UNIFORM ESTIMATES OF THE COCONVEX APPROXIMATION OF FUNCTIONS
BY POLYNOMIALS

K. A. Kopotun

1. In the paper we consider the question on the coconvex approximation by polynomials

of functions with deteriorating smoothness at the endpoints of a segment. We denote by Wr
the class of continuous functions f on [~1, 1] that have the absolutely continuous (r — 1)-th
derivative locally in (-1, 1), and

17 (z) (1=2) 2| <1 (0.1)
for almost all x € [-1, 1].
For r 2 3 the following theorem will be proved:

THECREM 1. Let r e N, v+ # 4, and I: = [-1, 1]. If a function f = f(x) is convex on

I, and f € WT, then for any natural number n 2 r — 1 there exists an algebraic polynomial
Py = Pn(x) of degree <n that is convex on I, and such that,

[f(2) =P.(z)| <Cn=". C=C(r) =const, z&1. (6.2)

The corresponding theorem for the approximation without restrictions was proved by
Ditzian and Totik [1, pp. 40-41, 79-83] (see also Dzyadyk [2, Chap. IX]). A similar theorenm
for the comonotone approximation in the case r = 1, 2 follows from the paper by Leviatan [3],
and in the case r 2 3 it was proved by Dzyubenko, Listopad, and Shevchuk [4] by using the
method from [5]. A modification of the method is used in the present paper too. Theorem 1
for r = 1, 2 also is a consequence of the paper by Leviatan [3]. It follows from Theorem 2
that Theorem 1 does not hold for all r, contrary to the corresponding theorems for the ap-
proximation without restrictions, and the comonotone approximation. Namely, the theorem is
not true for r = 4.

m&{@ﬂ; VneN VCeR, Ifew'. [ (2)=20. zel: VP, P."(z)>0, 2! Ansl: |f(z)—P. ()]|>C.
We use the notation from [5]:

Let L(x, g, [a, bl) be the Lagrange polynomial of degree <r — 3 that interpolates the
function |g at the points a + i(b — a)/(r —3), i =0, r =3, r > 3;

A (y)i=n"+Vi—yn', yI; A=A (2). z=l;

zi=cos(jn/n). j=0, n;
‘.i,:=cos(}'n/n—n/2n), j=1, n;
r'1=cos (jn/n—nf4n), i<n/2:
z:=cos(jn/n—3n/4n). j>n/2:
li=lz, z,.), hi=z,.,—z, j=1, u;

Lai=(z—x)~* cos® 2n arccos +(z~%,)~* sin* 2n arccos ¥

is an algebraic polynomial of degree S4n — 2;
Ti(z): =3 Go(y)dy (5 L (p)dy)
Ti(@): =57, (w=2) (@ =t (n)dy

(8 =) (o= 6 (y)dy)
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are polynomials of degree <6r(2n — 1) + 1 and <2(3r + 1)(2n + 1), respectively;

g (8)=(sin nt/2/sin t/2)*( N (sin nt/2/sin £/2)% dt) -
is a kernel of the Jackson type;

28r

@'a(y.x)= '—‘@8_“_1‘5" dre

——(r—y) j.drw-os r—'x'l""(t)dl

is a polynomial kernel of the Dzyadyk type, in which a = arccosy, x, y € I, and C, C; are
positive numbers that depend on r only.

Also we use the following inequalities

A (y)<4A(lz—yl+4), 2L, y=1:
2(|x—yl+A)>|z—y|+ba (y)>(lx—y|+A)/2

hyes<3h;; A<h;<BA for zel,.

1

In Proposition 2 and Lemmas 3-7 of the next section, we assume that r 2 5,

2. Some Lemmas and Definitions. Similarly to the proof of Lemma 6 from [6, p. 17-191,
it is easy to check the following inequalities

t—z;_ <V Ti(z)de<l—z;

1—z,--.<)"_|7‘,-(x)d.t<1—z,. j=1.n.

From this it follows that there exist numbers o = a(j) € (0, 1) and g = B(j) € (0, 1), such
that, for the polynomials

3:i(x) =\ (al{(y)+(1-a)T,.. (y) )dy.

o,(2): =i, BT+ (=BT (1)dy. =1, n—1.

we have the equalities

8:(1)=0c,(1)=1-2, (1.1)
(a similar consideration was applied in the proof of the theorem from [71).
We denote Ty = hj(lx - le + hj)"l, for short. We put xj(x): =0 if x < X3, Xj(x): =
1if x > x4, and write (x - Xj)+: = S_lxxj(t)dt.

Proposition 1. The following estimates hold:

0<-3," (z) <Cihy 't =l (1.2)

18, (x) |<C\h, "1, zl, (1.3)
| (x—2;) s —8;(z) | SC oty " | z=l, (1.4)
C.h -1 <o;” (2)<C.hi*t™, 2z, ' (1.5)
N(x—15) . —0;(2) | <Ciha) T, 2=l (1.6)

The proof of Proposition 1 is similar to the proof of Lemma 6 from [6], where we take
into account the equalities (1.1) and the inequalities hj+1'1'rj+1er < 312r'1hj'11j6r, x e I.

LEMMA 1. Suppose that a set E consists of some segments Iji- The polynomial

Qu(z,Eyi=n—"% _ k' (0, ()-8, (x))

iefiy i

of degree <2(3r + 1)(2n + 1), where {i}: = {i[Iji € E, Ij;41 € E}, satisfies the inequalities
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10.(x. E)Y|<Can~, z=l,
3." (z, Ey=—CA~*n~", z€E. =
0. (z, E)>Csa-tn=" (Al (dist(z, E)+4))*", z=NE,
where E: = E\{Ijilljiil e E}.
Proof. The following estimate is a consequence of the inequalities (1.4) and (1.6):
0. @ E) | < £ 200~

and from this

dr=-2
T; =

10 (2, E) | <2Cn 5.,
\<\C!n-r2£2r59r/!33r_l,5‘s ,—' ( I.T—tl +A)_3,+o'5 dtscan". IEI,
From the inequalities (1.2), (1.3), and (1.5), we get
0./ (& EY2=n=E 0,7 (00, Z—n=h: ([a;(2)|+3]8, 1 (2)]),

where the index j* is chosen in such a way that x € Ij*’ i.e., én”(x, E) > C,A"?n"F for
x € E, Finally, from (1.2) and (1.5), we get

0." (2, E)=Con=" § b 1) =Con k" 1y 2

>C.A-*n— (A/ (dist (2. E)+A))'*~,  zel\E,

where j* is chosen in such a way that Ij* is the interval from E that is closest to x, i.e.,

dist(x, E) = dist(x, I..). The lemma is proved.

j:':
LEMMA 2. Let 0.5 g"(x) € n"YA7?, x € I. Then the polynomial

Rn (-t' g) = Z ;:: lx.i+|~ L Ji"!i g] (IJ-—!‘—Ii+!)0j($)+ .
+g(xn—l)+[xm tu—l; gl ('r_‘rn-ﬂ)

of degree <6r(2n — 1) + 2 is convex on I, and moreover,
lg(z)—R.(z, g)|<Cen~', z=l. (1

Proof. Since the function g is convex, therefore, [Xj+l, Xy, Xj-13 gl 2 0, and, by

using (145), the polynomial R,(x, g) is convex. We shall prove the inequality (1.7}. By
the Lagrange formula, we have

{

l[xi+h‘tjv‘tj—l:gll = |g”(e)|<1'l3n"'h,-‘2,

|

0 (201 Tini]:
ez 2, 2 g]|<13n7"h% el
From this and using (1.6), for x € (xj, xi-1] we get

|g(z)—Ra(z,8) | =z 2, iss 8 (2—2:) (2—2imy) +
+X ;:: [1j+u Lijy Tjr gl (zimi—xi,) ((2—x5) . —a; (x)) l s

<13n-7+ X "= 18r- kTR C e T ISCon, el

The lemmal is proved.

.7)
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For a function g = g(x) that has the second derivative on [-1, 1], we write

Pz, @) =g(—D+g (=) (a+1) +¥_§ Ly, g”. Ndy dt,
L(z,y): =g(z)+g (z) (y—z) +{*§: L(t.g", [z, z+A])dt dz.

Proposition 2. If g e WE, then the following inequalities hold:
1) |g(x) —&(x, g)| £ Cyy x € I;
2) |gly) = L(x, y)| € Cen"T(|x — y| + A)2TA72F, [x, x + A} c I, y e I.

Proof. Let yy: =-1+ 2i/(r - 3), i =0, r — 3. Then

lg{z)-F(z,8)| =
K T —g)e (=g L8 5 (A
ot Yo bt o P Y=Yeaden)) T e dtdy d
+ 45 =) Y (-

Wt T =Y e )) T = F T

We prove, for instance, the boundedness of the first integral. Put g,.(t) = (1 + t)r/z-z
if r is odd, and g,(t) = (1 + t)r/z'zln(l + t) if r is even, which gives gr(r’z)(t) = Co(1 +

t)‘r/z. We have
Fo<C 8 T y—ya) - (g—yed 1N
A Solr—iéir—Z\ (y!\+ v +(y—yr—3)[r—:)dtr—-3 Ve dl =

=7 N g () =Ly, g D dy dI<C,

because the estimate [g.(y) — L(y, gy, I)| S Co%, y € I, follows from [2, pp. 159-161].

2) We fix x € I; and set §i: =x+ Ai/(r — 3), i =0, v = 3. Then

lg(y)—L(z. )| < N
B A [ A IO (SN S

R Y U L B LR B
L dtdz=:CG(y).

We consider three cases.
a) If -1+ n"? <x,x+A<1-n2, -1+n"?2<y<1—n"2, then 2/1 — xZ > na,
161 = y2 > na?/(|x = y| + 4), and

|z=yl+A

AT )(It—ylﬂ)’“lx—yl“i

G(y)sc(

r—yl+A N\
=< Csn“’( —;———Al—)

b) Let xy > 0. We consider the case x € [-1, 0) and y € [-1, 0) (the case x € [0, 1]
can be proved in a similar way). We write x¥ = min{x, y}, y* = max{x, y}. Using a), we con-
sider the case x* < —~1 + n~2 only. Similarly to 1), we have the following estimate:

G(y)<CStSi|g,(t)—L(t, g.. [z, z+A ) dt dz.
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. - +1
where g {t) = (1 + t)rlz—z if r is odd, and g,(t) = (1 + t)r/z’zln (—L—~). if r is even.

{+y*
We notice that Iér(t)l < (1 + y*)r/z-z’ t € [-1, y*]. Then
v 7 - +/ r=3 .
G(y)sCjxj‘_(1+y‘)""’(1+0(—li—jl—j-) )dtdzs
. : A lz—yt+Ay -yl Ay
<cqumyeay () Ten (B2

c) For the remaining cases we have C € n"T(|x — y| + A)2TA~2r, and the estimate G(y) <
C can be‘proved similarly to 1). The proposition is proved.

LEMMA 3. Suppose that a function & WX and a set F o I are given. If ¢"(x) = 0 for
x € F, then the polynomial
Da(z, @): =§_(®(y)~Z (4, 0))D.(y, 2)dy+Z (z, )

of degree <l4r(n — 1) approximates the function ¢ and its derivatives, and

A )12:7.:

0" (2)—D,” (. ®) | <C.,A-> (_.___._
19 (=) (@ ON<Cud ™ n "\ g

(1.8)
z=l, p=0V1V/2.
Proof. Put g(x): = ¢(x) — £ (x, ¢). It follows from Proposition 2 that lg(x)| < Cq,

x € I. We assume that x + A € I, where x is fixed, for convenience. Similarly as in Lemma
3 from [6], we reduce the proof of (1.8) to an estimate of the integral

. ! a?
7= _'(L(x,y)—g(y))wﬂ(y,x)dy-

Using Proposition 2 and Proposition 1 from [5], we obtain

I71<§-1L (2, y) —g (1) [Cald 7 (Jz—y | +A) " dy< ,
<Cscun"5'_, A‘lzr-z-p( II__yl +A) —-12r3s dyscun—rA—u’

which means that the inequality (1.8) is proved in the case x € F.

In ﬂhe case [x, x + A] the polynomial L(x, y) coincides with g(y) for v € F. There-
fore, if x = F, then assuming [x, x + A} ¢ F, for convenience, we have

|FI § o CoCuan™ 87 (| 070y <
R TALEY

too

-12r+1 )
dist(x, INF) (t +4) &L e

<208C12n-rA121'-2-pS 1 (A + dist)lzr—‘z °
The lemma is proved.

LEME&_&L Suppose that the following is given: a function g € W, and a set 4/, that
consists pf 2r — 5 adjacent intervals Ij, i.e.,

W;=[,-U1,~HU oo U[J‘+z(r-s)-

If for any i
then |g”(%)ﬂ
Proof. Let 2(x, g", izp) be the Lagrange polynomial of degree <r -- 3 that approximates

\ -
g'" at izp% p =0, r = 3. We represent the derivative g'" in the following form

0, 2r — 6 there exists a point X; € Ij}; such that [g"(%;)| € n7¥a,"2(X;),
C13n"TA™2 for all x € 4,

A
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g (x)=1g" (2)=L(z. g", Y| ~l(x, g" =L, F2p) +(z, g". Fup).

We estimate the last term

(2. g Fp)|= |Z g () H.,s:, i S

-3, e By
I2p Im

< Z;_a nTA (.'tz,,) L CynTA™

The relevant estimate for the second term &(x, g" - L, izp) follows from the above and from
the estimate [g"(x) — L(x, g", %,)| < C;sn"FA"2, which follows from the proof of Proposition
2. The lemma is proved.

Let a function f = £f(x) be convex on I and f e WT.

Definition 1. An interval I5 we will call the interval of type I if for all x € I,

£"(x) € C15(Cy + Cy )n'rA 2; the interval of type II if it is not the interval of type I and
for all x & Iis f"(x) (C, + C5)'n"YA"2, The remaining intervals Ij we call the intervals

of type III. We denote by E,, E,, and E; the sum of the intervals of type I, type II, and
type III, respectively.

LEMMA 5. The number of adjacent intervals of the type III is <(2r — 6), i.e., each set
4, , i =0, n—2r + 6, consists of at least one interval Ij that is not of the type III.

Lemma 5 follows from Lemma 4.

We represent the set E; U E5 U {Ij = Ezlljtl = E,} as a finite union of disjoint inter-
vals. We denote by G; the set of all intervals such that they contain at least (4r — 8) in-
tervals Ij.

Therefore, G, = [xy,, x5,1 U [x5,, x5,]1 N..., where 0 € j, < jy4, € n. We write Jyt =
jy + (1 + (-1)V)/2. If IXJ | = 1, then we put Sy(x): = 1; if ,va{ # 1, then we put

Se(y =12 (g — 57 @ — ) .
sy — 35 (e, — ) )

Definition 2. Define g;(x): = 0 for x € Gy, g:(x): = £"(x)Sy(x) for x = [va’ Xiy 1

and g,(x): = £"(x) in the remaining cases. Define g,(x): = f"(x) — g,(x). We set

/WI)"ﬂ‘4)+f(_1Hf+l)+viylgdyMWdt
fa(z) :=\_"_,"g: (y) dydt.

Obviously, f(x) = f,(x) + f,(x).

LEMMA 6. The functions g; and g, are nonnegative, and the following inequalities hold

lgi (1‘) '<C”n"A‘2, re=/;

(-2, (1.9)
lg: "(m(-2?)%<C,r.  ze).
Proof. Obviously, the functions g; and g, are nonnegative. The first of the inequal-
ities (1.9) follows from [Sy(x)| < 1 and the inequality [f"(x)| € Cn"FA"2, x € G;, which is
proved similarly to Lemma 4, keeping in mind Lemma 5.

Now we prove the inequality
(r=2)

lee (@) (1-2")"*|<Cyy.  zel.

(1.10)

Fix a point x € I. If g,(x) =0 or g:(x) = £"(x), then the inequality (1.10) is obvious.
Therefore, it is enough to prove it for x € [va’ va],,[val # 1. Since the interval
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(3 ] does not contain *1, therefore, we have the inequality If(r)(x)l < 2fnTIATT,

xc
v’ Ty
From this, using the estimate [f"(x)| < Cn"YA"2?, x € G,, and with the help of inequalities
of the Kolmogorov type, we obtain |f(j+2)(x)| < Clgn'rA'(j+2), j=10, r=-2. Using the

inequality [Sv(k)(x)l < CZOA'k, k=0, r -2, we have

| e )| _ Er—z (r — 2) U (z) Sir-2=h () I <

j=0\ [

< CmCzon-,.A_,er—‘z (r - 2) < Cpp (1—2?) .

J=0 ]

The second of the inequalities (1.9) follows from (0.1) and (1.10) with C,; = C;4 + 1.
The lemma is proved,

We write G,: = {x|dist(x, Ez) < 34TA}, where E,: = {Ij|I e E,, I
rom Lemma 5 and Definition 2 that g,(x) = 0 for x € I\G,.

j € G,}. It follows

We notice that for n; 2 n the following inequality holds
An () (dist(z. G;) +A,, (x)) ' <C,A(dist (2, E;) +A) .

From Lemmas 3 and 6, and Definitions 1 and 2, we get

LEMMA 7. For any natural number n; 2 n, the polynomial D, (x, f,) of degree <l4rn;
—— 1
has the properties

[f:(z) ~Da (2, f2) |<Con~", zel,

‘ - A
D"n(‘ty fl) ;.—CESnl—rAmz (z) (

1272
e %'LZ) . z=l\E,
Du.” (17, fz) < (C‘+C5)n"A‘r—Czan,"Ah.‘z (.2?), JEEZ,

where C,, = 11015, Cz3 = Cy11C1,Cy 72072,
3. Proof of Theorem 1 in the Case r 2 5. Let n; € N, n; 2 n. We write Pnl(x): =

- - 1
On(x, E,) + Dnl(x, f,) + Ry(x, f;), and notice that the polynomial is of degree <l4rn,. The
following?estimates result from Lemmas 1, 2, 6, and 7:

(z) =P, (2) | < (CoatColi+Co)n~"=Coon~, 1=,
P, (2)2Cn A2 ~CyA,, 2 (z)n,~". rsE,,
— e A 1y -2
dist(z, E;)+A

x € I\E;.
It remains to choose n; such that the following inequality is satisfied:
Con~rA™2>35"Coon,~" A, "2 ().
For this, it is enéugh to take n; = [[351r%C, 7113/ (r-%) + 1In.

Thus, for n > [(351r2C2305'1)1/(r’“) + 1]r = C,, the theorem is proved. The case r —
1 <n < Cp, follows from the case n = r — 1, and it is enough to take P,(x): =:2&(x, f) +
(209*/09)(2-

4. Bome Lemmas and the Proof of Theorem 1 for r = 3. The peculiarity of the case r =
3 lies in|the fact that the second derivative of a function f € W3, f'", does not exist, in
general, at the endpoints of the interval I. Using this information, it is not difficult to
prove the| following analogs of Proposition 2 and Lemmas 2-7 from Sec. 2 in the case r = 3.

LEMMA 2. Let g e W3, g"(x) 20 forx € I, g"(x) < n"34"2 for x IN(I, U I,). Then
the polyngmial Rn(x, g) is convex on I, and moreover, |g(x) — Ry(x, g)| < Cen73.
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We set

P (. g)i=g(—1)+g (=1) (+1)+g" (0) (z+1)%/2,
L(z.y):=g(z)+g (z) (y—2)+g" (z+A/2) (y—2)*/2.

We notice that for g € W3, Proposition 2 is satisfied if the functions Z(x, g) and L(x, y)
are substituted by @(x, g) and L(x, y).

LEMMA 3. Suppose that a function & € W3 and a set F c I are given. If ¢"(x) = 0 for
X € F, then the polynomial

D.(z,®)=§' (O (y)-L (y, 9))D, (4. 7)dy+L (z, D)

approximates the function ¢ and its derivative in such a way that

|®(x)—D.(z, ®)}|<C,n-2 z=l,

A ‘ 34
[ 0" (2)=D." (2, ®) | < C,yn—°A™" (m) ’

z=N\ (1|U,n)q
D, (z, ®)=—Cyn, zel.

LEMMA 4!. Let a function g e W3 and an interval I be given (Ij n(I, uiy =@). If
there exists a point x I; at which Ig”(i)] < n73A,"2(x), then |g”(x)| < €15n73A72 for all
X € Ij'

Definitions 1 and 2 remain unchanged, only we replace C; by Cj.

LEMMA 5!'. The third type intervals can be I, and I, only.

LEMMA 6!. The functions g, and g, are nonnegative, and the following estimates hold:

Igi (1‘) I<C1nn—3A"2, =\ (I.UI,.) :
]gz, (-T) (1—1‘2)3/2|<Cny -TE,.

LEMMA 7!. For each n; 2 n, the polynomial ﬁnl(x, f,) has the properties

1f2(£) =D (2, £2)|<Cn™, 21,
y B A H
D., (x,f,) 2 =Cpun, A, T iet(r B A
(2 1:)Z=Can, A (”)( dist(z, B,) +A ) ’
zEl\(EsziUIr.),
Dn,“(-t.f2)>(CL"'C&)n—sA-z"Czan|—aAn._2(z): IEEQ\(I‘UI")’
D" (@, 1)>—Cun,. 21,01,

Similarly to Sec. 3, it is not difficult to show that there exists n; (for instance,
n, = [10225C,,C5"*In), such that, the polynomial Pnl(x): = @n(x, E,) + ﬁnl(x, f,) + Rp(x, £1)
has the properties

|f(z) =P (z)|<Con°, zel;
B, (2)=0, zel\({Ul.):
Pm”(x)>"(cl+czb)nn 'xEIJUIn-

LEMMA 8. For the algebraic polynomial

x v 1 10
Q.(x):= j _J _l(sin —% arccos t/sin 5 arecos t ) Vn"“’ dt dy
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of degree <5n, the following inequalities hold

0." (z)=0, zel; 0<Q.(z)<2-10'n"*, zel;
2 10 .
o @>(2) ">z sel,
n
Finally, we obtain that the polynomial

B, (2):=P (2)+ (Ci+Css) 20 [10%CosCs~ In(Qa (2) +0n(—2))

is convex on I, and satisfies the inequality (0.2).

Thus, for r = 3 and n > C,4, Theorem 1 is proved. For the remaining n, the proof fol-
lows from the case n = 2, in which it is sufficient to take P,(x): = &(x, f).

5. Proof of Theorem 2. We assume to the contrary that Theorem 2 is not true. Then

IneN IC=R, C>1: Visw', f'>03P, P,/'>0;
|f(z) =P, (z)|<C. z=Ll.

It is well known that the inequality |[Zj-,Pajxi| < 1, x € I, implies the estimate

la;|<M,, M.=M(n)=const, i=0,n. (5.1)

Take a function fy such that its derivative f},"(x) = —bx + b — Inb — In(1 — x), where
b = 2exp8nM;C,. It is obvious that fy/4 € W* and fp"(x) > 0, x € I. Take a polynomial
P, = Py(x) such that P,"(x) = Ij=," 2ajxi. Then

li(z) P(I)I—IZ.,_ (W—T)(TE% (— l)"*'(Az+l))*»'
. (z"r‘l

zi-1
—?—-—J—])(G|+’))+ ~—Tv+.l,‘+')(ll‘,—'l+ l]]b)+
O FA

+M.x+M, + j“‘j_l In(1—2)dzdy l <C, x=l
From (5.1) and the inequality |{%.{%, In(1—2)d2dy|<7. x € I, we have

la| <8M,C,, i=2, n—2:
la,+b]<8M,C.; |a.—b+lnb|<8M,C..

From thisT we get
Po()=X"""a.<(n—1)M,Co-8 —In b<0.

We have obtained a contradiction, which proves Theorem 2.

The method of proof of Theorem 2 allows us to generalize it to the classes A4, q > 2,

of functions f e C(I), such that, Ap4(f, x) 2 0, x € I, where AhQ(f x) is the q-th differ-
ence of the function f with the dlfference h. (We note that A' is the set of nondecreasing
functions on I, and A? is the set of convex functions on I.) To do this it is sufficient to
consider }the function f}, whose the q-th derivative is of the form

fo'? (£)=—bz+b—In b—-In(1—x), zxel.

and the ﬂnequalltles r—q 22 and r/2 2 r — q are satisfied, i.e., an analog of Theorem 1

for A4, q 2 2, does not hold when r = q + 2, 2q (see Fig. 1). The domains I and II are still
not investigated.
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