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CONSTRAINED SPLINE SMOOTHING*

K. KOPOTUN', D. LEVIATAN, AND A. V. PRYMAKS

Abstract. Several results on constrained spline smoothing are obtained. In particular, we
establish a general result, showing how one can constructively smooth any monotone or convex
piecewise polynomial function (ppf) (or any g-monotone ppf, ¢ > 3, with one additional degree
of smoothness) to be of minimal defect while keeping it close to the original function in the Lp-
(quasi)norm. It is well known that approximating a function by ppfs of minimal defect (splines) avoids
introduction of artifacts which may be unrelated to the original function; thus it is always preferable.
On the other hand, it is usually easier to construct constrained ppfs with as few requirements on
smoothness as possible. Our results allow us to obtain shape-preserving splines of minimal defect
with equidistant or Chebyshev knots. The validity of the corresponding Jackson-type estimates for
shape-preserving spline approximation is summarized; in particular, we show that the LLy-estimates,
p > 1, can be immediately derived from the Loo-estimates.
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1. Introduction and the main results.

1.1. Notation. Let 8,(z,) be the space of all piecewise polynomial functions
(ppf) of degree r (order r + 1) with the knots z,, 1= ()i, -1 =120 < 21 < --- <
Zn—1 < zn := 1. In other words, we say that s € 8,.(z,) if, on each interval (z;, z;11),
0 <i<n—1,s € Il,, where II, denotes the space of algebraic polynomials of degree <
r. Also, let 8,(z,) := 8,(2z,) NC"~! be the corresponding space of splines of minimal
defect (highest smoothness).

As usual, L,(J), 0 < p < oo, denotes the space of all measurable functions f on
an interval J such that |||, () < oo, where || fll,n) == ([ |f(2)[P dz)'/? if p < oo,
and || fllL. (s := esssup,e s |[f(x)]. For u € N, the space of all u-times continuously
differentiable functions on J is denoted by CH(J). Also, C(J) and AC(J) denote
the spaces of all continuous and locally absolutely continuous functions, respectively.
(Note that if f € (C( ), then || fllc(sy = [fllL.(s)-) The Sobolev space is defined by

Wi(J) = {f eLy(J)| f=V € AC(J) and f) € L,(J)}.
For k € Ny, deﬁne

k
AL (f,x,J) = Z() D f(w = kh/2+ih) if z+kh/2 € J,

otherwise.
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1986 K. KOPOTUN, D. LEVIATAN, AND A. V. PRYMAK
The kth modulus of smoothness of f € L,(J) is defined by

Wk(fat7 J)p = Oilllzgt ||A2(f’ N J)HILP(J) ’

and the Ditzian—Totik moduli of smoothness is

0= 5w Al (70

Ly[~1,1]

where ¢(x) := V1 — 22,

The set of g-monotone functions on J is denoted by A9(J). Recall that f € A?(J)
if the divided differences [f;to,...,t,] of order ¢ of f are nonnegative for all choices
of (¢ + 1) distinct points tg,...,t, in J. If f is continuous, then f € A9(J) if
AY(f,z,J) >0 for all z € J and h > 0. It is well known that, for ¢ > 2 and an open
interval J, f € A%(J) if and only if f(¢=2) exists and is convex on .J.

The error of unconstrained approximation of f from a set U is denoted by

E(f,U)y = inf 1 =l

and the error of g-monotone approximation (i.e., approximation of f by g-monotone
elements of U) is

ED(f,0), := E(f,UNAY)),.

Throughout this paper, we also use the notation |f[|, = |Iflly _i 1, A7 =
A?[-1,1], |J| :== meas(J), and

Wk(f,=]>p = wk(f7|J|’J)P and wk(fvt)p = wk(f’tv [7171])1"

Given a partition z, = (2;)", =1 =1 20 < 21 < --+ < zZp_1 < 2y, := 1, we say
that the partition z,, = (Z;)%, is a 6-remesh of z,, if, for each 0 < j <n —1,

max {Ziy1 — % | [Z Zia] N (25, 2j41) #0} <6 min zpp — 2
v=j—1,j,j+1
with z_; and 2,41 defined to be (in this definition only!) —oo and 400, respectively.
In other words, the largest interval [Z;, Z;11] intersecting (z;, zj4+1) should have length
at most ¢ times the length of [2;, z;11] or the lengths of (one or two) intervals adjacent
to [2;,2;+1], whichever is smaller. The class of all §-remeshes of z, is denoted by
Rg(zn).

Clearly, m, n, and é are not independent. The smallest m such that there is z,,
in Rs(zy) is determined not only by n and ¢ but also by the scale of the partition z,
(see (1.1)).

It is well known that it is easier and less costly to obtain a good piecewise approx-
imation to a function f than to assure, at the same time, the maximum smoothness
of the approximating ppfs. On the other hand, replacing f by a ppf with minimal
defect (spline) avoids introduction of artifacts which are unrelated to the original
function, and may affect and complicate the problem one deals with. Thus, given two
partitions z, and Z,, with the only requirement that z,, is somewhat denser than
z,, (more precisely, Z,, is an arbitrary 6-remesh of z, ), we show in this paper how to
smooth a general ppf on z, to a spline of maximum smoothness on z,,, while stay-
ing close to the original ppf and preserving its shape characteristics. We prove that
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CONSTRAINED SPLINE SMOOTHING 1987

such a § > 0 exists that splines on an arbitrary é-remesh of z, may be constructed
to satisfy the above requirements. In particular, as an illustration of these general
results, we consider two special kinds of partitions of [—1, 1] which are important in
applications: the uniform partition u,, := (—1+2j/n);-’=0 and the Chebyshev partition
ty, 1= (—cos(jm/n))}_,.
The following are some properties of classes Rg(zy, ).
e For any partition z,, and 0 < &1 < 62, Rs, (2n) C Rs, (2n).
o If a partition z},, is a refinement of the partition z,, obtained by subdividing
each interval in z, into k equal subintervals, and Zz,, € Rs(z,), then z,, €
Ris (2,,)-
e If 0 < 6 <1 and z,, € Rs(zy,), then any interval in Z,, is contained in the
union of at most two intervals in z,,.
e For any m > n/é, u,, € Rs(uy,).
e For any m > max{25/8, 1}n, t,, € Rs(t,,).

1.2. Constrained smoothing. Let z, := {z0,...,2,] — 1 =120 < 21 < -+- <
zp = 1} be a partition of [—1, 1], and extend the notation by setting z; := 29, j < 0,
and z; := 2z, j > n. We denote the scale of the partition z,, by

|z
1.1 ¥ 2z,) := max ———,
(11) (20) S

where J; := [z, zj41]. We also denote J; := [(zj_1 + 2;)/2, (2 + 2zj+1)/2].
The following theorem is our main result on constrained spline smoothing.
THEOREM 1.1. Let g € N, r € N, and let z,, = (2;)I_, be a partition of [-1,1].
There is a constant § = 6(q,r) such that for each s € 844, (2zn) N A? such that

(1.2) s€Ci-1,1],

and any Zpy, € Rs(zn) (i.e., Zm is a O-remesh of z,), there exists a spline § €
Sqtr(Zm) N AY satisfying

s =3l @,y < P @, T)wgtrs1(8,95)p, 0<j<mn,

for all 0 < p < oco. Moreover, the construction of § does not depend on p.

The proof of Theorem 1.1 (as well as the proof of Theorem 1.2 below) is postponed
until section 3.

Recall that, for any ¢ > 2, A? C C972(—1,1); i.e., any g-monotone function
is in C972. Hence, the smoothness provided by shape itself does not guarantee the
applicability of the above result; one needs to assume/gain one additional smoothness
degree.

It turns out that for ¢ = 1 and ¢ = 2 the gain of this additional degree of
smoothness is not difficult (see section 3.2), and so we get the following stronger
result in the case for ¢ < 2.

THEOREM 1.2. Let ¢ =1 or 2, r € N, and let z,, = (z;), be a partition of
[—1,1]. There is a constant 6 = 6(r) such that for each s € Sy4r(2n) N A and any

Zm € Rs(zy,) there exists a spline § € gq+r(im) N A9 satisfying

HS - ‘§||]Lp(f]j) < C(par)qurrJrl(sajj)pa 0< ] <n,

for all 0 < p < 0.
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1988 K. KOPOTUN, D. LEVIATAN, AND A. V. PRYMAK

Note that an analog of Theorem 1.2 is also valid (and is actually simpler) in the
case r = 0 (see Lemma 3.8 and Corollary 3.9).

In case the partitions z, and z,, are either both uniform or both Chebyshev,
Theorem 1.1 can be restated as follows.

COROLLARY 1.3. Let ¢ € N, r € N, and let z,, = (2;)]-, denote either u,, or t,.
There is a constant mg = mo(q,r) such that for each s € 8,4(2,) NATNCI~[—1,1],
and any m > mgn, there exists a spline s € qurT (Zm) N A1, where 2, is either U, or
to, respectively, satisfying

||S - ‘§||]Lp(jj) S C(pa Q7T)wq+r+1(s,jj)p7 0 S ] S n,

for all 0 < p < 0.

We remark that in view of Theorem 1.2, in the case ¢ = 1 and ¢ = 2, the condition
that s is in C?7![—1, 1] in Corollary 1.3 can be removed.

Finally, we remark that it is still an open question whether the condition (1.2) in
the statement of Theorem 1.1 can be removed if ¢ > 3.

2. Applications: Jackson-type estimates.

2.1. Monotone and convex spline approximation: p = oco. The following
theorem is rather well known. Its positive part follows from Whitney’s inequality
(g=1land 1 <k+v <2),[11, Lemma 2] (¢ =1, v > 1), [13, Corollary 2.4] (¢ = 2,
v >2), and [6] (¢ =2, 2 < k+ v < 3). The negative part follows from [17] and [15,
p. 141].

THEOREM 2.1 (p=00). Let g =1 or 2, and k,v € Ny be such that either v > q
orq<k+v <q+1 (see Figures 1 and 2). Then, for every f € AINC”[-1,1], n € N,
and any partition z, = (z;)f_, of [-1,1], there exists s € Sky,—1(2n) N AT such that

1f = slly_ ) < el v 9@ )T wn(FO, )ees 0<j<n—L.

Moreover, this estimate is no longer true in general for k and v which do not sat-
isfy the above conditions. (This means that for each partition z, and any constant
c(k,v,9(zy)), there exists a function f € ATNCY[—1,1], such that the above estimate
is invalid for any s € Sgyy—1(2n) N AT.)

We note that the case ¢ = 2, k + v = 1 is excluded from the statement of
Theorem 2.1 (as well as the statements of Theorem 2.4 and Corollaries 2.2, 2.3, 2.5,
and 2.6). Indeed, the only convex piecewise constant ppfs are constant functions on
[-1,1].

Using Theorem 1.2 we can now obtain the following consequence of this result for
monotone and convex approximation by splines of any smoothness.

COROLLARY 2.2 (p = o0). Let ¢ =1 or 2, and k,v € Ny be such that either
v>qorqg<k+v<qg+1. Then, for anyr > k+v —1 and partition z, = (z;)I",
of [-1,1], there exists a constant § = §(r) such that for any z,, € Rs(z,) and every
f e ATNCY[-1,1], there exists a spline § € gr(i,,L) N A? satisfying

(i g“]Loo(Jj) < c(k,v, Tvﬁ(zn))|‘]j|uwk(f(y)v [ijlv Zj+1])00

for all 0 < j < n. Moreover, this estimate is no longer true in general for k and v
which do not satisfy the above conditions.

Taking into account Corollary 1.3 and the fact that |J;| = n~! (if 2, = u,) and
|J;| ~ @(@)n=t +n"2 x € J; (if 2z, = t,), this, in turn, immediately implies the
following result.
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CONSTRAINED SPLINE SMOOTHING 1989
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e
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Fic. 2. ¢ =2,p = oco.

COROLLARY 2.3. Let ¢q =1 or 2, and k,v € Ny be such that either v > q or
g<k+4+v<q+1. Then, for every f € ATNC"[-1,1,neN, andr > k+v —1, we
have

(2.1) ED(£,8,(u,))oe < clk,v,r)n  wie(fP),n Vo
and
(2.2) EWD(f,8,(tn))so < clk,v,r)n "Wl () n ) .

Moreover, these estimates are no longer true in general for k and v which do not
satisfy the above conditions.

For the reader’s convenience we describe the above results using arrays in Figures
1 and 2. In these figures as well as Figures 3 and 4 in the case 1 < p < oo (with
obvious modifications), the symbols “—” and “+” have the following meaning.

e The symbol “+” in the position (k,r) means that inequalities (2.1) and (2.2)
are valid for all f € ATNC”[-1,1].

e The symbol “—” in the position (k,v) means that inequalities (2.1) and (2.2)
are not true in general, i.e., there are functions f € A9 N C”[—1, 1] for which
these inequalities fail.

We remark that the estimates in Corollary 2.3 (and the arrays in Figures 1 and
2) are well known for algebraic polynomials as well as splines of low smoothness. For
splines of minimal defect, only some special cases when z, = u, were known (see,
e.g., [3, Theorem 1], [10, Theorem 2.1], [2, Theorem 1], [8, Corollaries 5.3 and 5.4]).
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Fic. 4. ¢ =2,1 <p < o0.

2.2. Monotone and convex spline approximation: 1 < p < oo.

THEOREM 2.4 (1 <p<o0). Letq=1o0r2,1<p< oo, and k,v € Ny be such
that either v > q+1 or ¢ < k+v < q+1. Then, for every f € AYNW[-1,1], n € N,
and any partition z, = (z;)i—y of [=1,1], there exists s € Sk4p—1(2,) N AT such that

1 = sl ) < ek 9@ 0n(F), Ty 0<j<n—1,

Moreover, this estimate is no longer true in general for k and v which do not satisfy
the above conditions.

The positive part of Theorem 2.4 for v > 1 follows from Theorem 2.1 and the
well-known inequality

w1 (f, D)oo < TP W (),

where J is a closed interval, f € W;(J), 1 <p<oo,and r € Ng. For v = 0, the
case (q,k) = (1,1) is straightforward, (¢,k) = (2,3) is shown in [4, Theorem 1.2],
and the cases (¢, k) = (1,2) and (2,2) are established following the proof of [4, The-
orem 1.2] using piecewise linear ppfs which interpolate f at the knots instead of
piecewise quadratic functions in [4, Lemma 2.2]. The negative part of Theorem 2.4 is
a consequence of [7, Theorem 1].

As in the case p = oo, Theorem 1.2 yields the following stronger result for mono-
tone and convex approximation by splines of any smoothness.

COROLLARY 2.5 (1 <p < o0). Let g=1or2,1 <p < oo, and k,v € Ny be
such that either v > q+1 orq < k+v < g+ 1. Then, foranyr > k+v—1 and
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CONSTRAINED SPLINE SMOOTHING 1991

any partition z, = (z;)—, of [—1,1], there exists a constant § = 6(r) such that for
any Zm € Rs(zn) and every f € ATNWy[—1,1] there exists a spline 5 € 8,(2m) N A?
satisfying

Hf - §||Lp(3j) < c(kv v, T, 19(Zn))|‘]j|ywk(f(y)a [ijla ZjJrl])p
for all 0 < j < n. Moreover, this estimate is no longer true in general for k and v
which do not satisfy the above conditions.
Recalling that for f € L,[—1,1], 1 < p < o0, and k, u € N the following estimates
are true (see, e.g., [14], [5]):

=0

n 1

Jtu g, P < C(k7:u> O.)k,(f7n_1)£ if z,, = u,,
Wh (f7 Ul:J JZ)P - { C(k,,u) Wf(f7”_1)§ if z, = t,,

we get the following consequence of Corollary 2.5.

COROLLARY 2.6. Letq=1 o0r2,1 <p< oo, and k,v € Ny be such that either
v>q+lorqg<k+v<q+1 Then for any f € ATNWy[-1,1], n € N, and
r>k+v—1, we have

(2.3) ED(f,8,(u,))p < clk,v,r)n " wi(fV),n7h),
and
(2.4) B (£,8,(6))y < clk, v, r)n = wf (F,n7),.

Moreover, these estimates are no longer true in general for k and v which do not
satisfy the above conditions.

3. Further results and proofs. Everywhere in this section, if p is a polynomial
piece of a spline s on an interval J, i.e., p := s|s, then p(x) for ¢ J is the polynomial
extension of s|;.

3.1. Constrained spline smoothing: Proof of Theorem 1.1.

LEMMA 3.1 (see [9, Lemma 2.4 and Corollary 2.5]). Let s € 8,(zy,), and suppose
that the polynomials p; := s|[zj 0<j<n-—1. Then, foreveryl <j<mn-—1
and all 0 < p < o0,

Zj41)d

k k
P8 () — ) ()] < elpr, 9 (zn) Jwrs (5, (221, 201
for0<k<r and
IPj = Pi1llL,(z;—1,2500) < @57, 9(Zn))wria1 (s, [25-1, Zj11])p-

LEMMA 3.2 (Markov’s inequality). For any polynomial p € IL,.,

2
-
||p/||(C[a,b] < b—a ”pH(C[a,b] ‘

LEMMA 3.3. Letr € N, S € 8,({-1,0,1}) (i.e., S is a ppf of degree < r on
[—1,1] with the only breakpoint at 0), and let py and pa be the polynomial pieces of
S: p1 = Sl=1,0), P2 := Sl If S is nonnegative on [—1,1], then there exists an
interval I, I C [—1,0] or I C [0,1] such that |I| > 15 and

S(x) > ci(r)lpr — p2llg  forallz e 1.
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1992 K. KOPOTUN, D. LEVIATAN, AND A. V. PRYMAK

Proof. Let p € TI,. be nonnegative on [0, 1] (the same argument applies for [—1, 0]).
Then, there exists an interval I C [0,1], |[I| > 215 such that

1
p(x) = 5 Pl for all z € 1.

Indeed, let z* € [0,1] be a point satisfying p(z*) = [[pllcjp. By Lemma 3.2,
1P lcjo,1) < 2r? 1Pllcjo,1), and so

p() > pla®) = 22 [pll ooy le — 2], € [0,1].

Hence, if z € [0,1] and |z — 2*| < 715, then p(z) > 1 1Pllcjo,1)> s required.
Now suppose, without loss of generality, that ||ps|| ., > ||p1] .- Then

Ipr = P2lloe < lIP1llee + [IP2llc < 21IP2lloe < e(r) IP2llepo,q -

and the above observation can be used with p := ps. 1]

The following lemma follows from Beatson [1, Lemma 3.2].

LEMMA 3.4. Letr € N, d := 2r%, and p1,p2 € Il.. For any knot sequence
xq:= (2:)4y, a =20 < 21 < -+ < x4 = Db, there exists a spline s € §,(x,) such that

(1) s(x) is a number between p1(x) and po(x) for x € [a,b],

(ii) s=p1 on (—o0,a], and s = p2 on [b,00).

LEMMA 3.5. Letr € N, S € 8,.({—1,0,1}) (i.e., S is a ppf of degree < r on [—1,1]
with the only breakpoint at 0), and assume that S is nonnegative on [—1,1]. Suppose
that d := 212, and a knot sequence zaqy1 := (Zi)?i‘gl, “1<zp<z1 < < 2zo911 <1
is such that zq < 0 < z441 (in other words, there are (d + 1) knots to the left and to
the right of zero). Then, there exists Se gr(22d+1) satisfying

(i) $>0 on[-1,1],

(ii) S(z) = S(z) for all x & [20, z2a+1],

(iii) IS = Slloo < 2|[p1 — p2lls » where p1 := S|(_1,0), P2 := S|(0,1) are the polyno-

mial pieces of S.

Proof. Let p(x) := p1(x)+||p1 — p2|| - Note that p(x) > pi(x) > 0 for z € [-1,0],
and p(x) > pa(z) > 0 for z € [0, 1].

We now use Lemma 3.4 twice. First, we “glue” p; with p using Lemma 3.4 with
p1 =1, P2 = P, Xqg = (21)%,, and [a,b] = [20, z4]. Second, we “glue” p with py using
Lemma 3.4 with p; = p, pa = pa, Xg = (zi)fiﬂrl, and [a,b] = [zg+41, 22d+1]- As aresult,
we get a spline S e gr(z2d+1) such that p > S > p1 > 0 on [z0,24], D > S > p2 >0
on [z4t1,z2a1), S(x) = S(z) > 0 for & [20, 22441), and S(z) = p(z) > 0 for
x € |24, za+1). Clearly,

HS — 5H < max ||;5—pi||oo <2 ||p1 _p2||oo’
00 i=1,2

and the proof is complete. 0

The following lemma is the main tool for constrained smoothing.

LEMMA 3.6. Let ¢ € N, r € N. There exists a constant 6(q,r) > 0 such that,
for each ppf s € AT N CI~[—1,1] of degree < q + r with the only knot at 0 (i.e., s €
84++({—1,0,1})), and each partition z; = (2;)}_g, ~1 =20 <21 < - < 21 <2z =1
with

ogr?gl}il(ZHl - Zz) =:0< 5(qu)7
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CONSTRAINED SPLINE SMOOTHING 1993

there exists a spline § € A9 ﬁ§q+r(zl) (i.e., § is a spline of minimal defect) such that
§ = s in neighborhoods of —1 and 1, and

(3.1) Is = 8ll, < (P, ¢, ")wgsri1(s: 1)y

for all0 < p < o0.

Proof. Since s(2~1) is absolutely continuous and differentiable everywhere except
for 0 (because it is a continuous ppf of degree < r + 1 with the only breakpoint at
0), we conclude that S := 5(9 is a nonnegative ppf of degree < r with the only knot
at 0. Let p; := S|[_1,0), p2 := S0,1] be the polynomial pieces of S, and denote
n = |lp1 — p2|l,, and d := 2r?. Lemma 3.3 implies that there exists an interval I
(without loss of generality, we may assume that it is a subset of [0,1]) such that
|I| > (2d)~! and

(3.2) S(z) > en forallz eI,

where ¢y depends on r only.
If Py := s|[_1,0), P2 := s|(0,1] are the original polynomial pieces of s, then p; =

Pl(q)7 P2 = Q(q), and using Lemma 3.2 as well as Lemma 3.1 we have

n= le(q) _ P2(Q)

<(g+7)* P — Py

S C(p7 Q7r) ||P1 - P2||p S C(pa Q7’r)wq+’f‘+1(sv 1)[)
Now, let I’ be the subinterval of I with the same right endpoint as I and length
|I'| = (5d)~1, so that
I'0[—(d)~t, (5d)~ 1] = 0.

Suppose now that the index i* is such that z;+ < 0 < z;+41, and that § < (5d(d+2))~*.
Then each of the intervals [—(5d) !, 0] and [0, (5d) '] contains at least (d + 1) points
from z;:

(20)img—a C [=(5d)71,0] and (z)iZtf! C [0, (5d) ).

We can apply Lemma 3.5 to construct a nonnegative spline S of degree r and highest
smoothness (S € C"~!) having knots (z;):_t**] only, coinciding with S outside J, :=
[2i* —ds Zi* +a+1], and such that

s3] <2

We define s, to be such that sV = § and siy)(fl) =sM(-1)forall0<v <g-—1.
Therefore,

) @ _
su(z) == Z M(JL‘ + 1) + #/ (x — )11 S(t) dt.

= (=1 /),

The spline s, is almost what we need. Namely, it is in A? ﬂ§q+r(zl), it coincides with

s in a neighborhood of —1, and since S and S may differ only on an interval J, of
length |J,| < (2d 4+ 1)4, we have

s =l < |2y [ @00 (510 - 500)

1 o

24n

SR

|Jo| < 29(2d + 1)nbd =: cand.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1994 K. KOPOTUN, D. LEVIATAN, AND A. V. PRYMAK

The only property that s, does not have is that it may not be coinciding with s in
a neighborhood of 1. To remedy this, we use Lemma 3.4 and “glue” s, to s on the
interval I’ preserving its properties.

Let [a,b] := I’ and recall that b — a = (5d)~!. Now, let d; := 2(q + r)? and take
< h:= Q(Z:ﬁl) = 10d(51+1)' Then, each interval [a+jh,a+(j+1)h], 0 < j < 2d;+1,
contains at least one point z;; from z;, and we set x4, = (mj);llzo,
0 < j <d;. Note that

where z; := z;, ),

Ognjzgél(xj+1 —x;) <3h and ogigndl(xj"_l —x;) > h.
Taking into account that both s and s, are polynomials of degree < ¢ + r on I’,
Lemma 3.4 implies that there exists a spline § € 8¢4,(2z;) such that the only knots
of § inside I" are z;, 0 < j < di, 5(x) is a number between s(x) and s.(z) for
x € [z, 2q4,] C I', and § coincides with s, on [—1,zg] and with s on [z4,,1]. Hence,

15 = 8lloe < lIs = sulloo < camd

(so that (3.1) immediately follows), and it only remains to verify that § € A?[xg, z4,].
To this end, it suffices to show that 3@ (z) > 0 for all x € J; := [z;,2,41], 0 < j <
dy — 1. Let such an interval J; be fixed. Using Lemma 3.2 and the fact that 5§ — s is
a polynomial of degree < ¢+ r on J;, we have

20g+1)%\" . 2(¢+1)*\*
< — < 1)
iy < (1) o=y < (BE75) e
= (10dd; (dq + 1))? cand =: ¢z,

H 5@ _ 4@

where c3 depends only on 7 and g. Therefore, for every « € J;, using (3.2) we have
59 (z) > s (2) — esnd > e1n — e3nd > 0,

provided é < ¢;/c3. Combining the above restrictions on § we see that it is possible
to take

6(g,r) := min {(10d(d; + 1))71,01/03} ,

and the construction of § is complete. 0

COROLLARY 3.7. Let ¢ € N, r € N. Then there exists a constant 6(q,r) > 0 such
that, for each ppfs € ATNCI Y a,b] of degree < q+r with the only knot at ¢ € (a,b)
(i.e., s € 8q4r({a,c,b})), and each partition z; = (z;)!_y, a =20 < 21 < -+ < 2121 <
z1 = b with

Ognilglx_l(ziﬂ —z;) < 8(q,r)min{b — ¢,c — a},

there exists a spline 5 € A4 ﬂgq+r(zl) (i.e., § is a spline of minimal defect) such that
§ = s in neighborhoods of a and b, and

HS - §||Lp[a,b] S C(pa q, r)wq+,.+1(s, [Cl, b])P

for all 0 < p < o0.

Proof. Without loss of generality, assume ¢ > (b+ a)/2. We apply Lemma 3.6 to
s*(x) := s(c+ (b—c)x) and those knots (z; — ¢)/(b— ¢) which belong to [—1,1]. Now,
extending the resulting ppf §* polynomially from [—1, 1] to all R, we can go back to

the original interval [a, b] using 5(¢) := §*((t — ¢)/(b — ¢)). d
Proof of Theorem 1.1. It is sufficient to apply Corollary 3.7 with [a,b] = J; and
¢ = z;, for each 1 < j <n — 1. Construction of 5 is now obvious. 0
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3.2. Convex and monotone spline smoothing: Auxiliary results for the
proof of Theorem 1.2. Recall that for a partition z, = (z;), ¢ =: 20 < 21 <
o+ < Zp_1 < zp := b of an interval [a,b], z; ;== a, j < 0, and z; := b, j > n, and
that J; = [z, zj41]. The following lemma shows how a piecewise polynomial convex
function can be smoothed to be continuously differentiable without adding any extra
knots and keeping the error small.

LEMMA 3.8 (convex smoothing). Let r € No, z,, 1= (z)g, a =120 < 21 < -+ <
Zn_1 < zn := b be a partition of [a,b], and let s € A? N 8, 12(z,). Then, there evists
5 € A?2N 8,12(zn) NCla,b] such that, for any 1 <j<n—1 and all 0 < p < oo,

(3:3) s =5l 2y 15500 < €07, 0 (20) Jwris (s, [2j-2, Zj42])p
and

(3.4) Is" — §l|\L,,[zj_1,zj+l] < c(p, 1, 9(2n))wr2(8s [2j-2, 2j42])p-
Moreover,

(3.5) 5 (a) =s"(a) and 3V () =s"(b), v=0,1.

Proof. This lemma is actually a simpler version of [12, Lemma 1] (see also [16]).
It was not proved in [12] for all p > 0, and the construction of § was more involved
there (because s was allowed to change convexity). For completeness, we recall this
construction from [12], adopting it to our case and showing how the estimates can be
obtained for all p > 0.

With p; :=s|j,, 0 <i<n—1, denote

(zig2 — zig1) (Phya (ziv1) — Pi(2ig1)) .
) = G ) @) 0sisn2

and

(zi — zi-1) (Pi(z0) — Pi_1(21))
2(ziv1 — 2i)(zit1 — 2zi-1)

bi(x) := (xfzi+1)2, 1<i<n-1,

and also set a,—1(z) = 0 and by(z) = 0. Then, for x € [z;,241], 0 < i <n—1, we
define

5(z) := pi(x) + a;(x) 4+ bi(x).

It is now straightforward to verify that s is a continuously differentiable convex func-
tion satisfying (3.5), and it remains to prove (3.3) and (3.4). For 1 < j <n—1, we
have

—3 1/p . )
Is SHLp[Z.i—thH] <2 i:r??‘)f’j lai + bZH]Lp[ZmZH—l]

< clp,ry (@)l AT max iz — Pl (z)]

< C(pv r, ﬁ(zn))wr+3(s> [zj*27 Zj+2])17’

where the last inequality follows from Lemma 3.1. Similarly, Lemma 3.1 implies

Is” — §/||]Lp[zj_1’zj+l] <2' ‘maxj o + b;||H‘P[zini+1]

i=j—1,

< clp @)l max () — e ()]

< C(p, r719(zn))wT+2(s/ﬂ [Zj*27zj+2]);ﬁ' a
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Lemma 3.8 immediately implies the following result for monotone spline smoothing.

COROLLARY 3.9 (monotone smoothing). Let r € Ny, z,, := (2;)1, @ =: 209 <
2 < - < Zp_1 < zn = b be a partition of [a,b], and let s € AN 8,41(z,). Then,
there exists § € A'N8,41(z,)NCla, b] such that, for any1 < j <n—1and0 < p < oo,

s = Sl o, soas ) < €007, 90025, (252 2542
Moreover,
5(a) = s(a) and §(b) = s(b).

In the case n = 2, i.e., when a ppf has only one breakpoint inside an interval [a, b],
we get the following corollaries for convex and monotone spline smoothing.

COROLLARY 3.10. Let r € No, 3 := (2:)?_, a =: 20 < 21 < 29 := b be a partition
of [a,b], and let s € A2 N 8,42(3). Then, there exists 5 € A2 N 8,12(3) N Clla,b] such
that

s — gH]Lp[a,b] < C(p, &) ﬂ(z))wr+3(8’ [av b])P
for any 0 < p < co. Moreover,
i (a) =sM(a) and () =5 (), v=0,1.

COROLLARY 3.11. Letr € N, 3:= (2:)2_, a =: 29 < 21 < 29 := b be a partition
of [a,b], and let s € A' N 8, 41(3). Then, there exists § € A1 N 8,41(3) N Cla,b] such
that

s = 3ll, oy < By 9(5) s (s, [0 )
for any 0 < p < oo. Moreover, §(a) = s(a) and 5(b) = s(b).

Proof of Theorem 1.2. Let z3,, be a refinement of z,, obtained by adding two extra
knots I; and r; in each interval J; = [z;, z;41], 0 <4 < n—1, where [; := z;+|J;|/4 and
r; := zi11 — |Ji|/4. We now apply Corollaries 3.10 and 3.11 for every 1 < i <n —1,
with 3 = (r;_1, 2i,1;) to obtain s* € 8§,4,(23,) N A? N CI[—1,1] satisfying

l|ls — S*||Lp[ri71,li] < e(p, m)wgrr 1 (8 [Tim1, 1)) ps 1<j<n-1
Moreover, s* = s on [l;,7;], 1 <i<mn—2 and on [—1,r¢] and [l,,_1, 1], and therefore
(3.6) Is ="Ml @) < elorr)wgrra(s, Ji)p,  0<j<n.

Now, using Theorem 1.1 with s* and z3,, instead of s and z,,, respectively, and taking
into account that, if Z,, € Rs(z,), then z,, € Rys(23,,), we conclude that

||S* - gH]Lp(ﬁj) S C(p, q, T)wq-i-T-i-l(S*a jj)p) 0 SJ S n,
where jj stands for [(li—1+7i-1)/2, (ric1 +2:)/2], [(ric1 + 2:)/2, (z: +1;) /2], or [(z; +
1:)/2,(li +1r;)/2], and l; = r; := =1 if ¢ < 0, and I; = r; := 1 if ¢ > n. Finally, we
notice that (I; + ;)/2 = (z; + z:+1)/2 and, hence,

”5* - EHLP(J_]-) < c(p7 Qar)qurTJrl(S*vjj)p? 0<j<n,

which, together with (3.6), completes the proof of the theorem. d

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



CONSTRAINED SPLINE SMOOTHING 1997

REFERENCES

[1] R. K. BEATSON, Restricted range approzimation by splines and variational inequalities, STAM
J. Numer. Anal., 19 (1982), pp. 372-380.

[2] R. K. BEATSON, Convez approzimation by splines, STAM J. Math. Anal., 12 (1981), pp. 549—
559.

[3] R. A. DEVORE, Monotone approzimation by splines, SIAM J. Math. Anal., 8 (1977), pp. 891—
905.

[4] R. A. DEVORE, Y. K. Hu, AND D. LEVIATAN, Convex polynomial and spline approzimation in
Ly (0 < p < o0), Constr. Approx., 12 (1996), pp. 409-422.

[5] R. A. DEVORE, D. LEVIATAN, AND X. M. YU, Polynomial approzimation in L, (0 < p < 1),
Constr. Approx., 8 (1992), pp. 187-201.

[6] K. A. KOPOTUN, Pointwise and uniform estimates for convex approzimation of functions by
algebraic polynomials, Constr. Approx., 10 (1994), pp. 153-178.

[7] K. A. KopoTUN, On K-monotone polynomial and spline approzimation in Ly, 0 < p < oo
(quasi)norm, in Approximation Theory VIII, Vol. 1 (College Station, TX, 1995), Ser.
Approx. Decompos. 6, World Scientific, River Edge, NJ, 1995, pp. 295-302.

[8] K. A KoPOoTUN, Univariate splines: Equivalence of moduli of smoothness and applications,
Math. Comp., 76 (2007), pp. 931-945.

[9] K. A. KoPOTUN, D. LEVIATAN, AND A. V. PRYMAK, Nearly monotone spline approzimation in
Ly, Proc. Amer. Math. Soc., 134 (2006), pp. 2037—-2047.

[10] D. LEVIATAN AND H. N. MHASKAR, The rate of monotone spline approzimation in the Ly-norm,
SIAM J. Math. Anal., 13 (1982), pp. 866-874.
[11] D. LEVIATAN AND I. A. SHEVCHUK, Nearly comonotone approzimation, J. Approx. Theory, 95
(1998), pp. 53-81.
D. LEVIATAN AND I. A. SHEVCHUK, Coconvezr approzimation, J. Approx. Theory, 118 (2002),
pp. 20-65.
D. LEVIATAN AND I. A. SHEVCHUK, Coconvex polynomial approximation, J. Approx. Theory,
121 (2003), pp. 100-118.
(14] P. P. PETRUSHEV AND V. A. Poprov, Rational Approzimation of Real Functions, Encyclopedia
Math. Appl. 28, Cambridge University Press, Cambridge, UK, 1987.
[15] 1. A. SHEVCHUK, Approzimation by Polynomials and Traces of the Functions Continuous on
an Interval, Naukova Dumka, Kyiv, 1992.
[16] I. A. SHEVCHUK, One construction of cubic convez spline, in Approximation and Optimization,
Vol. I (Cluj-Napoca, 1996), Transylvania, Cluj-Napoca, 1997, pp. 357-368.
[17] A.S. SvEDOV, Orders of coapprozimation of functions by algebraic polynomials, Mat. Zametki,
29 (1981), pp. 117-130 (in Russian).

(12]

(13]

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


