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ABSTRACT. It is shown that the rate of L,-approximation of a non-decreasing
function in Ly, 0 < p < oo, by “nearly non-decreasing” splines can be esti-
mated in terms of the third classical modulus of smoothness (for uniformly
spaced knots) and third Ditzian-Totik modulus (for Chebyshev knots), and
that estimates in terms of higher moduli are impossible. It is known that
these estimates are no longer true for “purely” monotone spline approxima-
tion, and properties of intervals where the monotonicity restriction can be
relaxed in order to achieve better approximation rate are investigated.

1. INTRODUCTION AND THE MAIN RESULTS

Throughout this paper, we denote by II,. the space of algebraic polynomials of
degree < r, and by S,(z,) the (linear) space of all piecewise polynomial functions
(which we refer to as “splines”) of degree r (order r+ 1) with the knots z,, := (2;)g,
—1=2z <21 < < zp_1 < 2z, := 1. In other words, s € S,(z,) if, on each
interval (z;_1,2;), 1 <4 < n, it is a polynomial of degree <7, i.e., 5., , .,) € IL,.
Note that we do not put any restrictions on smoothness (or even continuity) of
splines at the knots z,,. We assume that a spline s and its derivatives are defined
at the knots in z, by continuity, if possible, and not defined otherwise. We also
denote by u, and t, the sets of knots for the uniform and Chebyshev partitions,

i.e., Uy = (—1 + %)?:o and t,, := (cos @)izo.

Given ¢ > 0 and a set J C [—1,1], a function f is said to be g-monotone on J
if its gth divided differences [z, ..., z4]f are nonnegative for all choices of (¢ + 1)

distinct points g, . .., 2z, in J. We denote the class of all such functions by M9(.J),
and note that M*(J) is the collection of all non-decreasing functions on J.

If J C [~1,1], we denote by || - [|L,(s), 0 < p < oo, the Lj)-(quasi)norm on J,
and write || - ||, := || - [|L,[~1,1)- For a function f € L, := L,[-1,1], 0 < p < oo, we
denote by

Bf,Fly = inf 11 = sl
the error of L,-approximation of f by elements from the set 7 C LL,. In particular,

ED(f 20, J)p = E(f,8,(zn) N MI(])),
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and
ED(f 2, D)y 1= B(f,8,(20) NM()) N T,
are the errors of L,-approximation of f by splines from S,(z,) and from S,(z,) N
C ! (i.e., having maximum smoothness) which are g-monotone on J C [—1,1].
It is well known (see, e.g., [2,[7]) that for a function f € L, N M'[—1,1],

EN(fun, [-1,1])p < cwn(f,1/n), and  EN(f, tn, [—1,1]), < cw (f,1/n),,

where ¢ are constants which are independent of f and n, but dependent on p
when p — 0. (Throughout the paper, ¢ denotes positive constants which are not
necessarily the same even when they occur on the same line. For the definition of
wi(f,1/n), and wf(f,1/n), see below.) Moreover, these estimates are best possible
in the sense that one cannot replace wo(f,1/n), and w3 (f,1/n), by wn(f,1), for
any m > 2 (see [10]).

It is natural to ask whether it is possible to improve the above estimates by
relaxing the constraints on the approximating splines, for instance, by allowing them
not to be non-decreasing in some small parts of the interval. We know (see [B]) that
for non-decreasing f € C[—1,1] (i.e., in the case p = c0) this is indeed so. Namely,
if we allow the splines not to be non-decreasing in small neighborhoods of the
endpoints £1, then these inequalities with p = oo can be improved by considering
quadratic splines instead of linear ones and replacing the right-hand sides with
w3(f,1/n)eo and wi(f,1/n)sc, respectively. This problem remained unresolved for
p < 0o, and the main purpose of this paper is to close this gap by investigating the
relaxed constrained approximation of non-decreasing functions in LL,, 0 < p < oo,
by nearly non-decreasing splines.

Let
e
q\k—i _ : :
N ZE:O (z)( D" f(x — kh/2+ih), if |z £kh/2| <1,
0, otherwise,

be the kth symmetric difference. Then the (classical) kth modulus of smoothness
of a function f € L,[—1,1] is defined by wy(f,t), := supgcp< ||AF(f,*)||p, and the
Ditzian-Totik kth modulus of smoothness is wf(f.t), := supocp<i A%, (f:)llps
where ¢(z) := /1 —22. (It is well known that wy (f,t), < cwi(f,t),.) Finally, the
kth modulus of smoothness on a subinterval J C [—1,1] is defined by wy(f, ¢, J), :=
SUPg<p <t |AR(f, -, DL, () » where A¥(fyx,J) = AF(f,z)ifx+kh/2 € J, and := 0
otherwise.

Theorem 1.1. Let f € L,[-1,1] N M'[-1,1], 0 < p < ¢ (i.e., f € L, is a non-
decreasing function on [—1,1]). Then there exists an absolute constant k > 0 such
that, for everyn € N,

gél)(fa u,, [_1 + /Qn_l7 1- Kn_l})p = ng(f, 1/7’L)p

and
gél)(fa tnv [71 + Km'72a 1- ’in72])P S Cw:f(f’ 1/”)1? ’
where ¢ are constants independent of f and n which may depend on p as p — 0.
In Section Pl we introduce the notation to be used throughout the paper, re-

call some well-known properties of algebraic polynomials and discuss properties of
splines from S,.(z,,). Then, in Section[B] we provide counterexamples that show that
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the estimates and assumptions in Theorem [[.1] are exact in some sense and can-
not be improved. In Section F] we provide construction of a nearly non-decreasing
continuous quadratic spline and, in Section Bl we show how this spline can be
“smoothed” to become continuously differentiable. Finally, Theorem [[.1lis proved
in Section

2. NOTATION AND AUXILIARY RESULTS

Let z, :={z0,...,2n] =1 =120 < 21 < -+ < 2, := 1} be a partition of [—1, 1],
and extend the notation by setting z; := —1, j < 0, and z; := 1, j > n. Throughout
this paper, we use the notation J; := [2;, z;41] and denote the scale of the partition
zp, by

— ._ | Jje1
(2.1) W= 9(zy,) = onax | ]

)

where |J| denotes the length of the interval J.

We now recall several well-known facts about algebraic polynomials which will
be frequently used in the sequel. The first lemma is merely the equivalence of norms
in a finite dimensional space and the well-known Markov’s inequality.

Lemma 2.1. For any polynomial q, € 11, and an interval J,
lgrllL, () < |J\1/p||qr||C(J) <dlgrllL, (), 0<p< oo,
and

larllcer < 2r% 11 Hlarlle -

Hence, in particular, for any 0 <k <r,
(2.2) g% e < e IIF g, ), 0<p<oo.
Constants ¢ above depend only on v and p as p — 0.

Lemma 2.2. Let I and J be subintervals such that I C J. If q. € I1,., then, for

0<p<oo g, < c(\J|/|I|)r+1/p llgrllL, (1), where the constant c depends
only onr and p as p — 0.

The following lemma now follows readily by Whitney’s inequality
i — < .
pl€nl—§r ILf = pllL, ) < cwrpt(f5 1], 1)p

Lemma 2.3. Let f € L,[—1,1], 0 < p < oo, and let I and J be subintervals
such that I C J C [-1,1]. If q. € Il is a polynomial satisfying || f — qr|lL, 1) <
cowrt1(fs |1, )p, then |f — arllL, ) < cwrpa(fy]J],J)p, with constant ¢ which
depends only on ¢y, r, the ratio |J|/|I|, and p as p — 0.

We now present some properties of splines from S,.(z,).
Lemma 2.4. For any s € S,(z,,) and 0 < k < r we have
80 (z54) = M (z5=)| < eI Pwpa (s, |l (221, 250 1< <n—1,

where ¢ depends on k, r, p and the scale ¥(z,,).
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Proof. Denote w := wy41(s, |J;], [2j—1, zj+1])p. By Whitney’s inequality, there is a
polynomial p € II, such that ||s — p||1Lp[zj,1,zH1] < cw. Inequality (2.2]) implies
589 2) = PP a)] < el = pll ) < el 4w,
and, similarly, [s*)(z;—) — p("(2;)| < e[ J;_1|7*"1/Pw. Hence,
50 (zj4) = 5Pz =) < [sW(z4) = oW () + 5™ (=) — o™ (2)]
< ;TR Py

O

Corollary 2.5. Let s € S,.(z,), and suppose that s |Jj =:p;j, 0<j<n—1. Then,
for 0 < p < o0,

1Pj = Pj—1llL,(zj1.zi40] < cwr1 (s, 2i41 — 2j-1,[25-1,2j41))ps 1 <G <n—1,
where ¢ depends on r, p (as p — 0), and the scale ¥(z,,).
Proof. Since, by Taylor’s formula,
—~ 1/ k
pi) = pi(@) = 3 75 (7 (20) = o (20)) (@ = )"
k=0

i (25) = sF)(z;4) and p;k_)l(zj) = s())(z;—), and using
Lemma 2.4] we immediately get

taking into account that p(k)

Ips = pi-tlewon, < DU Tl [s® () - 50 ()
k=0

< ;Ui T Pwa (s, 2 — 21, [2-1, 24 ))p -

Finally, Lemma [2.1] completes the proof. O

Let 0; := |J;]/3, 0 < j <n—1, and denote J; := (2j,2; +0;), 0 < j < n —1,
and J, := (1 — d,-1,1). The proof of the following lemma is exactly the same as
in [Il Lemma 2.1].
Lemma 2.6. Given f € L,[-1,1], 0 < p < oo, and r € N. There are points
§§-T> € jj, 0 < j < n, such that, for 0 < j < n —r, the polynomial L;, € IL,
interpolating f at fi(r), i=4,7+1,...,5 4+, satisfies
(2.3) 1f = Lirlle, 5,y < cora (£ 151 T5)p s
where J; = [zj_1, 2j+r41], and the constant ¢ depends only onr, p (asp — 0), and

the scale ¥(zy,).

We now show that if a function f in the statement of Lemma happens to be
a spline from S,(z,), then the inequality (23] is valid for arbitrary (but not too
close to each other) points of interpolation.

Lemma 2.7. Suppose that v € N, s € S.(z,), and I := I,, = [z,,2,], where
0<pu<v<nandv—p<cy. Suppose further that the set {&} € I is such
that min;; |& — &;| > c1|I|. Then, the polynomial L, € 11, interpolating s at &,
0 <1< r, satisfies

(2.4) Is = Lol ry < cwria (s, 121, Dy

where the constant ¢ depends only on r, ¢y, c1, p (as p — 0), and the scale ¥(zy,).
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Proof. We denote s|j, =: p;, and note that, in order to prove (Z4)) it suffices to
estimate ||p; — Ly||L,(r) for ¢ < 1 < v — 1. Taking into account that L.(§;) =
s(&) = pu,; (&) for some p < v; < v —1, and using Lemmas 211 and 23] as well
as the Lagrange interpolation formula (using min,»; [; — &;| > ¢1|I|) we have, for
each p <l <v—1,

lpe = Lell, < eld1Plip = Lelleqy < el max |pu(&) — Le()]
— 1/p A | < 1/p _
C‘I‘ Or;liaéXr |pl(§z) Dy, (gz)‘ > C|I| OHS'I?SXT le Pv;llc(n)
v—1
< ¢ nax Pt = puill, ) < e | Z Ipi — pi-1llL, (1)
1=p+1
< er+1(87 |I|7 I)p )

where the last inequality follows from Corollary and Lemma (taking into
account that |[z;_1, zi+1]| ~ |1])- O
3. COUNTEREXAMPLES

Theorem B.1] implies that the third moduli of smoothness in the statement of
Theorem [[.1] cannot be replaced with any moduli of higher order.

Theorem 3.1. Forany ke N, A>0,0<p<oo,r €N, néeN, and a partition

Zn i={20,.. 20| =1 =120 < 21 < -+ < 2z := 1} of [-1,1], there exists a function
f e CF[-1,1] N M*[—1,1] such that
(3.1) If— qr||Lp[zu,zy+1] > Awgt3(f, 1)1)

for any q, € 11, satisfying ¢ (0) > 0, where 0 < v < n — 1 is such that z, <0 <
Zy+41-

Proof. This proof is a modification of the proof of inequality (4.2) in [4] and, in
fact, the idea can be traced back to the paper of Shvedov [10]. Let f be such
that f*)(z) := (2? — h?), := max{z? — h?,0}, where h > 0 is a constant to be
prescribed. We now let a polynomial Q € I, be such that Q) (x) = 22 — h2,
and QW (—1) = f@(~1) for all 0 < i < k — 1. Then, since

@) = Q) = gty [ o= 0 (190 - @) .
we have
If = Qller1,y < @ggﬁ/gu—ﬂ“ﬂﬂWw—QW@ﬂﬁ
< %/};(Wﬁ)dtch‘q’.

This implies that
1 = @l <27 1f = Qe < ch?

and
wits(f, 1)p = wea(f = Q, )p < e|f = Qllp, 1y < ch®.
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Now, assume that BI) is not true, i.e., that there exists a polynomial P € IIL,.
such that P®)(0) > 0 and || f — Pl [z, .2,11] < Awk43(f;1)p. Then, for 0 € J, :=
(20, 2u41], using ([22), we have

P(0) - QW ()|

IN

(k) _ (k) _
e

¢ (1P = Flly ) + 15 = @l
< ¢ (Awk+3(f7 Dp+If— QH]LP[—l,l]) < coh?,

IN

where ¢y depends on k, r, p, |J,|, and A, and is independent of h. Finally,
PR (0) < QW) (0) + ‘P(’“)(O) —QW(0)] < —h? 1 coh® <0,
for sufficiently small h, which is a contradiction. O

The following theorem shows that the intervals near the endpoints where ap-
proximating splines are allowed to be non-k-monotone cannot be much smaller
than nearby intervals J; produced by z,,. (For the sake of simplicity we state it for
the right-hand endpoint only.) It also implies that we will not get any improvement
in orders of approximation if we relax the condition on k-monotonicity of the splines
instead of near the endpoints, somewhere inside the interval [—1,1].

Theorem 3.2. Let k € N, 0 < p < oo, r € N, and suppose that, for each n € N,
&n € (0,1) and partition z, := {20,...,2n| =1 =1 20 < 21 < -++ < 2z, := 1} are
such that the number of indices in the set J := {j|J; N [2&, — 1,&,] # 0} is bounded
independently of n, i.e., card (J) < co, where ¢y is a constant independent of n.
In addition, suppose that the scale of the partition z, is bounded by an absolute
constant (¥(z,) < c¢1), and that

(3.2) lim inf ="

n— 00 ‘Jy|

=0,

where v := min{j|j € J}. Then, for any A > 0, there exist ann € N and a function
feCk-1,1]NM*[-1,1] such that

(3.3) 1f = arllL, (7)) > Awkt2(f 1)p
for any q. € 11, satisfying qﬁk) (&n) > 0.

Proof. The idea is quite similar to the one used in the proof of Theorem [B.1] above.
For convenience, we denote d,, := 1—§,, everywhere in this proof. Let f be such that
f®)(z) := (1 -2d, — x); :=max{l — 2d,, — ,0}, and let a polynomial Q € ITj,
be such that Q) (z) =1 —2d,, — x, and QW (—1) = fI(~1) forall 0 < < k — 1.
Then, f = Q on [—1,1 — 2d,,] and, for any z € [1 — 2d,, 1],

1 ' k=1 | () (k)
@)= QW) < g=g5; [ 1= /90 - W]
k— 1
< (;_ l)!dﬁ_l/l_zd (t—1+2d,) dt
< cdﬁ"‘l. "
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This implies that

If = QHp =f- Q”Lpp—zqu < (2dn)1/p If— Q”(C[l—Zdn,l] < cd,’j“*l/p
and
Wra(f, Dp = wipa(f = Q Dy < |lf = Qllu, L1y < cdi™H7.

Now, assume that [B3]) is not true, i.e., that for any n € N, there exists a
polynomial P € TI, such that P*)(¢,) > 0 and ||f — PllL, ) < Awiga(f,1)p-
Then, letting I(3) := U,;cy Jj, noting that [J,| < [I(J)] < coci®|Jy], and using
Lemmas and [2.1] we have

POE) - Q)| < [[PY-W|
< c(I@VI )t [pw W
< e, | TR 1P = Qlly, 1,
< ARIF (1P~ flly 5+ 1~ Q)
< ¢, |TRp (Awk+2(f, Dp + ||f_Q||]L;,[71,1]>
< 02UV|—1c—1/pdﬁ+1+1/p7

where ¢y is independent of n. Finally, using (3.2), we get

PO < QW) + ‘p(m@n) —Q(’“’(én)‘ < —dyy + eo| T, |F VR

IN

d, (71 to (dn/u,,\)’““/”) <0,

for sufficiently large n, which is a contradiction. O

4. CONSTRUCTION OF NEARLY NON-DECREASING QUADRATIC SPLINE

We combine the ideas of DeVore, Hu, and Leviatan [I], with a construction by
Leviatan and Shevchuk [5]. The following lemma is similar to [5, Lemma 1].

Lemma 4.1. Let {p < (1 < (2 < (3, and let f € Lp[¢o,¢3], 0 < p < o0, be non-
decreasing on [(o,(3]. Assume that the quadratic polynomials Qo and Q1 are such
that, for 1 = 0,1, @ interpolates f at (;, i =1,1+ 1,1+ 2, and satisfies

(4.1) If = Qulli,[ci.c0) < E-

Then, there exists a quadratic polynomial ¢ which is non-decreasing in [(1, (2], in-
terpolates f at (1 and (3, and such that

I1f = all, e < 2V/PE.

Proof. If either Qg or @ is non-decreasing on [(1, (2], then we take it for ¢ and the
assertion follows from (£1]). Otherwise, necessarily Qg is concave and @ is convex,
and since both interpolate f at ¢; and (s, if we let L be the (non-decreasing) linear
Lagrange polynomial interpolating f at {; and (3, then it follows that

Q1(7) < L(w) < Qo(x), =€ [C1,C]
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For 0 < p < 0o, we have by virtue of (4.1]),

Cz2
If = LI ¢.c) < i max {|f () — Qo(2)[", |f(z) — Q1(2)["} du
G2 ¢2
< [ i@ - @@rd [ 1) - Qo) do < 287
Thus, we take g := L and the proof is complete. (I

Theorem 4.2. Let f € L,[—1,1], 0 < p < 00, be non-decreasing. Then there exists
s € Sa(zy) NC[—1,1] N M (23, 2,,_2], such that

(4.2) 1f = sllL, ;) < cws(f,zj45 — 2j-4, [2j-2, 2j45])p, 0<j<n—1
Proof. First, for each 1 < j < n — 2, we use Lemmas [.1] and with r = 2,
G=¢€7,,,1=0,1,2,3, and

E = max {w3(f, [Jj-1l, Ji—1)p,ws(f; | T, Jj)p} < cws(fs zj48—2j-2, (22, 2j43])p »

and obtain a non-decreasing g; € II, interpolating f at fj(-z) and §j(i)1, and satisfying

(4.3) If - qf”“ﬂp[ff’»ﬁﬁ-?l] < cws(f, zj4s — zj—2, [2j-2, Zj43])p -

We now define § =q;, 1 < j <n—2 Thus, §is a non-decreasing con-

GREIN
tinuous quadratic spline which is defined on | §2), 57(127)1] and is close to f. However,
the knots of § are not at z,,, and so we need one additional step in our construction.

Let Qj, 3 < j < n—2, be the quadratic polynomial interpolating § at z;,
1 =7—1,5,7 + 1. Then, Lemma 27 with r = 2, knots {5](2) ! instead of z,,

I,,= [@@2, j(i)l], and interpolation points z;_1, z; and z;41, implies
A : 2 (2) 1£(2) £(2) T
HS - Qj”ﬂ‘p[&ﬁr‘)_)z{ﬁ?l] < CWB(Sa J+1 §j72a [5];2; j+1])p =: Ej.

For each 3 < j < n — 3, we now apply Lemma Tl with §; = z;_144, { = 0,1,2,3,
to conclude that there is a quadratic polynomial p; which is non-decreasing on J;,
interpolates § at z; and z;41, and

(4.4)  lpj = 8lle, (1) < cmax{E;, Ej 1} < cws (3, zj43 — 2j—2, [2j—2, 2j43))p -

Now, we denote s ‘Jj =pj, 3 < j < n-—3, and extend s to [—1,1] by setting
s ‘[zn_z,ll ‘= pn_3, and s |[,1’23] := p3. Obviously, the extension may not be non-
decreasing in [—1, 1], but s is non-decreasing in [z3, 2,,—2].

It remains to prove [@2). For 3 < j < n — 3, using inequalities (£3)) and (£4),
we have
cllf = 3llw, ) +elld = sll, )
cllf = 3llL, ;) + ews(5, zj+3 — zj—2, [2j-2, 2j+3])p
Cllf - gH]Lp[Zj—2st+3] + Co.)g(f, Zj+3 — Zj—2, [ijQa Zj+3])17
cws(f, 2j+5 — 2j—a, [2j—4, Zj+5))p -
Finally, Lemma[Z3limmediately implies that (£2) is valid for j =0,1,2,n—2,n—1
as well. O

If = sllL, ;)

IN N IN A
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5. SMOOTHING LEMMA

In this section, we show how nearly non-decreasing splines constructed in Sec-
tion @ (which were only continuous) can be “smoothed” to become continuously
differentiable.

We introduce, for each 1 < j < n — 1, the auxiliary functions

1 Zit] — Zi T —zi_1)>
E' J+ 3. ( J ) ’ .’EE[ijl,Zj],
Zj41 T Zj—1 Zj — Zj_12
hiw)i=q L 2z o) o
2 Zj41 — Zj—1 Zj41 — 2§ 7
07 X g [Zj7172j+1]7
and
Xr—ZzZj_1
gz " Clonh
. X — Zj
¢](:C) = 7J+1, RS (Zj,Zj+1],
7 T i+
0, T & [zj-1, 2j11]-

Note that h; and ¢; are continuous functions supported on [z;_1, zj11].
The proof of the following lemma is straightforward and will be omitted.

Lemma 5.1. Each s € §1(z,,) has the following representation:

n—1 n
(5.1) s(z) =Y ohl(z)+ Y Bigilx), x€[-1,1]\z,,
=1 1=0

where a; := s(z;—) — s(z+), 1 <i<n-—1, and

Zi+l — % Zi — Zi—1

8 = s(zi) +

Zit1 — Zi—1 Zi41 — Zi—1
Now, we are ready to prove

Lemma 5.2. Let s € Sy(z,) N C[—1,1] N M [z,,2,], where 0 < p < v <n. Then
there is § € Sy(z,) NCH—1,1] N M 2,11, 2,—1] satisfying

Is =5l (g;) < cws(s, zj42 = zj-1,[2j-1, Zj42])p, 0<j<n-—1,
where ¢ depends on r, p, and the scale 9(zy,).
Proof. Since s € S1(zy,) it follows by Lemma [B1] that s'(z) = Zﬂ:ll a;hl(z) +
Yoi o Bidi(z), x & z,. We now define
n T
5(z) ==s(—1)+ Zﬁl/ ¢i(t)dt, xe[-1,1].
i=0 -1

Then clearly § € Sy(z,) N C'[-1,1] and, for z € J;, §'(z) = >, Bigi(z) =
Bid;(x) + Bjr1¢;+1(x). Since f; > 0 for all p+1 < i <v—1 (because s'(z;£) > 0
for these i), we conclude that §'(z) > 0 forz € J;, p+1 < j < v —2, and so
s € MI[Z#+1, Zy_l].
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Finally, for each 0 < j < n — 1, taking into account that Hhi||Lp[Zi71)Zi+l] <

¢|J;|**1/P | and using Lemma 2.4] we have

s =8l = [ aitil = llaghs +agihgialy,
< doglllhlly, (s, + clagial il )
< el T Pws(s, 241 — 21, (21, 2z - 1) TTYP
el T T Pws (s, zie — 25, (25, Z42l)p - [ T TP
< aws(s, zj42 — 21, [7j-1, 2j42])p -

6. PROOF oF THEOREM [[.1]

Let f € L,[—1,1], 0 < p < 00, be a non-decreasing function on [—1,1]. Theo-
rem 2 and Lemma[5.2limply that there exists § € Sa(z,)NC[—1,1]N M1 |24, 2, 3]
such that

1f =3l < ellf = sl +ells =8l
< cllf =slly, ) +ws(s 22 = 2515 (2515 Zj 2]
< clf- S||Lp[zj7172j+2] +ews(fs zjre = zj-1, [25-15 2j42])p
< ws(f,zj45 — zj—a, [2j-1, Zj45])p, 0<j<n—1.

Finally, since the scales of the uniform and Chebyshev partitions are bounded, the
inequality

n—1 n—1
If =3y = Z If =3I, ) < CZ w3(f, zj+s — 2j—a, [2j—4, Zj+5))h
=0 =0

. n—1 * * .
and the estimates (see, e.g., [3, 2]) > 7 wi(f,|J7], J7)D < cwr(f,1/n)p (if 2, =
u,), and Z?;(} wr(f | I5 L T0)8 < ewf (f, 1/n)b (if 2, = ty,), where J; C JF and
| Jj| ~ [J}|, complete the proof of Theorem [LIfor 0 < p < co. In the case p = oo,
the proof is similar and, in fact, simpler (also see [5]).

REFERENCES

1. R. A. DeVore, Y. K. Hu, and D. Leviatan, Convez polynomial and spline approzimation in
Ly, 0 < p < oo, Constr. Approx. 12 (1996), 409-422. MR1405006(97j:41008)

2. R. A. DeVore, D. Leviatan, and X. M. Yu, Polynomial approzimation in L, (0 < p < 1),
Constr. Approx. 8 (1992), 187-201. MR1152876 (93£:41011)

3. R. A. DeVore and G. G. Lorentz, Constructive Approximation, Springer-Verlag, Berlin, 1993.
MR1261635//(95f:41001)

4. Y. K. Hu, K. A. Kopotun, and X. M. Yu, Weak copositive and intertwining approxrimation,
J. Approx. Theory 96 (1999), 213-236. MR1671196//(2000a:41026)

5. D. Leviatan and I. A. Shevchuk, Nearly comonotone approximation, J. Approx. Theory 95
(1998), 53-81. MR1645976//(99;:41012)

6. D. Leviatan and I. A. Shevchuk, Some positive results and counterexamples in comonotone
approzimation II, J. Approx. Theory 100 (1999), 113-143. MR 1710556 |(2000£:41026)

7. D. J. Newman, The Zygmund condition for polygonal approximation, Proc. Amer. Math.
Soc. 45 (1974), 303-304. MR0361553//(50:13998)

8. D. J. Newman, E. Passow, and L. Raymon, Piecewise monotone polynomial approximation,
Trans. Amer. Math. Soc. 172 (1972), 465-472. MR0310506 (46:9604)


http://www.ams.org/mathscinet-getitem?mr=1405006
http://www.ams.org/mathscinet-getitem?mr=1405006
http://www.ams.org/mathscinet-getitem?mr=1152876
http://www.ams.org/mathscinet-getitem?mr=1152876
http://www.ams.org/mathscinet-getitem?mr=1261635
http://www.ams.org/mathscinet-getitem?mr=1261635
http://www.ams.org/mathscinet-getitem?mr=1671196
http://www.ams.org/mathscinet-getitem?mr=1671196
http://www.ams.org/mathscinet-getitem?mr=1645976
http://www.ams.org/mathscinet-getitem?mr=1645976
http://www.ams.org/mathscinet-getitem?mr=1710556
http://www.ams.org/mathscinet-getitem?mr=1710556
http://www.ams.org/mathscinet-getitem?mr=0361553
http://www.ams.org/mathscinet-getitem?mr=0361553
http://www.ams.org/mathscinet-getitem?mr=0310506
http://www.ams.org/mathscinet-getitem?mr=0310506

NEARLY MONOTONE SPLINE APPROXIMATION IN L, 2047

9. J. A. Roulier, Nearly comonotone approzimation, Proc. Amer. Math. Soc. 47 (1975), 84-88.
MRO0364967|/(51:1220)

10. A. S. Shvedov, Orders of coapprozimation of functions by algebraic polynomials, Mat. Za-

metki 29 (1981), 117-130; Eng. transl. Math. Notes 30 (1981), 63-70. MR0604156 (82c:41009)

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MANITOBA, WINNIPEG, MANITOBA, CANADA
R3T 2N2
E-mail address: kopotunk@cc.umanitoba.ca

SCHOOL OF MATHEMATICAL SCIENCES, RAYMOND AND BEVERLEY SACKLER FACULTY OF EXACT
SCIENCES, TEL Aviv UNIVERSITY, TEL Aviv, 69978, ISRAEL
E-mail address: leviatan@post.tau.ac.il

FACULTY OF MECHANICS AND MATHEMATICS, NATIONAL TARAS SHEVCHENKO UNIVERSITY OF
Kyiv, Kyrv, 01033, UKRAINE
E-mail address: prymak@univ.kiev.ua


http://www.ams.org/mathscinet-getitem?mr=0364967
http://www.ams.org/mathscinet-getitem?mr=0364967
http://www.ams.org/mathscinet-getitem?mr=0604156
http://www.ams.org/mathscinet-getitem?mr=0604156

	1. Introduction and the main results
	2. Notation and auxiliary results
	3. Counterexamples
	4. Construction of nearly non-decreasing quadratic spline
	5. Smoothing lemma
	6. Proof of Theorem ??
	References

