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COCONVEX APPROXIMATION IN THE
UNIFORM NORM: THE FINAL FRONTIER

K. KOPOTUN (Winnipeg)', D. LEVIATAN (Tel Aviv) and I. A. SHEVCHUK (Kyiv)?

Abstract. The paper deals with approximation of a continuous function,
on a finite interval, which changes convexity finitely many times, by algebraic
polynomials which are coconvex with it. We give final answers to open questions
concerning the validity of Jackson type estimates involving the weighted Ditzian—
Totik moduli of smoothness.

1. Introduction

Our main interest in this paper is approximation of a continuous func-
tion, on a finite interval, which changes convexity finitely many times, by
algebraic polynomials which are coconver with it. This topic has received
much attention in recent years, and the purpose of this paper is to give final
answers to open questions concerning the validity of Jackson type estimates
involving the weighted Ditzian—Totik (D-T) moduli of smoothness.

Let C[a, b] denote the space of continuous functions f on [a, b], equipped
with the uniform norm | f[[f, 4 := maxefq,p) ‘f(x)’ . When dealing with the

generic interval [—1, 1], we omit the special reference to the interval, namely,
we wite || £ == [|fll .

To make the notion of coconvexity more precise we first denote by Yy,
s 2 1, the set of all collections Yy := {y;};_;, such that ysy1 == -1 <ys <
co <y <1=:yp, and Yy := {0}. Let A?(Y;) denote the collection of all
functions f € C[—1,1] that change convexity at the points of the set Ys, and
are convex in [yi,1]. In particular, A% := A%(Yp) is the set of all convex
functions f € C[—1,1]. Also with II(z) := [[_,(x — v), if f € C*(—=1,1)N
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118 K. KOPOTUN, D. LEVIATAN and I. A. SHEVCHUK
C[-1,1], then f € A2%(Y;) if and only if

(1.1) F@TE) 20, ze(-1,1).
In fact, in this paper we will be able to use (1.1), as the results for functions
that are not in C?(—1, 1), are already known.

We say that functions f and g are coconvex if both of them belong to
the same class A%(Y;) (note that it is possible for a function to belong to
more than one class A2(Y}), for example, f = 0 is in A%(Y;) for all sets Ys).

Let P, be the space of all algebraic polynomials of degree < n — 1, and
denote by

Eo(f):= inf IIf —pall and EP(fY) = inf, o f = pal

the degrees of best uniform polynomial approximation and best uniform co-
convex polynomial approximation of f, respectively. In particular,

EQ(f):=EP(f,Yo)= inf _||f—pal
NA2

Pn EPn

is the degree of best uniform convex polynomial approximation of f € AZ2.
It is now known that the following equivalence relation is valid.

THEOREM 1.1. For f € A? and any a > 0, we have
En(f) - O(n_a)a n—00 < E7(12)(f) - O(n_a)v n — 0.

Despite the simplicity of its statement, Theorem 1.1 remained unresolved
for quite some time, and while its particular cases have been known from as
early as 1986, in its final form it appeared only very recently in [6] where the
case for @ = 4 (which surprisingly turned out to be the most evasive case of
all) has been proved (see [6] for more details).

One of the consequences of the results of this paper is an analog of The-
orem 1.1 for coconvex polynomial approximation.

THEOREM 1.2. For any s 20, Y, € Y, f € A%(Y;), and any a > 0, we
have

E (f)=0(n"), n—oo <= EX(Y,)=0n"), n— .
Theorem 1.2 follows from the Jackson type estimates involving the

weighted D-T moduli of smoothness (see, e.g., [12]), which we now intro-
duce together with some related function spaces.
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COCONVEX APPROXIMATION 119

Throughout this paper we will have parameters k, [, m, r, s all of which
will denote nonnegative integers, with k + r > 0.

With ¢(x) := v/1 — 22, we denote by B", r = 1, the space of all functions
f € C[—1, 1] with locally absolutely continuous (r — 1)st derivative in (—1,1)
such that Hgo’”f(’”) H < o0, where for g € Lo[—1, 1], we write

lgll = esssup | g(z)].
z€[—1,1]

This obviously conforms with our previous notation of the norm for g €
C[-1,1].
Let

ws(x) == \/(1—33—5gp(m)/2) (1+:U—5g0(ac)/2) = \/(1—5@(;10)/2)2 —

The weighted D-T modulus of smoothness of a function f € C(—1,1), is de-
fined by

Y

wi, (fit) = OSI;LI; || @hn (A hgp( y(f5°)
<

where

k
A ) i Z;() “f(x — kh/2+ih), if |z +£kh/2| <1,

0, otherwise,

is the kth symmetric difference.
If r=0and f € C[—1,1], then

wi (f,t) == wlf,o(ﬁ t) = sup HA N

0<h<t

E

is the (usual) D-T modulus. Also, if ¢(-) in the above definition is replaced
by 1, then we get the ordinary kth modulus of smoothness:

wrlf 1) = sup | AL

Since ps(z) < p(z) = 1, it is clear from the above definitions that, if f €
C[—1,1], then

(1.2) wi (f,1) S wf(f,t) = we(f, 1)
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120 K. KOPOTUN, D. LEVIATAN and I. A. SHEVCHUK

Also, for f € C(—1,1) and k = 1 we have

(1.3) Wi (Fi1) = ewf (f, 1),
and
(1.4) wi . (f:t) = clle"fl.

Here and in the sequel, we write ¢ for positive constants which may
depend only on k, r, and s, while the constants C' may depend on other
parameters.

Finally, we need wk( fit,|a, b]) , the ordinary kth modulus of smoothness
on [a,b] € [-1,1], i.e.,

wi(ft,[a,0]) = Oi?}it I AL(f,) I la+kh/2,b—kh/2]"

The modulus w,f , has many of the properties of the usual and D-T mod-
uli of smoothness. In particular, for any £k =2 1, » 2 0, and f € C(—1,1),

W (LA S e+ DFf, (F0), A> 0.

This, in turn, implies that if a function f is not a polynomial of degree
< k — 1, then, for some C' = C(f) > 0,

(1.5) wf (f,t) =2 CtF, forall 0<t=1.

For arbitrary f € C(—1,1), the function wy (f,¢) may be unbounded.

However, it was shown in [8, 12] that a necessary and sufficient condition
for wf (f,t) to be bounded for all ¢ > 0 is that ¢" f € Lo[—1,1]. Moreover,

if r 2 1, then wy (f,t) — 0, as t — 0, if and only if lim,_41 ¢"(z) f(z) = 0.
Therefore, we denote C?p := C[-1,1] and, for r = 1,

C = {f e C'(-1,1)NCl-11]| Tim ¢"(2)f)(z) = o}.
Clearly
(1.6) C,CcB,
while if f € B", then f € CZD forall 0 =1 < r, and

(1.7) Ww? ”(f(l)J) < Ctr—leorf(r)

T—t,

|, t>0.
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COCONVEX APPROXIMATION 121

Note that for f € C,, and any 0 = [ = r and k = 1, the following inequalities
hold (see [12]):

(1.8) w?irr_l’l(f(l),t) < ct“lw,‘fvr(f(’"),t), t>0,
in particular, if [ = 0, then

(1.9) wi L (fit) £ ctrwf’r(f(r),t), t>0.
Finally for 0 =1 < r/2,

(1.10) B" c C'[-1,1].

In this paper, we are interested in determining for which values of the
parameters k, r, and s, the statement: if f € C, N A2(Yy), then

(1.11) EQ(f.Y.) £ Cn 7wl (f,1/n), nZN

where C' = const > 0 and N = const > 0, is valid, and for which it is invalid.
Here and later in this paper, for clarity of exposition, we denote wq,(f,1t)
:= ||¢" f||- Hence, in the case k =0, (1.11) becomes:

EP(f,Y) Son"||¢" f7], n=N,

for f € B" N A%(Y;).

The structure of our paper is as follows. In Section 2, our main results
are stated. After collecting some auxiliary results in Section 3, we prove the
positive results in Section 4 and the negative results in Section 5.

2. Main results

In this section we state our main results devoted to investigating for
which values of the parameters k, r and s, the estimate (1.11) is valid, and
for which it is invalid.

In particular, we wish to know the range of parameters k, r and s, for
which (1.11) holds and, if it does hold, whether or not it is necessary for the
constants C' and N to essentially depend on Y; (or even f), or whether it is
true with C' and N dependent only on the parameters k, r, and s.

For reader’s convenience we describe our results using arrays in Figs. 1
and 2 below. There, the symbols “—”, “©”, “@”, and “+”, have the following
meaning:
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e The symbol “~” in the position (k,r) means that, for each Yy € Y,
there is a function f € C7, N A?(Yy), such that

r(2)
n—oo wi (f),1/n)

This means that the estimate (1.11) is invalid even if we allow both constants
C and N to depend on the function f.

e The symbol “©” in the position (k,r) means that (1.11) is valid with
an absolute constant C', and N depending on the function f and, for any
Ys € Y, there are no constants C' and N, both of which are independent of
f, such that (1.11) holds for every function f € sl B

e The symbol “®” in the position (k,r) means that (1.11) is valid with
C depending only on k, r, and s, and N depending only k, r, and the set Y
and, there are no constants C' and N, both of which are independent of Y,
such that (1.11) holds for all Y; € Y and f € A?(Y;) N Co

e The symbol “+” in the position (k,r) means that (1.11) is valid with
C depending only on k, r, and s, and N = k + 7.

REMARK. Evidently, in the “cases ©”, we also have (1.11) with C(f) and
N = 1. Taking into account the estimates by Pleshakov and Shatalina [11]
for n = k 4+, in the “cases @, our results imply that (1.11) is valid also for
C=C(k,r,Ys) and N=k+r.

. . : : 5 5 S r . . v 3 ¢ s .
el S L G B
b e lw e L
F I S I T R EVE S SR B O |
- e . 9 Q..é...é..e._ SR P
il o 5 S
ity BB o bl i B

0 G2 3 46 6 T 0-1 2 3.4 5.6 7 Kk

Big.slos=34 Fig. 2: s 22

REMARK. It follows from the inequalities (1.3), (1.4), and (1.8) that a
positive result for a specific pair (kg, 7o) implies positive results of the same
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COCONVEX APPROXIMATION 123

type for all (k,r) with ro < r < ko + ro — k. Similarly, a negative result for
(ko,70), ko > 0, implies negative results of the same type for all (k,r) with
ko+1ro—k < r < 1o, and a negative result for (0, ry), implies negative results
of the same type for all (k,r) with ro — k < r < ro.

This, in particular, implies the following:

(i) If the symbol “—” appears in the position (ko,79), then “—” should
appear in all positions (k,r) with ko + 19—k < r < ro.

(ii) If the symbol “©” appears in the position (kg, 7o), then in all positions
(k,r) with 7o £ r < ko + ro — k, we can have anything but “—” and, in all
positions (k,r) with ko + 79 — k < r < rp we can have only “©” or “—”.

(iii) If the symbol “@” appears in the position (kg, 7o), then in all posi-
tions (k,r) with ro < r < kg + ro — k, we can have only “+” or “@” and, if
ko = 0, then in all positions (k,r) with ro — k < r < 1o, we can have anything
but “47.

(iv) If the symbol “4” appears in the position (kg, 7o), then “+” should
appear in all positions (k,r) with ro < r < ko 4+ r9 — k.

The results described by Figs. 1 and 2 are obtained in or can be derived
from our theorems and the papers listed in the table on the next page.

We now give precise statements of the theorems yielding results summa-
rized in the above arrays.

We begin with estimates for functions f € B” N A%(Y;). Recall that we
denote by ¢ positive constants that may depend only on all or some of the
parameters k, r, and s. We first have

THEOREM 2.1. Let r 21, s 21, and Ys € Y, be given. If f € B™N
A2(Yy), then

(2.1) EP(£,Y) Sen™" || f7), n = N Yy),

where N(r,Ys) is a constant which may depend only on r and Ys.

For r < 3, Theorem 2.1 follows from [5], thus we only have to prove it
for r = 4.

REMARK. It is interesting to note that, in the case s = 0, the following
result holds (see [7, 4, 10]): For any f € A? and r # 4,

(2.2) EQ(f) S en™"||¢" ™

|, nzr.

Moreover, the above statement is invalid for r = 4, however, it is valid, if the
inequality n = 4 is replaced by n = N(f).

Unlike in the situation with (2.2), inequality (2.1) holds for all r = 1,
that is, including the case r = 4.
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Positive results: “+7 in position (k,r)

2002 | (2,0) for s=1; .. {(k,7) |k+r <2} fors=1 Leviatan and Shevchuk [9]
— | {(k,7) | k2 0} for s=1; .. {(k,7) | k20, r 2 | Theorem 2.3 (k=0) and
7} fors=1 Theorem 2.11 (k 2 1)
Positive results: “®” in position (k,r)
1999 | (3,0) for s =2 1; .. {(k,r) [k +r <3} for s 22, | Kopotun, Leviatan and
and {(k,r) |k+r=3}fors=1 Shevchuk [5]
— | {(k,5) | k2 0} for s =21; -, {(k,7) | k20, r 2 | Theorem 2.1 (k=0) and
5} for s 22, and {(k,r) | k20, 5<r <6} for | Theorem 2.5 (k 2 1)
s=1
— | (3,2) for s 22; . {(k,r)|2=<r<5—k} for | Theorem 2.7
§22
— | (2,2)fors=1; .. {(k,r)|3<k+r=4,r =2} | Theorem 2.8
fors=1
Positive results: “©7 in position (k,r)
— | B2 fors=1; . {(k,r)[k=5—r,2=<r <4} | Theorem 2.8
fors=1
Negative results: “—” in position (k,r)
1993 | (3,1) for s =21; .. {(k,r)[4—k<r <1} for | Zhou [13]
s21
2003 | (4,2) for s21; . {(k,2)|6—k<r <2} for | Gilewicz and Yushchenko
s21 [3]
— (2,4) for s 21; . {(k,7)|6—k<r <4} for | Theorem 2.13
s21

Negative results: “©” in position (k,r)

(1,4) for s=1; . (2,3) and (3,2) for s =1

| Theorem 2.15

Negative results: “+” CANNOT be in position (k,r)

2000 | (2,1) for s 21; . {(k,r)|3—k<r =1} for | Pleshakov and Shatalina
s21 [11]

2002 | {(0,r) |17 <3} for s 22; . {(k,7) | k20, | Leviatan and Shevchuk [9]
1-k<r<2}fors =2

— | {O,r)|rz1} for s22; -, {(k,r) | k+r 21} | Theorem 2.2
for s 2 2

— | {O,r)|3&r<6}fors=1;. {(k,r)|3—k<r | Theorem 2.4
S6}fors=1

Next, we show that for s = 2, the constant N(r,Ys) in (2.1) cannot be
replaced by a constant independent of Y;. Namely,

THEOREM 2.2. Let s 2 2 and r 2 1 be given. Then for each n 2 1, there
are a collection Y5 € Y and an f := f, € C"[-1,1] N A%(Ys), such that

(2.3)

B2 (£,Ys) > en(n~" || £7]]).

For s = 1, we face a different situation. Depending on the value of r, it
is sometimes possible to replace N(r,Y7) by N(r), while for other r’s it is
impossible.
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THEOREM 2.3. Suppose s = 1. If eitherr <2 orr 27, then (2.1) is valid
with N = r.

For r £ 2, Theorem 2.3 follows from [9], thus we will prove it only for
r>T.

On the other hand, we show

THEOREM 2.4. Let s =1 and 3 < r < 6. Then for eachn = 1 and every
A >0, there exist Y1 := {y1} and a function f:= f, 4 € B"NA%*(Y1), such
that

(2.4) EP (£, v1) > Alle" 1.
Moreover, for r =6 the function f, a satisfying (2.4), may be taken in
CS N A%(Y7).

Note that the latter part of Theorem 2.4 provides the needed counterex-
ample that implies that the symbol @ in entries (k,6), k = 1, in Fig. 1, may
not be replaced by +.

We now consider analogous estimates for f € C{, N A2(Yy). First, we
have

THEOREM 2.5. Let k21, r=5, s> 1, and Y; € Y, be given. If [ €
C2 N A%(Y;), then

(2.5) En(f,Ye) € enwf(F9,1/n), n = N(k,Y),

where N(k,Y5) = const, depends on k and Ys.
An immediate consequence of Theorem 2.5 and (1.8) is

COROLLARY 2.6. Letk =21, r=>25,s21, andYs € Yy, be given. If f €
Cl, N A*(Y;), then

En(f,Ys) S en”"wf (f,1/n), n 2= N(k,rYs),

where N(k,r,Ys) = const, depends on k, r and Y.
We also prove the following.

THEOREM 2.7 (s 2 2). Let s=22, and let Y; € Y, be given. If f €
Ci N A%(Y;), then

(2.6) ER(f,Ys) £ en2wfy(f",1/n), n = N(Yy),

where N(Ys) = const, depends on Y.
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THEOREM 2.8 (s =1). Let Y1 € Y1 be given. If f € Ci N A%(Y7), then
27) BR(f,1) S enwiy(f 1/n) + en” Wy (f7,1/n), nz N(V),
where N (Y1) = const, depends on Yy. Hence
(2.8) EQ(f, Y1) £ en2wgy(f",1/n), nZ N(Y).
Moreover,
(29) EP(£,Y1) S en 2w, (f7,1/n) + en Il L1 jo s 1 Z N,
and therefore
(2.10) E(f.1) < en”?wf, (", 1/n), n 2 N(f).

By virtue of (1.8), immediate consequences of Theorems 2.7 and 2.8 are
the following results.

COROLLARY 2.9 (s22). Let s=22, 25r<4, 1Sk<5—r, and
Ys € Y, be given. If f € C,N A2(Yy), then

(2.11) EQ(£,Ys) Sen"wf (F7,1/n), n = N(Y,).
COROLLARY 2.10 (s =1). Lets=1,2<r <4, andYy € Y1, be given.
If feCin A2(Y1), then
EP(f Y1) S enwf (f7,1/n), nZ= N(f),
and for 1 S k<4 —r,
EQ(f,Y1) £ en"wf (£7),1/n), nZ= NMY).

REMARK. In view of (1.7), it readily follows from Theorem 2.2 that, in
the case s = 2, the condition that N in the above statements, depends on Y,
is essential and cannot be removed. Thus, there cannot be the symbol “+”
in any positions (k,r) in Fig. 2. This is in contrast to the case s = 1 where
in Fig. 1 we do have positions with “+” symbol (see Theorem 2.11 below).

THEOREM 2.11. Let k 21 and Y1 € Y1 be given. If [ € C; N A%(Y7),
then

(2.12) E@(f, 1) < cn_7w,f77(f(7), 1/n), n2k+1.

Again, by virtue of (1.8), an immediate consequence of Theorem 2.11 is
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COROLLARY 2.12. Let k=21, r 27, and Y1 € Y1, be given. If f €
C,N A2(Y1), then

ER (£ Y1) € en"wf (S, 1/n), nZk+r.

At the same time, we have the following negative result.

THEOREM 2.13. Let s =2 1. For each Ys € Yy there is a function [ €
C N A*(Y;), such that

45(2)
(2.13) lim sup N En (f,Ys) =00

n—00 W§4(f(4), 1/n)

Therefore, (1.8) implies

COROLLARY 2.14. For every0 < r <4,k 26 —r, and for each Yy € Y,
there is a function f € C,N A2(Yy), such that

B (f,Y5)

limsup ———————5 =
n—>oop w;f’r(f(r), 1/7’L)

Furthermore, in the special case s = 1 and r = 4, we have

THEOREM 2.15. For every Y1 € Y1 and every n = 1, there is a function
f=fe C?a N A2%(Y1), such that

Inn
2 4
E'/(z )(fvyl) > Cﬁwle(f( )7 1)7

where C' = C(Y7).
This shows that the symbols “©” in Fig. 1 cannot be replaced by “®”.

3. Auxiliary results

The following results were proved in [10] (see Corollaries 2.4 and 2.6
there).

LEMMA 3.1. Let k > 1, and let f € C?[a,a + h], h > 0, be convex. Then
there exists a convex polynomial P of degree < k + 1 satisfying P(a) = f(a),
P(a+h) = f(a+h), P'(a) 2 f'(a), and P'(a+h) < f'(a+h), and such that

1f = Pllgasn S chwi(f" 0, [a,a + hl).
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LEMMA 3.2. Let k > 1, and let a < 3 < a+ h be fized, and assume that
f € C?la,a+ h] is such that

() (z—p8)20, a<z=Za+h.
If a polynomial p € Py_1 satisfies

pa)z—#) 20, a<z<ath,

then there exists a polynomial P € Py1 such that P" = p,
P(a)= f(a), P'(a) = f'(a), P'la+h)= fl(ath),
and
17 = Pllwarny S SHF" ~ bl s

Let xj := cos(jm/n), 0 < j < n, be the Chebyshev knots, and denote
I; == [zj,x2j-1], and |I;| := xj—1 — xj, 1 = j < n. Denote by X, the collec-
tion of all continuous piecewise polynomials of degree k — 1, on the Chebyshev
partition {z;}7_.

Given Y; € Y, let

Oi = Oz’n(YVS) = (l‘j_:,_l,.%‘j_g), if Y € [.%'j,l’j_l),

where 41 := —1, z_1 := 1, and denote

S
0=0(nY,) =]
i=1
Finally, we write j € H = H(n,Ys), if I; N O =0, and denote by 3 ,,(Y)
the subset of ¥, ,, consisting of those continuous piecewise polynomials S for
which

pj = pj+1 Whenever j,j+1¢& H,
where p; := Sy,. In other words, piecewise polynomials from X ,,(Ys) do not

have any knots “too close” to the points y; € Y of convexity change.

THEOREM 3.3 (]9, Theorem 3|). For every k=1 and s = 1 there are
constants ¢ and ¢, = c4(k, s), such that if n 21, Y, € Y, and S € Xy ,,(Ys)
NA2%(Yy), then there is a polynomial P, € A(Yy) of degree < c.n, satisfying

(3.1) IS — Pull < cwf (5, 1/n).
Let (20, ..., 2m; g] stand for the m-th divided difference of a function g at
the knots zg, ..., zm.
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LEMMA 3.4. Let f € C(—1,1), letk =2 1 and r 2 0 be such that k+r = 3,
and let 1 < p < n —k be fired. Then, for all1 < j < p,

(32) qua s 7$u+k—1;f] - [xj,ﬂfj+1, v 7$j+k—1;fH

o ) 1 k4+r—2
< L B 2 (f,1/n).
<ot payy) R

Moreover, if k+1r =5, then for all v and j such that 1 < j < v < u, we also
have

(3.3) e([@vs s Togh—2; f1 = [, 2541, - Tjr—2; f])
2hk+r—4 n?
é cn +r— 1+ W w;;r(f, 1/77,),

where € := sgn ([mu, e Tptk—1; f]) .

Note that the right hand sides of both inequalities (3.2) and (3.3) are
finite if [|¢" f]] < co. Otherwise both are infinite, while the left hand sides
are always finite, hence, the lemma is trivially valid in this case.

PRrROOF. For convenience, everywhere in the proof below, we write
[xj,..., x4 instead of [x},..., x4 f], and we put w := w,fvr(f, 1/n). Also,
note that, for all 1<i<n—1, ¢(z;) ~min{i,n—i}/n, and |[;| ~

o]

min {i,n —i}/n?, where, as usual, o; ~ (; means that ﬁ—l is bounded away
K3

from 0 and oco.
The following inequality is contained in the proof of Lemma 3.4 in [6]:

n k+r
k
(3.4) [z, 2415 zjg]| S en <mm{y,n—j}> b

forall1<j<n—Fk—1.
Now, for any m 2 0 and 1 £ j < 0 < n — m, we have

(35) [mg,...,xa+m] — [xj,:cj+1,...,xj+m]
o—1
= @itmr1 — ) [Ti, i1, - Tigmera].
i=i

This, with m = k — 1, 0 = u, together with the inequality (3.4) for 1 < j < p
< n — k, implies

’ [Ty ooy Tpgk—1] — [T, T, - - ,$j+k—1H
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pn—1
Z(l‘i—l—k - xl)[‘rlu Lty I’H—k]
=

<CZ|un <mm{zn—z}>k+rw

p—1 1 k4+r—1
< en2k T2 Z
- ~ \ min {i,n — i}

1=]

o] 1 1 k+r—2
< 2k+r—2 < 2k+r—2
Scn w E T = cn T Y Gon— 1) W,

where for the last inequality we used k + r = 3. Thus, (3.2) is proved.
Now, suppose that k 4+ r = 5. Applying (3.5) withm =k —2 and 0 = v
and (3.2), for all 1 £ j S v < p, yields

5([901/7 s Typa] — [$ja90j+1, e a$j+k72])
v—1
=Y (Tish-1 — T0)[Ti Tig1s- -, Tigh1]
i=j
=& Z — Ti4k—1 ([SUM, cen ,xu+k_1] - [l‘i, Lid1y--- 7xi+k—1])
v—1
— el Tpgh1] D (@i — Tigro1)
i=j
< Z — Tit+k—1 qu, cee al‘mk—l] - [$ia$i+17---a$i+k—1H

1=

v—1 1 k‘+7”—2
<ec 2k+r 2 I
= w3l (G ar)

i=j

v—1

< cn2k+r—4w min {Za n— 7’2
= ry Tr—2
= (min{i,n —p}) "
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min{i,n —i}

i=1 (min {Za n-— M}) =

pn—1
< Cn2k+r—4w

=: 8.

Now, since k +r = 5, if u < I_%J, then

1 _
- < cn2k+r 4W

o0

< 2k+r—4
S<en w g g ,
=1

and if pu > L%J, then

n—up p—1 . . .
3 < ep2htr—iy Z 1 N Z min {i,n —i}
=cn 3 —Fre

i=1 i=n—pt1 (M
1 " n?
§ Cn2k+T74W (1 + W Z’L) é Cn2k+r74W ]. + W .
( - ﬂ) i=1 ( )

n n— W

This completes the proof of the lemma. O

REMARK. Taking into account the inequality

n

k+r—1
min {:U’vn,u}> wk‘—l,r(f7 /n)u

’ [Ty Tyt fH < enkl (

(see (3.4)), it follows from (3.2) that for any £ € N and r € Ny such that
kE+r=3 al f e C(—1,1), and every 1 < j < n — k, the following estimate
holds:

1

k4r—2
mm{jn—u}> w (f,1/n)

‘ [wj’xj-i-la B 7xj+k—1; f” g cn2k+7’—2 (

n k+r—1
k—1 [%2) 1

ot () S
In particular, taking j =1 and u = \_%J, we obtain

(3.6) [z, 22, 25 f]] £ cn2k+7’_2w,f7r(f, 1/n)+ cnk_lw,ffl’r(f, 1/n).

Also, the same sequence of inequalities that was used to prove (3.3), in fact
implies,

‘ [Ty, Topk—25 f] = (25, T, aij-l—k—Q;fH
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n2

_M)HT_Q) wy, . (f,1/n),

(n

A

<cl@p, . wppnos fI| +en® (1 +

if k+r 25, and in particular,
(3.7) |[Tos - Togr—2i ] — [21, 22, - 21 f]

< cn2k+T_4wlfT(f, 1/n) + cnk_lw,f_l L(f,1/n).

Since z,,—j; = —x; for all 0 £ j =< n, we may apply Lemma 3.4 to the
function fi(z) := f(—=z), observing that

[:Ciu cy Loy fl] = (_1)07i[$n7i7 ceo s In—o; f]a

and wy (f,0) = wf (f1,6). Hence we get the following corollary (note that
while it is valid for general k, » and j we only give its statement for k = 3,
r=2,7=1and j =n — 1 which is what we need in this paper).
COROLLARY 3.5. Let f € C?O. Then
(a) For any index 1 < p <n — 3, if sgn{[vy, Tpt1, Tuto; f']} =¢, then

(38) —E[l'l,.’L'Q,.%'g;f”] g Cnﬁw?iQ(f”ul/n)'

Moreover, if an index 1 < v < p is such that sgn { [Ty, Tyi1; f”]} = ¢, then
we also have
2

(n)g,> wio(f",1/n).

n—p

(3.9) —elzy, z0; f] £ en? <1 +

(b) For any index 1 < p < n—3, if sgn{ [Tn—p, Tn—p—1, Tn—p—2; f”]} =g,
then

(3.10) —&[Tp_1,Tn—2,Tn—3; f'] < anw:f’Q(f”, 1/n).
Moreover, if an index 1 < v < p is such that sgn { [Tp—v, Tp——1; f"']} = —¢,

then we also have
2

(n— p)?®

We note that, for a set Y5 € Y, s = 1, if

(3.11) lzn_1,Tn_o; f"] £ en? <1 + ) w{Q(f”, 1/n).

-1
> i Ly _.
nZ 4(12%13“{%_1 yj}) i N(YS),

then there is at least one knot x; between y;_; and y;, forall 1 < j < s+ 1.
The following are consequences of Corollary 3.5 for f € A(Ys), s = 2.
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COROLLARY 3.6 (s = 3). Let s 23, f € CZNA(Y;), and
n = maX{N(YS), (min{cp(yi) |14 S s})_g}.
Then

)

(3.12) max {|[x1, 2, z3; "]

[xn—la Tn—2,Tn—3; f”H } § Cn6w§2(f//7 1/”)7
and
(3.13) max{| (w1, 225 £, | [2n—1, Tn—2; f"]| } < cn4w§i2(f”, 1/n).

COROLLARY 3.7 (s = 2). Let f € C2NA(Yz), and

n 2 max {N(2), (min { (), 2(32)}) " }-
Then
(3.14) max { — [z1, 22, 3; f"], —[2n—1,Tn—2,2n-3; f"]} < anwg‘iQ(f”, 1/n),
and
(3.15) max { — [z1,29; f"], [tn-1,2n-2; ["]} < en'wfs(f",1/n).
PrOOF OF COROLLARIES 3.6 AND 3.7. For the sake of convenience de-

note A := A(Ys) :=min {o(y;) | 1 £i < s}. Let s 22 and f € CLNA(Y),
be given. Observe that if an index ¢ is such that ys < x; < y1, then

4min {i,n — i} Z nsin(ir/n) = ne(z;) 2 nmin { e(ys), e(y1)} = An.

Now, let the indices p1, v1, v2, and po (if s 2 3) be such that f”(z,,41)
=min{ f"(z;) | y2 S Sy}, Top1 S Y1 < Tuy, Tup1 S Y2 < Ty, and

S (@pyr1) = max { f"(zs) | y3 S 2 S o}

Then, using f”(z)(z —y1)(z —y2) 2 0 for all x = y3 (or z > —1 if s = 2), we
conclude that the following inequalities hold:

ISy Sm<wmrEn—2 wrIun-3(G s23),

[l‘,ulaxu1+lal'u1+2§f”] g Oa ['Tllla'rl/1+1;f”] 2 07
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/i Lol
[.%'#2,.%'#24_1,1‘“24_2, f ] g Oa [xl/w Tyy+1;3 f ] g 0.

Now by Corollary 3.5(a) with u = 1 and v = vy, taking into account that
n—pup +12=2An/4, it follows that

(3.16) —[w1, w9, 235 1] < en®wfy (7, 1/n),

and
(3.17)

2
—[z1, z0; f] £ en? (1 + (nn1)3> wio(f",1/n) < cn4w§ﬁ2(f”, 1/n).

Further, if s =2 3, then Corollary 3.5(a) with u = ps and v = 15, and the
observation that n — us = An/4, imply

(3.18) (21,22, 23; f'] £ en®wf,(f",1/n),

and

n2

)3> wio(f",1/n) £ cn4w§i2(f”, 1/n).

(3.19) [z1,29; f"] £ en? <1 +
(n — pe2

This in turn implies that
| [x1, 22, 235 )] S en®wfo(f7,1/n)  and [y, 203 f7]] S en'wf,(f",1/n),
and the analogous inequalities for

’ [:Cn—lv Lp—2; Ln—3; f//] ’ and ‘ [ﬁn—la Tn—2; flq } )

follow by symmetry. This completes the proof of Corollary 3.6.

In order to complete the proof of Corollary 3.7 it suffices to use Corol-
lary 3.5(b) with 4 =n — pu; —2 and v =n — v — 1, and the estimate p; + 1
= An/4, and to combine the resulting inequalities with (3.16) and (3.17).
O

Inthecases=1,let f € Ci NA(Y1). Then, just as in the proof above, for
the index v such that z,, 11 < y1 < x,,, we have [z,,,z,,11; f] 2 0. Hence,
by virtue of (3.6) and (3.7) with k =3, r =2, and v = 1, we obtain the
following result (the estimates for [z,_1,Zn—2, zp—3; "] and [zp—1, 2n—2; "]
follow by symmetry), that will be used in the proof of (2.7) and (2.8).
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COROLLARY 3.8 (s =1). Let f € C2NA(Y1), and n 2 7(<p(y1)})_3.
Then

(3.20) max { | [z1, 22, 35 ]|, | [Zn-1, Tn—2, Tn—3; f"]| }
< en®wf, (£, 1/n) + en®wfy(f7,1/n),

and
(3.21) max { — [x1,22; f'], =[#n_1, Tn—2; ["]}

< cn4w§2(f”, 1/n) + cn2w§2(f", 1/n).

The following lemma is an immediate consequence of [6, Corollary 3.5]
and will be used in the proof of estimates (2.9) and (2.10).

LEMMA 3.9. Letn =29, m=1orm=2, and f € C?O. Then,
(3.22) max{‘ (21,22, ., Zma1; [

< en?mt? w?ﬁQ(f”a 1/n) + C||f”||[—1/2,1/2]~

[xn—lv LIn—25-- s Tn—m—1; fll]l }

Let
(1(x) == f"(21) + (& — z1)[21, 223 [7] + (2 — 21) (2 — 22) 21, 22, 233 f],

be the quadratic polynomial function which interpolates f” at z1, xo and z3;
and symmetrically, let

[n(x) = f”(xnfl) + (:L‘ - xnfl)[xnfla Tn—2; f”]
+ (w - $n,1)($ - xn72)[$nfla Tn—2; Tn—3; f”]

be the quadratic polynomial which interpolates f” at x,_1, z,_2 and z,,_3.
The following lemma is a consequence of [6, Lemma 3.1].

LEMMA 3.10. Let f € Ci, n 24, and let the polynomials p1 and p, of

degree < 4 be such that pgi)(xl) = fO(x1) and pg)(xn_l) = fO(zn_y), for
i=0,1, and p/(x) = li(x), pl(x) = l,(z). Then,

(3.23) 1f = pilly, € en 20, (f",1/n),
and
(3.24) If = pally, € en2wf,(f",1/n).

We end this section by recalling that for f € C{,, it was shown in [6] (see
inequalities (3.4) and (3.5) there), that

(3.25) Ll wer o (fO, 111, 1) < en™"wf (£0), 071,
where either l <j<nand0=l=<r,or1<j<nand0=<1<r/2
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4. Proofs of the positive results

PrRoOF OF THEOREM 2.5. In view of Theorem 3.3 and the estimate
W 5 (sn,1/n) S el f = sull + ewf 5 (f,1/n) S cll £ = snll +enPwf 5 (F7,1/n)

(see (1.9)), we only need to construct a spline s, € Xgy5,(Ys) N A2(Ys), such
that

(4.1) 1 = sull £ en % 5(£9,1/n).
Inequality (3.25) with [ = 3 and r = 5 implies

(4.2) L Pwrpa (F L] 1) £ en~wf 5 (£9),1/n)
for 1 < j < n, while, with [ = 2 and r = 5, it implies

(4.3) L Pwrgs (£, 1), 1) < cn_5w,ﬁ5(f(5), 1/n)

forall1 <5 < n.

Taking these estimates into account, the same construction as in [10,
Proof of Theorems 4.1 and 4.2] yields a spline s, € ¥j45,,(Ys) which is cocon-
vex with f on [—1, 1] and such that (4.1) holds. For the sake of completeness,
we briefly describe this construction.

We take N(Y5) to be so large that, for n = N, the sets O;, 1 £ i < s, are
all disjoint and do not contain the endpoints of the interval [—1,1]. Now,
if I; N O =0, then f does not change its convexity on I;, and Lemma 3.1
implies that there exists a polynomial p; € Py 5 which is coconvex with f,
interpolates it at the endpoints of I, and such that pj(z;) = f'(x;) and
Pj(xj—1) = f(wj-1) (f f is convex on I;), or pi(z;) = f'(z;) and p)i(z;j-1)
2 f'(zj—1) (if f is concave on I;), and satisfies

2 -5 5
I1f = pilly, < elliFwres (7,111, 1) < en wf s (F%,1/n).
Now, it is convenient to denote the endpoints of O; by a; and b;, i.e.,
O; = (a;,b;), 1 =i < s. For each 1 i < s, there exists a polynomial p; €

P 3 which is copositive with f” on O; (i.e., p;(z)f"(x) 2 0 for all z € O;)
and such that (see [2, Corollary 3.1])

15" = Billo, < clOilwnsa(f¥), |0:], 0:).
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Lemma 3.2 implies that there exists a polynomial p; € Pj5 such that p,(a;)
< f'(a;) and Pi(b;) < f'(b;) (if f is such that f”(x)(x —y;) = 0 for z € O;),
or pi(a;) = f'(a;) and P,(b;) = f'(b;) (if f is such that f”(z)(z —y;) <0 for
x € 0;), and satisfying

If = Billo, < clOPIf" = Billo, < clOiPPwir2(fP),104],0:)
< en Wl (£9), 1/n),

where the last inequality follows from (4.2), the observation that |O;| ~ |I;|
where j is such that y; € I;, and the fact that O; is “far” from =£1.

Now, the piecewise polynomial continuous approximant s, € Y15, (Ys)
N A%(Y;) is constructed from the polynomial pieces pj and p; in such a way
that, if s, is constructed for all x < z,, then, on [x,,x,_1] (or [z,,z,_3]
= O, if x, happens to be the left endpoint of some interval O,,) it is defined
to be p, (or Py + «, where the constant « is chosen in such a way as to make

sy, continuous). It is not difficult to see now that s, is coconvex with f and
(4.1) holds. O

PROOF OF THEOREMS 2.7 AND 2.8. Suppose that n is such that

n = max {4( min  {y;—1 — yj})il, ( min {go(yj)}>73}.

1=jSs+1 15j<s
Then, in particular, f is of fixed convexity in [z9,1] and in [—1, z,_2].
Again, we use the same construction as in [10, Proof of Theorem 4.1]
which we described in the proof of Theorem 2.5 above. The only difference
now is that, on each interval O;, 1 < ¢ < s, the polynomial p; is defined to

be the quadratic polynomial interpolating f” at a;, y; and b;, whence, by
Whitney’s inequality,

1" = pillo, < cws(f",10i,0:) .
Hence, using the inequality
‘Ij‘2w3(f//7 ’Ij’v Ij) § Cn_zw?fz(f”a 1/n)a 1< .7 <n,

which follows from (3.25), we conclude that there exists a spline s, € 35 ,,(Y5)
which is coconvex with f on [z, x,_1], satisfies the inequality

(44) ||f — Sn||[xn71’xl] é Cn_2 wa,Z(f,/, 1/71),
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and is such that
Sn(l‘nfﬁ') = f(l‘nfl)’ (_1)5—‘_15%(337%14') = (_1)s+1f/(xn71)7

and s}, (z1—) = f'(z1).
We now extend the construction of s, to the intervals I; and I,, preserv-
ing its coconvexity with the original function f, as well as keeping it close

to f.

To this end, on I; and I,, s, is defined as follows
sn(1+) = sn(z1-),  sp(1+) = f'(21),
s (@n-1-) = [D(wn-1), i=0,1,
sp(x) == f"(z1) + (z — z1) max { 0, [z1, z2, f"]}
+ (z — x1)(x — 22) maX{O, [1, 22, 23, f”]}, z eIy,
and
sn(@) = f"(@n-1) + (2 = 2p-1) (1) max {0, (= 1) w1, @no; £}

+ (x —zp_1)(x — 2p_2)(—1)° max{O, (=1)°[zn-1, Tn-2, Tn_3; f”]} , vel,.

(We wish to emphasize that in the case s = 3, we could alternatively define
si(x):= f"(x1), x € I, and s/ (z) := f"(xn-1), x € I, which is somewhat
simpler than the current construction, but would force us to consider the

case s < 2 separately.)
Evidently, s, is continuous on [—1,1] and is in A2(Ys) (since s/, and
(—1)°s!, are non-decreasing on I; and I, respectively, we have that

(=1)*sp(2n-1-) = (=1)°sp(zn-1),

and s}, (z1—) < s, (x14)).
Hence, it remains to estimate || f — s,||;, and ||f — sn||; . First, we note
that (4.4) implies that « := f(x1) — s,,(21—) satisfies |a| < cn_2w§2(f”, 1/n).

Therefore, by Lemma 3.10 we have for every x € I;
| f(@) = sa(@)] S |If = pally, + |p1(2) = sn(2)]

T

< en 2wty (/" 1/n) + 'fm) —salon)+ [ =) () = sw) du

1

< en 2, (" 1/n) + o] + \ [ =)0 - siw) du
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< en 2w, (1 1/n) + en” Ml — sl

Similarly (except that s,(xn—1—) = f(xn-1) = pn(xn_1)), for every x € I,

we have
| f(@) = sn(@)] £ en WS, (f",1/n) + en 6 — sill;. -

Now, for x € I,

(4.5) 0Zs(x)—li(z) = (x — wl)(max{O, [wl,arg,f”]} — [x1, 29, f ])

+ (v —x1)(x —mg)(max{(), (21, 2, 33, [} — [xl,mg,mg,f’])
= (z — z1) max {0, —[z1, z2, f"]}
+ (& — 21) (2 — 22) max { 0, —[x1, 22, 3, f']} .

Hence, for s = 2, we conclude by Corollaries 3.6 and 3.7, that

0 < sp(2) = h(z) < (z —z1)en'ws,(f", 1/n)

+ (z — 1) (z — z2)en®wfy (f7,1/n) £ en®wfy(f",1/n), x €.
For s = 1, we apply Corollary 3.8 and similarly conclude that
0 < sp(z) — li(z) € enwfy(f",1/n) + cwsy(f”,1/n), z €@,
Analogously, for x € I,,,
0= (=1)°(sn(2) = la(2)) = (wa-1 — ) max {0, (—1)°[zn—1, 223 f"]}
+ (z = Tp—1) (@ — Tp—2) max {0, (=) a1, Tpg, Tns; f .

Hence, for s = 2, by Corollaries 3.6 and 3.7, we obtain

0= (—=1)"(sn(2) = la(2)) < (21— )en'wiy(f",1/n)

+(x —zp_1)(z — xn_g)cnﬁw?fg(f", 1/n) £ enw§,(f",1/n), x € In,

and for s = 1, by Corollary 3.8 we get
0= —(sn(x) —ln(z)) < en’wiy(f",1/n) +cwly(f",1/n), x €I,
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Also, in the case s = 1, applying Lemma 3.9 instead of Corollary 3.8 we have
forx el
|sp(@) = (@) = (2 —a1)|fer, 22, ]| + (2 — 21) (2 — 22)| [21, 22, 23, ]|
S 7| [z, @2, £ + 07 21, 22, 2, ]|
< en’wis(f",1/n) + cn_2|]f”||[71/271/2},

and the estimate for ||s}; — [,]|; is derived analogously.
To summarize, in the case s = 2 we have

(4.6) If = snll < en™2w5,(f",1/n),

and in the case s = 1 we have

(4.7) 1S = sll S en~25 (£, 1/m) + en US| 1y
and

(48) If = snll  en™2wo (£, 1/n) + en™ wfo(f",1/m).

By virtue of Lemma 3.3 and the estimate
wE (50, 1/n) S e f = sull + cwd (f,1/n) S cl|f — sl + en™w5, (", 1/n)

(see (1.9)), we conclude that there exists a polynomial P, € A?(Y) of degree
< cn such that

(4.9) 1f = Pall = [1f = sall + lsn = Pull = [[f = snll + cwf (sn, 1/n)
< cllf = sull + en 2wy (£, 1/n).

Combining this with the inequalities (4.6)—(4.8) we get (2.6), (2.7) and (2.9).
Finally, in order to prove (2.10), note that (1.5) implies that

n?’w;f,z(f”, 1/n) 2 C(f), forall neN.

Hence, for n 2 ||fHH[71/2,1/2]/C(f) =: N(f),

1
5||f”||[71/2,1/2] sC(f) = ngw}iQ(f”, 1/n).
Therefore, it follows from (4.7) and (4.9) that
If = Pall < en™2wiy(f",1/n), 0= N(f),

and (2.10) is proved. O
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PROOF OF THEOREM 2.1. As was mentioned above, Theorem 2.1 for
r < 3 is due to [5]. For r =4, it follows from (1.7) and Theorems 2.7 and
2.8, and for r = 6, Theorem 2.1 follows from (1.7) and Theorem 2.5. Fi-
nally, if r =5, then, for s = 2, it follows from (1.7) and Theorem 2.7, and,
for s = 1, we repeat the arguments of the proof of Theorem 2.5, replacing
SE (11 by 55O O

PROOF OF THEOREM 2.11. We follow the proof of Theorem 2.5, where
we observe that since s = 1, there is no need to separate the points of inflec-
tion. This time we construct an S € Sgy7.,(Ys) N A%(Y;). Also, it follows by
virtue of (1.10) that f € C3[—1,1], and by (3.25) with [ =3 and r = 7, we
have

i Pwia(FOL L] L) € enTwez(F7,1/n), 155 <,

which we use instead of (4.2). Hence, even if Iy N Oy # () or I, N O1 # 0, we
are on safe grounds and we do not need to make sure that O; is “far” from
+1. We omit the details. O

PROOF OF THEOREM 2.3. As mentioned above, Theorem 2.3 for r < 2
was proved in [9]. For r > 7, Theorem 2.3 readily follows from Corollary 2.12
and (1.7). The case r =7, is proved by applying the same arguments as in

the proof of Theorem 2.11, replacing wk,7(f(7), 1/n) by ”cp7f(7) H 0

In order to prove Theorem 1.2, we need the following corollary which
readily follows from the positive results described in Section 2 (see Figs. 1
and 2).

COROLLARY 4.1. Let r 2 0 and let Ys € Y. If f € cin A%(Yy), then
(4.10) EQ(f,Y,) = O(n*Tw“f?r(f(r), 1/n)), n — 0o,
and if, in addition, r # 4, then
(4.11) EQ(1.Y,) :O(n_rwgr(f(r),l/n)), n — 00.

PROOF OF THEOREM 1.2. Let a >0, Y, € Yy, and let f € A%(Y;) be
such that

E.(f)=0n"%), n— oo

Then the well known inverse theorem [1] (see also [12]) implies that for each
pair (k,r) such that r < a <k + r, we have that f € C{,, and

(4.12) wi (ft) =0@*), t—o.

)
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Hence, if v ¢ N, then we put r := [a], and (4.10) yields
(4.13) EX(f,Y,) =0(n"%), n— .

If o € N, then we put 7 := a — 1. Then for a # 5, (4.13) follows from (4.11)
and (4.12). The proof for & =5 needs some modification of the proof of
Theorem 2.5, we will not elaborate here. O

5. Proofs of the negative results

We begin with two lemmas which we need for the proof of Theorem 2.2.
It is possible that the following lemma is known but we have failed to find
any similar result in the literature.

LEMMA 5.1. Given a monotone odd function g € Ly[—1,1]. Then, for
every polynomial P,_1 € Pyp_1, the following inequality holds
(5.1) H 9(/")“ Li[-1,1] HPn—l”Ll[fl,l} = 2”9Pn—1”L1[71,1}7

where, as usual, || f||g,(_1.1) = f_ll | f(z)| da.

Note that inequality (5.1) is sharp in that the constant 2 is exact since,
for the function g(z) = sgn(x), (5.1) becomes an equality.
ProOF. Without loss of generality assume that |[Py—1ly,_; ;=1 and

g(z) =1for 1/n < x £ 1. We may further assume that g is absolutely con-
tinuous on [—1, 1]. Integration by parts, together with the observation that
¢’ is an even function on [—1, 1], yields

o Gy = [l G

1/n 1/n
:n/ ‘g(aj)’ d,a::2—2n/ xg (r) dx,
0

—1/n

and

1 1
||9Pn—1||L1[—1,1] = /_1 ’Pn—l(fc)‘ dx — /1 (1 - ’g(ﬂf)’NPn—l(ﬂf)’ dx

1/n
:1_/_ (1= [ g(@)] )| Paos ()] da

1/n
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:1_/01/"9'@;) / | P ()] du do.

—T

Therefore, (5.1) is equivalent to

—X

(5.2) /0 @) / " Pus(u)] dude < n /0 Y g @) dr.

Since ¢’ is nonnegative, the proof will be complete if we show that, for any

0sz=1/n,
/‘Pnl(u)‘du§nng/ du,

—T —x

which, in turn, will be proved if we verify that

(5.3) | Pooi(z)] < forall —1/n<x<1/n.

NS

Now, let —1 < a < 1 be such that [ | P,—1(z)| dz = f; | Py ()| do =1/2,
and define Qy () := [T Py_1(u) du. Then, @ € Py, and ||Qy|| < 1/2. There-
fore, by the Bernstein inequality, for all —1/n <« < 1/n,

-1 n—1 n
P — 1o < =2 <_ 72 <P
[Paa(@)] = |Quo)] £ A 1Qul £ i < 1.

and the proof of the lemma is complete. O

Taking g(x) = z|z| in the statement of Lemma 5.1 we get the following
corollary.

COROLLARY 5.2. For every polynomial P,,_1 € P,,_1, we have

(5.4) Hpn—luLl[fl,l] = 3”2”3321371—1”L1[71,1]~

LEMMA 5.3. Let h < -, and let P € P, be such that

= 3n’
(5.5) (x> = h*)P"(x) 20, z€[-1,1].
Then
(5.6) P(—1) — 2P(0) + P(1) = 0.
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PRrOOF. First of all, note that (5.5) implies that P”(+h) = 0 and, there-
fore, P"(x) = (22 — h?)Q(x), where Q € P,,_3 is nonnegative on I. Now,
taking into account that

(1—|2|) (2® = h?) = =(1 — 2%)(2® — 2h7), =z €[-1,1],

N | —

we have

1
P(—1)—2P(0) + P(1) = /1 (1—|z|) P"(z)dz

1 1 1
[ (-l @ Q@2 5 [ (11— - 2@ dr 20,
—-1 -1

where the last inequality follows from Corollary 5.2 taking into account that
the polynomial R(z) := (1 — 22)Q(x) of degree < n — 2 is nonnegative on
[-1,1] and 2h? < o3, O

Using linear transformation of the interval [—1,1] to [-1/2,1/2] and
change of variables, we immediately get the following consequence.

COROLLARY 5.4. Let h £ X, and let Q € P,, be such that

= 6n’
(> = rH)Q"(x) 20, ze€[-1/2,1/2].

Then
Q(—1/2) —2Q(0) + Q(1/2) 2 0.
We are ready with

PROOF OF THEOREM 2.2. Suppose that s =2 2 and r = 1 are given. Let
Y, ={yi};_, besuchthat -1 < ys < -+ <ys—2 < —1/2, yo = —h and y; = h,
where h = &. Now, let f be such that

f(x) = /0 @t (0) .

where

f//(t) = {_(h2 - t2)r7 |t| § h,

0, otherwise.

Clearly, f € C"[—1,1] N A?(Y}), and

(5.7) | £7|| £ eh 2.
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Also, f(0) =0, and

—-1/2

1/2
CF1/2) — f(-1/2) = — /0 (1/2 — 1) f"(t) dt — /0 (—1/2 — t)f" () dt

h2r+1

h
:A(l—%ﬂh (ﬁ>/ ) 2t dt = TCEEYS

If Q,€P, is in A%(Y;) (whence, in particular, (z?—h?)Q"(z) =0 on
[—1/2,1/2]), then applying Corollary 5.4, we conclude that

h2r+1

S S /)~ F(1/2) £ Qu(-1/2) = F(-1/2) = 2(Qu(0) ~ F(0))

+Qn(1/2) = £(1/2) £ | Qn(=1/2) — £(=1/2)| + 2| Qn(0) — f(0)]
+]Qn(1/2) — £(1/2)] £ 4]Qn — fII,
implying that

h27‘+1

(538) BA(£.Y) 2 5rv

Now, by (5.7) and (5.8) and recalling that h = 1/(6n), we have

ang)(f?Y's) S nrh2r+1 _
O = 20+ Debre2 — 7"

This completes our proof. O

We now construct counterexamples which prove our claims in Theo-
rem 2.4.

PROOF OF THEOREM 2.4. Given A > 0, let

()Y, (1 4 2)"/2, r=3,5,
g (@) = {{ es(l + )’ In (1 + ), r =4,
06(1+x)3(3—ln(1+x)), r =6,

where the normalizing constants ¢, are so chosen that

(5.9) |o& || =1, 3<r<6.
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Thus, in particular, g, € B".
First observe that

(5.10)
9@ (@) >0, 3<r<6, and g (x)>0, r=56, we(-1,1].

r

Denote M, :=|g|l, 3<r <6, let m:=max{4,n— 1}, and take b€
(—1,0) to be such that

(5.11)
|g7(b)| >m*(A+M,), r=34, and g¢P(b) >mS(A+ M), r=5,6.

Finally, let

1 xT
1 / GO (@ —02d, =34,
2 J,

fo(z) == L e
1 / OB (@ —ttd, =506
A

that is, fp(z) = gr(x) — T)-(z) where T} is the Taylor polynomial about = = b,
of degree 2, for r = 3,4, and of degree 4, for r = 5,6, respectively. Then in
view of (5.10), it readily follows that f, changes its convexity once in (—1,1),
at y; := b. Now assume that some p,, € P,, satisfying

(5.12) i) —b) 20, -1Sa<1,
is such that
(5.13) 1fs — pall < A||gi7e"]| = A

Then ||T; + pu|| £ A+ M,, which by Markov’s inequality implies,

(5.14) 1T} + piyll < m*(A+ M,),
and
(5.15) |75 + pP|| < mS(A+ M),

On the other hand, if 7 = 3 or r = 4, then by (5.11),
1T + o5l 2 | T (0) + pr(0)] = | T (0)] = | g7 (b)] > m*(A+ M),
a contradiction to (5.14). If r =5 or r = 6, then by (5.11),

|79+ pP || 2 T (6) + pP (6) 2 TP (b) = ¢ (b) > mS (A + M),
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contradicting (5.15). Note that in the second inequality we used the fact

that p!! passes from negative to positive at b, and therefore p,(lg)(b) = 0.

We conclude that no polynomial satisfying (5.12), also verifies (5.13).
This completes the first part of the proof.
What is left is to modify gg so that it will be in Cg, and still preserve (2.4).

To this end, for 0 < e < 1/2, set g. := gs(z +¢). Then g. € C?D, Hgéﬁ)gpﬁu
<1, ¢¥() >0, and ¢ (2) > 0, z € [-1,1], and finally M. = ||g.|| < 2Ms.
Now we take ¢ so small that

9 (1) > mO(A + 2Ms),
where we recall that m := max {4,n — 1}, and we proceed with the above
arguments to obtain a contradiction. O

In order to prove Theorem 2.13, we let b € (0,1), and set

b

_— -1,1
e T € [-1,1],

gp(x) :=1I(z)1

where we recall that II(z) := [[}_, (z — v;). Finally, we denote

Gy(x) == /w (x —u)gp(u) du, =z €[-1,1],

-1

so that clearly, G, € C*[—1,1].
First, we prove

LEMMA 5.5. The following estimates hold:

(5.16) EACEEY: (1 12 i) ,

and

(5.17) \gb(x)\blnl < [H(z)|(1+2)In 3¢” r € (—1,1].
b~ 142’ ’

PROOF. First, since G} (z) = g1(x) + g2(x), where g1(x) :=II(z) Inb and
g2(z) := —II(z)In (1 + = + b), we have

4
w4(GyY 1) S Wl ) + wEa(65 ) < walef, ) + el e
where we used the inequalities (1.3) and (1.4).
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Now,
1 < 42 1 " — 42 1
wa(gi 1) £ €I 3 ) = e’ In .

and since | (14 2)In (1+z+b)| <3, and (14+x)/(1+x+b) < 1, we conclude
that

le*gll < eI + T[] + TI"]) < c.

This completes the proof of (5.16). Inequality (5.17) is proved in Lemma 5.1
in[6]. O

Denote by P} the subset of polynomials p,, € P, such that II(—1)p/ (—1)
> 0. Clearly, every polynomial p, from P,, N A?(Y}), is also in P}.

LEMMA 5.6. For each b € (0,n™2) and every polynomial p, € P}, we
have

C 1 1
||Gb _an 2 Hln% - A
where C' = C(Y5).
PRrROOF. Put
gi(x) == —I(z)In (n*(L+ 2 +b)), (z):=go(x) — g;(x) = (z) Inn’b,

so that [ is a polynomial of degree s. Let

T

Gix) = /x(:c—u)gl’,‘(u)du and  L(z) ;:/ (& — u)i(u) du.

-1 -1

Then we have G} (x) + L(x) = Gy(x). Also, for every p, € Py,
(5.18) TI(—1)pli(—1) = TI(=1)L"(~1) = —TI(—1)I(—1) = (1) In 1/n?D.
Straightforward computations yield

x
/ | g5 (w)| du < ¢/n* + en?(1 +z)?, —1<z<1,
-1

whence
Gi@)| £ (14021 +2)°
Hence,

| pu(@) = L(z)| < lpn = Goll + |G}
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6 1 2 3
S en’ (lpn — Gol| + i (1/n*+(1+x))"
We may apply now the Dzjadyk-type inequality used in [6], to obtain

1
[Ph(=1) = L"(=1)] £ en* <Hpn — Gyll + n4> .

This combined with (5.18), in turn completes the proof of the lemma. O

We are now ready to prove Theorem 2.13 by constructing a counterex-
ample.

PROOF OF THEOREM 2.13. The proof follows along the lines of the proof
of Theorem 2.3 in [6], and we will only sketch it.
We begin with b, € (0,1/e), n = 2, such that b, In é = %, and set

Fula) = C%Gbn (@),

where ¢ < 1 (which is independent of n) is taken so small that (5.21) and
(5.22) below are fulfilled. We summarize the properties of f,, as follows from
Lemma 5.5. Namely, for every n = 2, f, € C*[-1,1],

(5.19) ()| < |T(@)|(1+2)In ffm,

(5.20) fa(=1) = fo(=1) = f(-1) =0,

(5.21)  [[fP] <1, 5=0,1,2, and |[@¥ 1P| <1, =34,
and

(5.22) wfy(F0,1/n) <n2

The proof proceeds with no change constructing a subsequence f,,; and an
infinite sum which we continue to denote f;(z), and which differs from the

one in [6] in that we multiply the second derivative of the latter by II(z).
Therefore we have

|§/(2)] < 2|T(2)|(1+2)In 3¢”
= 1+5L'7
so that if we put

1) = M) (1 + 2) In

2 L 1—}—2?’
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and
o) = [ (= i) du,

-1

and if we denote f(x) := f1(x) + f2(z), then f € A%(Ys). The rest of the proof
follows exactly as the proof of Theorem 2.3 in [6]. O

Finally, we have

PROOF OF THEOREM 2.15. For s =1, Y] :={y1 }, and II(z) = (v —y1) is
a polynomial of degree 1. We observe that Lemma 5.5 may be strengthened

to yield w1,4(G,()4), t) < c. Let

and set fp := G + Fp. Since Fb(4) (z) = const, its modulus of continuity van-
ishes, so that we have

wf4(fé4),t) = wf4(Gz(;4)at) <ec

At the same time

H(x) ! (z) = I (z) (x: ! +lnx+?+b>

1\

0, zel[-1,1],

so that f, € A%(Y7).
Since Fy, € P} for n 2 5, we may apply Lemma 5.6 and conclude that for
every p, € P},

C 1 1
”fb _pn” 2 ﬁln% - ﬁ’

5/2

Hence, with b = n™°/% we obtain,

Inn
EQ(fp¥1) 2 O gwa(f.1). O
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