). The proof  of the lemma is now 
complete. �9 
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4. Proof  of  Theorem 1 

Following the ideas of  [1] we construct  a convex spline S(x) of degree < 2 which 
sufficiently approximates  the convex function f = f(x), f ~ C(I), that  is, 

I f(x)  - S(x)l _< Co)a(f, A.(x)), x e I .  

Then we approximate  S(x) by a convex algebraic polynomial  so that  

IS(x) - p.(x)l < Co)3(f, A,(x)), x ~ I. 

This proves the estimate (4). 

Let 

and 

Construction of the Convex Spline 

S(x) :=  max{L(x, f;  xj), L(x, f;  xj+ a)}, 

S(x) :=  L(x, f ;  x,_), x ~ 11, 

x e l j ,  j = 2 ,  n - -  1, 

S(x) :=  L(x, f ;  x,), x ~ I,.  

It  is easy to see that  S(x) is a convex spline of  degree < 2 with knots  x j, j = O, n. 
N o w  we consider the index j to be fixed and denote  

av:=L'(xj, f ; x v )  , v = j , j + l , j + 2 .  

Let us call a knot  xj, j = 2, n - 2, "a  knot of type I "  if 

aj+ 1 <_ aj+ 2, a~+ 1 < a~. (52) 

That  is, 

S ( x ) = L ( x , f ; x v ) ,  x e [ x v ,  x~_l], v = j +  l , j .  

Note  that  inequalities (52) are equivalent to the following ones: 

[x~, x3 _ 1, x~_ z; f ]  < [xj + 1, x j, x j_ 1; f ]  <- [xj + 2, xj + 1, x j; f ] ,  

where square brackets denote the divided difference of  f. 
A knot  x~ is "a  knot of type I I "  if 

(53) a./+2 < at+ 1, a1 < ai§ 1, 

which is equivalent to 

[xj+2, xj+l, xj; f ]  < [xj+l, xj, xj_l;  f ]  <_ [xj, xj_l ,  xj-a; f ] .  

In  this case 

S ( x ) = L ( x , f ; x v + O ,  xe [xv ,  x~_l], v = j +  l , j .  
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(54) 

or equivalently 

and 

Let  x s be " a  knot  o f  type I I I "  if 

as+ 2 < as+ 1 < aj 

[xj+2, xs+ 1, xfi f ]  < [xj+ i, xj, x s_ 1; f ]  

i x  j, x s_ 1, x s -  2; f ]  < ix1 + 1, x j, x s_ , ; f ] .  

In this case S(x) = L(x,  f ;  xs+2) , x �9 [xs+ ~, xj],  and S(x) = L(x,  f ;  x j), x e [xj ,  x j_  1]. 
Let the knots ,  which are not  knots  of  type I, II,  or I I I ,  be "kno t s  o f  type IV." 

I t  is not  difficult to see that  if x s is a kno t  of  type IV, then 

(55) S(x) = L(x,  f ;  xj+ 1), x �9 [xj+ I, x j_  ,]. 

Let xl be a knot  of type 11 if a 3 < a z,  x , _  ~ is a kno t  of  type I if a n < a n_ 1, otherwise 
they are knots  of  type IV. 

F r o m  (52)-(55) it follows tha t  tee  spline S(x) has c[efezt 2 in knots  I, II,  and  I i t  
(i.e., the first der ivat ive of  the cont inuous  spline iS(x) does not  exist in these knots)  
and  does not have it in knots  of  type IV (S, S', and S" exist and are cont inuous  
in these knots). Tak ing  this into considerat ion,  we get the following analytic 
representat ion of the spline S(x) with t runcated power  functions ( x -  xj)+ and  
(x - xs) 2 (for an analyt ic  representat ion of splines see, for example,  Section 2.3 of  

ES]): 

S(x) = f ( -  1) + Ao(x  + 1) + [xn, xn_l ,  Xn_2; f ] ( x  + 1) 2 

+ y ,  Ai{(x i_  1 - xi)(x -- xi)+ - (x - xi)2+} 
i = 2 , n -  1 
x i e I ~ l l l  

+ E n,{(x ,  - x ,+O(x  - x,)+ + (x - x y + } ,  
i = l , n - - 2  
xr l l t3IIl  

where 

and 

Ao :=  [ x . , x . _ a ;  f ]  - [x, ,-1,  x . - 2 ;  f ]  + [ x . - z , x . ;  f ] ,  

Ai:=[xi+l, xi, xi_l;f]--[xi ,  xi_l, Xi_2;f] for i = 2 ,  n -  1, 

Bi := - A i + l  for i =  1, n - - 2 .  

Note  that  A~ > 0 for x~ ~ 1 w 111 (i.e., if k n o t  x~ is a kno t  of  type I o r  I I I )  and B~ > 0 
if xi ~ I I  u t l i .  

N o w  let us es t imate  the value t f ( x ) - S ( x ) [ ,  x ~ I .  F o r  this we need the 
wel l -known Whitney inequali ty (see, for example,  Section 2.1 of  [8]): 

( o k - - a ~  [ao, ak] ) (56) la(x) -- L(x, 9; % ,  al . . . . .  ak)l < 3egg+ 1 g, k + 1 ' ' 

where 9 �9 C([a, b]), a~ + t - ai = ai - a i -  1, i = 1, k -- 1, and x �9 [a o, ak]. 
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(57) 

F o r  x e Ix/,  xi_ 2] we have 

I f (x )  - L(x, f ;  xl)t = I f (x)  - / ~ ( x ,  f ;  [xi, xi -2] )  - L(x, f - L,; xi)] 

< I l f - / ~ ] ] c t  . . . . . .  21 1 + (xi-1 xi)(xi-1 - xi-2) / 

-<3~  f '  hi +3 hi- l ' [xi' x i -  2-] 1 +  4hihi- ~ / 

This yields 

< 40r 7A.(x)) < 105co3(f, A.(x)). 

(58)  I f (x)  - S(x)l _ Cco3(f, A.(x)), x ~ I .  

Construction o f  the Convex Polynomial 

Let  us fix n, denote  n 1 := Mn, where an absolute  cons tan t  M is an integer and  
will be chosen later, and  choose  i 1 so tha t  x~,,.~ = x~,.. 

Using the analytic representat ion of S(x) and also the approx ima t ion  of the 
t runca ted  power  functions (x - xi)+ and  (x - x3 2 given in L e m m a  2, we write 
the following algebraic po lynomia l  of  degree < 50Mn: 

p . (x) :=  f ( - -  1) + Ao(x + 1) + [x . ,  x . - 1 ,  x . - 2 ;  f ] ( x  + 1) 2 

+ Y A i { ( x , _ ,  - xi)~i , , .~(x)  - R , , , . , ( x ) }  
i = 2 , n -  1 
x/~I~IIl  

+ Z B i { ( x / -  Xi+l)~rq.n,(X) + /~q.nl(X)}" 
i= 1 , n - 2  
xiEIIvaIIl 

(The distance between S(x) and this po lynomia l  is es t imated in inequali ty (64) 
below.) 

N o w  we show that  it is possible to choose M so tha t  this po lynomia l  will be 
convex on I. Fo r  this it is enough  to choose M so that  the following inequalities 
hold: 

(59) (x,_ 1 - xl)cr'i;,,,,(x) - R;',,,,,(x) >_ -- 2Zi(x), x ~ I ;  

(xi - xi+ Oa'i',,.,(x) + RI',,.,(x) > 2ZI(x), x e I. 

Indeed,  using (59) and taking into account  inequalities A i > 0 for x i e I vo I I I  and  
Bi > 0 for xi ~ I I  w II I .  we have. for x ~ l \ { x  1 . . . .  , x ._  ,}, 

p~(x) >_ 2[x. ,  x._ ,, x ._  2; f ]  + ~, A,{--  2Z,(x)} + ~ 2B,zi(x) 
i = 2 , n - - 1  i = 1 , n - - 2  
xi~lul l l  x ie l lv l l l  

= s"(x). 

As S(x) is convex on each interval  I j, j = 1, n, then S"(x) > 0 for x ~ ( x .  xi_ 1), 
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i = 1, n and hence p~(x) > 0 for x �9 I \ { x  1 . . . . .  x . _  t}. As p. (x )  is a polynomial ,  i.e., 
it has a cont inuous  second derivative, then p~(x) > 0 for x �9 I, and therefore p.  �9 A 2. 

Thus  it is sufficient to prove  (59). Inequali t ies (59) are consequences of the 
following est imates:  

(60) min{T;,.. ,(x). T',, + 1,n,()r  min{hl, h,+a} > 4 for x � 9  w I i , . . ,  

and 

(61) m i n { T ' i , . . , ( x  ), T'i,+l,.,(x)} min{h i, hi+ 1} 
r X - -  - -  ' [ Q i  + l , n  ( X ) l }  > 2 I x  x i l m a x { I Q ' i , , . , ( x ) l ,  IQi ,+ l . . , ( x ) l ,  IOi,..,( )l, - '  

for every x �9 1. 

Indeed, suppose that  (60) and (61) are true. Then  for any x �9 1 together  with (42) 
we have, for x • l i ,+ l . .  ' w Ii, .... 

( x i - 1  --  xi)a'[,. . ,(x) --  R'[,, . ,(x) 

= hi (yr ' i , . . , (x  ) + (1 - 7)T'i, + 1,. ,(x)) 

- (x  - xi)(~Q'i, . . ,(x) + (1 - a)Q'i, + 1..,(x)) - 26'i,..,(x) 

> hi min{T'i,..,(x), T'i, + 1..~(x)} 

- I x  - xll max{IQ~,..,(x)l, {Q~,+l..,(x)l} - 2x[xi~+l..,.  1](x) 

> - 2)~[xi, +1 .... 1](x) 

= - 2Zi(x ). 

Fo r  x e I i , + l . .  , w l l , . . ,  taking into account  (60) and (61) we have the following 
estimate:  

" ~ " hi  
( x i - z  - -  xi)ai,,.,(~ ) - Ri~.,,~(x) >_ ~ min{T~i..,(x). Ti,+ 1..l(x)} -- 2)~[xi~+ 1 .... 1](x) 

>_ 2 - 2X[xi, + 1..,, 1](x) 

>__ - -2Zi(x) .  

This proves  the first es t imate in (59). Considera t ions  for the p roof  of  the second 
est imate in (59) are analogous.  

Thus  our  p rob lem is reduced to the following one: find such an integer cons tant  
M that,  for n 1 .'= M n .  inequalities (60) and (61) are valid. 

It  follows f rom (21) that,  for x e I i ,+l .n  1W Ii,,n,, 

-- - 2  ti,,m(X ) > min{(x - x?~..,.~- 2. (x  - xi , . . , )  } 

h ,  2 
> ( h i , + l , n  I + h i , , n l ) - 2  > q,n~ 

16 

F r o m  Propos i t ion  2 (4 = 0, ~ = 0. and # = 9) we have 

f l t9 . . , (Y)  d y  < Co(9)h~,1.7. 
- 1  
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Thus we have, for example, the following estimate: 

t 9,.1(x) 
T'i . . ,(x)hi =/*I hi > Co(9) - 116 -9  hi �9 

hi,.., 
I ti9.., (y) dy 
J -  1 

N o w  it is sufficient to choose the number  n 1 e N so that  hi >_ 4" 169Co(9)hi,,.1 . This 
verifies inequality (60). 

Using the same idea, Proposi t ion  2. and also inequalities (26) to prove (61) we 
write, for example, 

hiT'i,..,(x) - 2Ix -- xi[ I Q'i,..,(x)l 
- 1  17 9 > Co(9) hihi,.n,ti,.n,(X) - 2Co(10)Ix - xil IXi,-1.n, -- x lhi,,x8.,t,,.x~ 

> Co(9)-lhih~,7.,(Ix - xi,,.,I + hi,..,) -*s  

- 2" 41~176 - x i .... I + hi1..1) - t 8  

_ 18 h -1  - _ .41o.103OCo(10)hi~.,}" > Oi,.., i,..,{Co(9) 1hi 2 

Thus (61) is verified if the number  nl e N is chosen so that  

hi >- 2" 41~ .103~ 

Taking into account  that  hi/hi,.., > n l /5n  we can conclude that  inequalities (60) 
and (61) are true for nl = [105~ =: Mn.  

It remains only to estimate I p.(x) - S(x)l. Similarly to (57) using 

f ( x i -  1) -- L ( x i -  1, f ;  xi) 
[xi,  x i -  1, x i -  2. x i -  3; f ]  = 

( x i -  1 - x i ) ( x , -  i - x i -  2 ) ( x i -  1 - x i -  3) 

we have 

[Xi, Xi- 1, Xi- 2, Xi- 3 ; f ]  ~ ChZ 3093(f,  ~n(Xi)) 

and hence 

IAil = I [ x i + l ,  xi, x i -1 ,  Xi-2; f ] ( x i - 2  -- X i + l )  I ~ Chi2093(f, ,dn(Xi) ). 

It also follows from the last inequality that  

IA,I <- ChF*co2(f ' .  a.(x,))  for f E C I ( I )  

and 

I Ail < Coo(f", A.(x,)) for f e C2(I). 

N o w  let us note  that  the estimate hi .... < hl < (M2/5)hl  .... implies that  

(62) @i,.., < 5M2~9i. 

Using the inequalities (see [9] and [10]) 

AZ(y) < 4A.(x)([x  -- Yl + A.(x)) 
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and 

2(Ix - Yl + A/*(x)) > Ix - y] + A,,(y) > �89 - y[ + A,,(x)), 

and also the properties of the modulus  of smoothness we have 

(63) oga(f, A.(xi)) < o93(f, 2x// A.(x)(lx -- xi[ + A.(x))) 

= co3(f, 2A/*(x)x/lx--xi'+ A.(x) ~.(x!) 

x e l ,  

< 64()x -- x,l + A.(x)'] 3/2 
_ ~-.(~ / o~(f, a.(x)) 

_< 1 0 6 ( " x -  xil + A/*(x)). 

From (45)-(47), (62), and (63) we have 

(64) 

I p . (x)  - -  S(x) l _< 2 
i = 2 , n - 1  
x ie l to l l l  

+ 2 

I Ail{hil(x - xi)+ - cri,,/*,(x) I + [Rii, 111 ( x )  - -  (X - -  Xi) 2 1} 
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y ~ I ,  

< C  

Inil{h,+xl(x - x,)+ - %,/*,(x)l + I/~i,./*,(x) - ( x  - xD21} 
i = l , n - 2  
x i  ~ I I  to III 

I*-1  

y~ ~o3(f, A.(x))O? 
i = l  

<_ co)M, ~.(x)). 

Inequalities (58) and (64) complete the proof of the estimate (4) as 

If(x) - p.(x) l < If(x) - S(x) l + IS(x) - p.(x) l 

< Cco3( f ,  A,,(x)), x ~ I 

To prove (5) the following equations are used: 

S'(x) = Ao + 2[x/*. X._x, x,,_z; f ] ( x  + 1) 

+ Z Ai{hizi(x ) - 2(x - x/)+} 
i = 2 , / * -  1 
x i  ~ I'.2 II l  

+ ~. B,{h,+,Zi(x) + 2(x -- x3+ }. 
i =  1,/*--2 
x i  ~ llto III 

It follows from (41), (48), and (49) that  
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(65) [p',(x) - S'(x) l 

<_ ~ lAil{hila'i,,,,,(x ) - X~(x)[ + [R'il,,,(x) - 2(x - x,)+l} 
i = 2 , n -  1 
xi~ltJlll 

+ ~ ln, l{h,+ll , , , , , , (x)--Zi(x)l+l ~,,,,,(x) 2 ( x - x 3 + l }  
i = l , n - 2  
x i s l lu l l i  

n - I  

< C ~" ooz(f', A,(x))~k~ 4 
i=1 

< Co92(f', a,(x)). 

N o w  (5) follows from the following estimate for x e ~ : =  [x~, x j -2 ] :  

(66) tf ' (x)  - L'(x, f ;  x~)l < Cogz(f', h-i, rj). 

In order to prove inequality (66) (see Lemma 1.4.2 of [11]) let us denote 

/,(x) := f (x j)  + L(u, f ' ,  x-i, x j_ 2) du 

(L(x) is an algebraic polynomial  of degree 2) and note that 

f ' (x )  - L'(x, f ;  x.i ) = f ' (x)  - L'(x) - L'(x, f - L; x-i). 

The following estimate is a consequence of Whitney's  inequality (56): 

I f ' (x)  - L(x, f ' ;  x j, x-i_ 2)t < Ce)z(f ' ,  h-i, ~.), x E T i. 

This implies, for any x e ~ ,  

If(x) - L(x) l = f '(u) - g(u, f ' ,  x j, x-i_ 2) du 

< Chjo)z(f ' ,  hi, I-i). 

N o w  together with the estimate for x r ~ ,  

[L'(x, f - L; xj)[ < C h f l t l f  - EIl~ _< Co)2(f', hi, ?j), 

the following inequalities complete  the p roof  of (66): 

I f ' ( x ) -  L ' ( x , f ;  x-i)[ < lf ' (x)  --L'(x)l  + Ce)z(f ' ,  hj, r-i) 

= l f ' ( x ) -  L(x, f ' ;  x-i, x-i-2)1 + CoJ2(f', h-i, T-i) 
<_ Coo2(f', h-i, ~), x ~ r,. 

To prove (6) we use the following equations:  

S"(x) = 2[x. ,  Xn_I, Xn_2" ~ f ]  + 2 A,{--2Z,(x)} + • 2B#~,(x) 
i=2,n--  1 i = l , n - 2  
x i e  Iu l l l  x i ~  l lu l l l  

173 
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and 

S"(x) = 2[xj,  xj-1,  x j -2;  f ]  or S"(x) = 2[xj+l ,  xj, x j_ t ;  f ]  if x E I j .  

It follows from (38), (50), (51), and (63) that  

_ - -  R "  (x~l (67) [p~(x) -- S"(x)[ < ~ [A,l{h,[cr'[,.n,(x)] + [2Z,(x) ,,..,. ~,} 
i = 2 , n - 1  
xi e I u l l I  

+ ~ IBil{h~+l a" tx~l /i" tx~l~ i . . . . . . .  + 12Zi(x) -- i,.,,, , , ,  
i = l , n - - 2  
xi ~ II u III 

n - - 1  

<_ C 2 co(f", A.(x))O~ 5 
i = l  

<_ Coo(f", An(x)). 

Now (6) follows from the following estimate for x e Ij (see also Lemma 1.4.2 of 

E l q ) :  

(68) If"(x)  - 2[xj,  x~-l ,  x j -2 ;  f ] l  

= 2 { f " ( x )  - -  f " ( x ~  + ( x j _  1 - -  x j ) t l  + ( x j _  2 - -  x j _  1)t2)} dt 2 dtl 

<_ oo(f", hj + hi_ 1, I j) 

< Coo(f", An(x)). 

Thus Theorem 1 is proved for all n > 2. 

5. P r o o f  o f  T h e o r e m  2 

To  prove inequalities (9)-(11) it is sufficient to estimate I f  trY(x)- St~)(x)f and 
]p~f)(x) - S~V)(x)] in terms of the cb~-~ modulus  with v = 0, t, and 2, respectively. 

First, let us note the following: 

For  the interval [xi, x i-2] we denote  ~i:= xl if ]xi_21 < ]xi] and 
~i:= xl-2  otherwise. Then  for any y e [ x i ,  x~_2] and 0 < h _ n -1 the 
inequality p(~,  h) <_ p(y, h) is valid. 

If h = x/1 - x2h +/~2 = p(x, i), then 0 < h <_ An(x ) r 0 < h <_ n-1. Using (57) 
and the above we get, for a fixed x ~ [xi, x i -  2], 

I f ( x ) -  L ( x , f  ; xi)] <.N 105oo3(f, An(x); [xi, xi_2]) 

_< 105oo3(f, 15An(~i); [xi, xi_2]) 

<_ Coo3(f, An(it); [x,, x/_2] ) 

= A 3 [x~,  2])11c[ . . . . . .  ~j C sup II h(f, Y, Xi- 
0 < h < A~(r 

< C sup IIA~(f,Y)llct . . . . . .  2] 
0 < h < An(~i)  

= C sup - 3 - IIAp(e,h)(f, Y)llct . . . . . . .  1 ~ 

O < h < n - a  

< C l ,,(r ~31 



Pointwise and Uniform Estimates for Convex Approximation of Functions 175 

for some 0 </~o < n-  1 and ~i e [xi, x i -  2]. (Actually, using the compactness argu- 
ment the last inequality can be replaced by an equality.) 

Now using inequality P(~i, ho) < P(~i, ho), continuity of p(~, h), and the fact that 
P((i, h) ~ 0 as h -4 0 we can conclude that a number h~, 0 < h~ < ho < n-  l, exists 
such that P(~i, ho) = P(~i, 1~1)" Thus 

This implies 

If(x) - L(x, f ;  x~)l _ CIa3(~,,g,)(f, ~,)1 

< C sup - 3  . IlA.(r,h)(f, y) llct . . . . . .  21 ~ 
O<h<n-1 

< c~g( f ,  . -  1). 

I f(x)  -- S(x) l < C6)~,(f, n -  1), x �9 I. 

Now we can apply the same considerations as in (64) to estimate [p,(x) - S(x)[. 
For this we need the estimates of the coefficients Ai which appeared in the 
constructions of S(x) and p,(x) in terms of the "nonuniform" moduli (Sg. 

Using the same method as above we have the following estimate of lAd: 

lad--IUxi+l ,  xi, xi_x, Xi-2; f'](xi-2 --xi+x)l 

= [ f (xi2 -- L(xi' f " xi + lA Xi- L' x i -  2) (xi_ 2 __ Xi + l) [ 
( x ,  - x~ + ~ ) ( x ,  - x , _  ~)(x~ - x ~ _  ~) 

<-- Ch[-2a~3(f, An(xi); [xi+*, Xi- 1]) 
< Ch[2cS~(f, n -  1). 

Moreover, if f e C1(I),  then 

IA, I < Chi2coa(f, A,(xi); [xi+l, x i - , ] )  

ChT2(An(xi))C~ ', An(xi); [xi+ 1, Xi- 1]) 

< Chf lcS~( f  ', n-l) .  

Similarly, if f �9 C2(I), then 

I&l < Ch[2(A,,(xl))209(f ", A,,(xi); [xi+ 1, xi-1]) 
<_ C&~(f", n-1). 

Now analogously to (64) we have 

n - - 1  

Ip.(x) - S(x)l < C&~(f, n -I)  ~ 016 < C&~,(f, n-l) .  
i = 1  

This completes the proof of the estimate (9). 
Analogously to (65) and (67) in the cases f �9 C'(I) and f �9 C2(I), we have the 

estimates 

n - - 1  

Ip;(x) - S'(x)] < C(5~,(f', n -~) ~ t#~ 7 < C6)~(f', n -1) 
i = 1  
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and 

respectively. 

n - 1  

Ip~(x) - S"(x)] ~ C(o4,(f", n -1) ~ O~s < CcS,(f", n - l ) ,  
i=1  

Now inequalities (66) and (68) imply, for x e I j, 

I f ' ( x ) -  S'(x)l < Ccoz(f', A~(xj); Tj) < CrS~,(f', n-1)  

and 

] f " ( x ) -  S"(x)l < Cra(f", A.(xj); I i ) < C&,( f " ,  n -1) 

in the cases f e C~(I) and f e C2(I), respectively. Thus inequalities (10) and (11) 
are also proved. �9 

6. Proof of Theorem 3 

We need the well-known Jensen inequality, that  is, 

laxbl + " "  + a.bn] p < a l lb l l  p + "'" + a.lb~] p, 

where a i > 0, i = 1, n, and ~7= 1 ai = 1, p > 1, and also the following lemma. 

Lemma 3 (see Lemma 2.5 of [8-]). Let  {zi: - 1  = z o < z 1 < ""  < z,+ 1 = 1) be a 
partition of  the interval [ - 1 ,  1] into n + 1 subintervals and let r >_ 1 be an integer. 
Usin9 the notation Ji = zi+l - zi-1,  i = 1, n, d, = max{6i: 1 < i < n}, then 

i=1 (o),(f, zi; 2h))P~i _< 21/p+21"+x)z, f ;  h + 7- p" 

Now let us estimate I I f  - S l i p :  

{f' I I f -  Slip = �89 -1 If(x) - S(x)] e d x }  alp 

< C �89 ~, (a~3(f, xj; hi_ ~ + hj + hi+ O)Phj dx 
j = l  

< Cza(f ;  n-1)v, 

where ho:=  h, + l: = 0. 
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n-1  16 Using the estimate ~j= 1 ~kj < C (see the proof of Lemma 2 in [4], for example) 
and the Jensen inequality we get 

If p, ll, = -1 Ip,(x) - S(x)] p dxj lip IIs 

; ? <_ c �89 ~ o~(f, xj; hi_, + hj + hi§ ~)016 dx 
1 j=l  

{ ? _< C �89 ~ (093( f, xfi h~_ 1 + hj + hi+ t.~''16~'j dx 
1 j=l '  

<_ c _ h i ,  + h, + hj+,))" 
j = l  

]lip 
_< C �89 ~',_. (co3( f, xj; hi_ 1 + h~ + hi+ 1))Phj~ 

j = l  J 

<__ Cz3( f ,  n-1)p. 

Thus, using Minkowski's inequality we have 

[ [ f - P , H ~ -  I J f -  S[tp+ [IS-p~l[p < cz3(f; n-1)p. 

The proof of (16) is complete. The proofs of (17) and (18) are analogous. �9 

Note that it is possible to relax some of the conditions put on function f in 
Theorems 14.  This is connected with the fact that a convex function on the 
interval [ -  1, 1] (at least in terms of divided differences) is continuous on the open 
interval ( - 1 ,  1) and has left and right derivatives at every point of this interval 
(see, for example, Sections 11 and 72 of I-7]). 

Final Remark 

After this paper was submitted, the author became aware that Y. Hu, D, Leviatan, 
and X. M. Yu had obtained the uniform estimate for convex polynomial approx- 
imation in terms of ~o3( f, n-l). Their paper "Convex Polynomial and Spline 
Approximation in C [ -  1, 1]" appeared in Constructive Approximation, 
10(1):31-64. 

Acknowledgments. The author is indebted to Professor I. A. Shevchuk for raising 
the problem and for useful discussions of the subject and to Professor Z. Ditzian 
and the referee for their suggestions that make this paper more readable. 
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