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Abstract We introduce new moduli of smoothness for functions f € L,[-1,1]N
C’_l(—l, 1),1 < p <oo,r > 1, that have an (r — 1)st locally absolutely continuous
derivative in (—1, 1), and such that ¢’ £ is in Lpy[—1,1], where ¢(x) = (1 —
x3)1/2 These moduli are equivalent to certain weighted Ditzian—Totik (DT) moduli,
but our definition is more transparent and simpler. In addition, instead of applying these
weighted moduli to weighted approximation, which was the purpose of the original DT
moduli, we apply these moduli to obtain Jackson-type estimates on the approximation
of functions in L ,[—1, 1] (no weight), by means of algebraic polynomials. Moreover,
we also prove matching inverse theorems, thus obtaining constructive characterization
of various smoothness classes of functions via the degree of their approximation by
algebraic polynomials.
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1 Motivation

The purpose of this section is to provide some motivation to the introduction of the
new moduli of smoothness that we discuss in this paper.

We start with a simple example. Suppose that A7 is the space of all functions in
L,[—1,1],1 < p < oo, such that their rate of approximation by algebraic polynomials
of degree < ninthe L ,-normis O (n~*). How can we characterize this approximation
space? The answer is very well known by now. There are several approaches, but
the ones that became most popular in recent decades involve moduli of smoothness
of Ivanov ¢ (f, 8(¢, -))4,p (introduced in 1980-1981) and Ditzian—Totik a);f (f.D)p
(introduced around 1984). The Ditzian—Totik (DT) modulus is defined in (2.1) by
letting r = O (see also Remark 2.3), and the Ivanov modulus (see [2, Section 16], for
example) is given by

T (f,8(t, Ng.p = [lr(f, -, 8, ))q ||p ;

where

§(t,x) ‘ q
Ak (F, x)‘ dv.

1
a)k(f,x,S(t,x))Z = m/

—8(1,%)

It turns out (see, e.g., [2]) that w,‘f(f, Dp ~ w(f, A(t, ) p,p With A2, ) := t(p(o)—i—tz,
but, according to [2, p. 142], “The [Ivanov] moduli ...are a somewhat more cumber-
some method to describe smoothness than ...[DT moduli], and their computation is
more difficult.”

It follows from [3, Theorems 7.2.1 and 7.2.4] that, for 0 < o < k,

fed) — of(f,0),=00%, t>0. (1.1)

A natural question now is what can be said about smoothness of the derivatives of
functions from A%. Surely, if « is large enough, then functions from A? have to be
differentiable (or rather, almost everywhere, they coincide with functions which are
differentiable). Note that (1.1) does not explicitly describe the behavior of these deriv-
atives (but see Remark 1.1 below). While it is true that f (f, 1), < ct"wf_ (f\,1),,
itis NOT true that, for appropriate «, f € A7 only if “’If—r (f 0, t)p =0@*"").One
needs to replace a)f_r (fM, 1) p with an appropriated weighted modulus (as we show
in Sect. 9). This is very different from the trigonometric case where the classical mod-
uli of smoothness are used in analogous results on characterization of (trigonometric)
approximation spaces.
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Remark 1.1 To be more precise, we mention that (1.1) implicitly describes the behav-
ior of the derivatives of f since it follows from [3, Theorem 6.2.2 and Corollary 6.3.2]
([3, Corollary 6.3.2] has a couple of misprints, but this can be easily rectified) that, for
l1<r<a,

of (1) =00 < of " (f7. 0y p=001*")
= QD Dy p = 00",

However, if t* is replaced by a more complicated function, and, correspondingly, A‘;‘) is
replaced by the space of functions A, (¢) whose rate of approximation is O (¢ (1/n)),
then [3, Theorem 6.2.2 and Corollary 6.3.2] may no longer provide any useful infor-
mation, and it becomes much harder to get an explicit description of the behavior of
the derivatives of functions from A, (¢). For example, if ¢ () := t/(In(t /2))2, then

feAyP) & o5 (fi),=0®1),

and [3, Theorem 6.3.1 (a)] implies that f’ is locally absolutely continuous and
Q(p(f’, De,p = O(=1/In(¢/2)). However, [3, Theorem 6.2.2] does not give any
information about wy, (f”, 1)y, , other than that it is bounded below by Q,(f', 1)y, p.
Hence, there is a need for an inverse theorem for an algebraic approximation explic-
itly involving derivatives of functions as in the classical trigonometric case (see [7,
Theorem 6.1.3], for example). We prove such a theorem in Sect. 9 (see Theorem 9.1).
In particular, it implies that

feA @)= of ((f.0)),=0(=1/In(/2)).

In summary, there is a need for a new measure of smoothness and/or new results
that would help resolve the above mentioned problems. The purpose of this paper is
to introduce new moduli serving this purpose. These moduli are equivalent to cer-
tain weighted DT moduli, but, to rephrase [2, p. 142], “these weighted DT moduli
are a somewhat more cumbersome method to describe smoothness than our moduli,
and their computation is more difficult” (see Sect. 8 for the exact definition of these
weighted DT moduli).

2 Introduction and Definitions

As alluded to above, we are interested in the constructive characterization of the
functions in L,[—1,1],1 < p < 00, and C[—1, 1] when p = oo, with given degree
of approximation by algebraic polynomials, which is analogous to the characterization
of periodic functions in L ,[—m, ], respectively, C[—m, ], with given degree of
approximation by trigonometric polynomials. Our characterization yields information
on the smoothness of the derivatives of the approximated functions and is described
in Sects. 8 and 9 by means of direct and inverse theorems relating certain weighted
DT moduli of smoothness of a function f € L,[—1, 1], respectively, f € C[-1, 1],
to its degrees of best unweighted approximation in the space.
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The first sections are devoted to introducing the abovementioned DT moduli of
smoothness in a new, equivalent form, which is more transparent and simpler. We
prove the equivalence via K-functionals. For p = oo, these moduli of smoothness
were introduced by the third author [6] (see also [4]), and certain direct and inverse
theorems proved; however, no relations to weighted DT moduli were discussed.

Hereafter, we will have constants ¢ that may depend only on some of the parameters
involved (p, k, r) but are independent of the function and of ¢ or n, as the case may
be. The constants ¢ may be different even if they appear in the same line.

Let | llp = Il - lL,(—1.1). 1 < p < 00, and p(x) := v/T — 22.

For k € Ng, h > 0, aninterval J and f : J — R, let

k k ki . .
AﬁﬁnJyz Elﬂ(JO4) fx+ G —k/2)h) if xxtkh/2€eJ,

0 otherwise,

be the kth symmetric difference, and let A];l (f,x) = A];l(f, x, [—1, 1]).

Definition 2.1 Let 1 < p < oo and r € Ny. Then, for r > 1, let
B, :={f|f"" € ACe(—1.1) and ||f"¢"||, < +o0},

and set IB(I), =L,[-1,1].

(Recall that ACj,c(—1, 1) denotes the set of functions which are locally absolutely
continuous in (—1, 1)).

Definition 2.2 For f € B’ , define

a)f’r(f(r), )p = sup
0<h<t

Wi 08 (0] @.1)
where
Ws(x) := ((1 — x — 8p(x)/2)(1 +x — 5¢(x)/2))1/2,
For § > 0, define

D5 :={x | 1=8px)/2 > Ix|}\{£1}
2

4452

= [x | x| < ] =[—14u@).1—pu®]

where
n(8) :=28/(4 + §%).
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Observe that D5 = ¥ if § > 2, and note that Aﬁ o x)( f, x) is defined to be identically
0if x & Dy, and that Wy is well defined on ®; (in fact, if § < 2, then Dom(Ws) =
Ds U {E1}).

Hence,

a) (f(r) f)p = sup
0<h<t

W, (DA )
o) W()(f L, ()

e of (f7, 0y =wf (f7,2/k), for t=2/k. (2.2)
Remark 2.3 Whenr = 0, w,‘fgo( f, t)p reduces to the well-known kth DT modulus of
smoothness a);f (f. 1)p (see, e.g., [3]).

Remark 2.4 When p = oo, w,‘f’r( f, t)oo reduces to the modulus of smoothness intro-
duced by the third author (see, e.g., [4,6]).

Our moduli of smoothness are certain type of weighted DT moduli (see Sect. 5 for
details). However, we give a more transparent and simpler definition of the moduli,
which, in particular, makes their monotonicity in ¢ self-evident. Moreover, we are
not interested in weighted approximation; rather, we are interested in applying these
moduli to estimates on the nonweighted approximation of f € IB%;, (see Sect. 8 for
details).

If 1 < p < oo, our moduli are equivalent to the following averaged moduli of
smoothness.

Definition 2.5 Letk € N,r € Ng,and f € B’, 1 < p < oo. Then, the averaged
modulus of smoothness is defined as

1/ 1/p
o (f7, 0, = (—/ / Wy, () AE o (£, )P d dt) .
tJo Dir
For convenience, for p = oo, we also define
o (fO oo =0 ,(f7 Do

While the modulus a)‘p (f ") 1) p is obviously a nondecreasing function of ¢, the

averaged modulus a)*(p (fM 1) p does not have to be nondecreasing. At the same
time, it immediately follows from Definition 2.5 that

o (F7 ) < /)P o (fO 1)y, for 0<n<n. (23

It turns out that the abovedefined moduli are equivalent to the following K-
functional.

Definition 2.6 (K -functional) Fork e N,r € Ng, 1 < p < oo, and f € B’ , define

KE 0 = inf (G =800 + M),
gED)
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The following result is valid.

Theorem 2.7 Ifk e N,r e Ng, 1 < p <oo,and f € IB%;,, then, forall 0 <t < 2/k,
K¢ (fO. N, <o (FO. 0 <0f (F7 0, < cKEL(FO 1N, 24

where constants ¢ may depend only on k, r, and p.

Remark 2.8 Note that with an additional restriction that ¢ < f, in the case r = 0,
Theorem 2.7 becomes [3, Theorem 2.1.1] (with ¢(x) = +/1 — x2) and that fy can be
taken to be (2k)~! as was shown in [1, Theorem 6.6.2].

Remark 2.9 It follows from Theorem 2.7 that
of (fD,0p ~ g (fO, D p,

where a)](; (f(’) , D)gr,p is a weighted DT modulus defined in (5.1) (see Sect. 5 for more
details).

Since it is obvious that
o (O 0, <0f (FO. 1)),

only the first and last inequalities in (2.4) need to be proved. Their proofs are given,
respectively, in Sects. 6 and 4.
We conclude this section with an immediate consequence of Theorem 2.7.

Corollary 2.10 Letk e N,r e No, 1 < p <oo, f € B, and » > 1. Then, for all
t >0,

w[f’r(f(r)a kt)p = C)"kw]f’r(f(r)» t)p~

Proof Using Theorem 2.7, identity (2.2), and the monotonicity, in ¢, of both the
K -functional K(p (f(’) tk)p, and the modulus a) (f(’) t)p, and denoting [ =
min{Az, 2/k}, we have

of [(fO )y = of (FO. 0, < K (0,1, < A K (£, G205,
< ol (f7i/0), < kol (f7, 1),

for any ¢t > 0. O

Remark 2.11 With an additional restriction that r+ < fg, in the case r = 0, Corol-
lary 2.10 becomes [3, Theorem 4.1.2].
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3 Auxiliary Results

In the following proposition, we list several useful properties of the weights Ws(x)
and the sets D5, § > 0, which will be used below. (Note that the statements in this
proposition are vacuously true for §’s such that ©s and/or D55 are empty.)

Proposition 3.1 (Properties of Ws(x) and ®j).

(1) Ws(x) < @(u) for x € D5 and u € [—|x| — dp(x)/2, |x| + 5¢(x)/2].
(i) Ws(x) < @(x) for x € Ds.
(iil) @(x) < 2Ws(x) for x € Dys.
(iv) 8|¢’(x)| < 1 for x € Ds.
V) If y(x) :=x + 819(x)/2 and |81] < 8, then 1/2 < y'(x) < 3/2 for all x € Ds.
(vi) If 81 > &2, then D5, C Ds,.

Proof Forx € ®s andu € [—|x| — §p(x)/2, |x| + S¢(x)/2], we have
9> () = W3 (x) = ¢ (Ix| + 89(x)/2) = W5(x) = (1 — |x| — 8 (x)/2)8¢(x) = 0,

which implies (i).

Choosing u to be x in (i), we get (ii).

Now, § < 1 implies 1 + |x]| < 2(1 + |x] — dp(x)/2), and x € D5, that is,
dp(x) <1 —|x|,yields I — |x| <2(1 — |x| — 8¢ (x)/2). Hence,

@ (x) = (1 — XD+ [x]) < 4(1 — |x] — 8e(x)/2)(1 + |x]| — 8¢ (x)/2) = 4W(x),
x € Dos,

and so (iii) is verified. If § > 1, then (iii) is vacuously true since Dr5 = .
Ifx € Ds,thendp(x)/2 < 1—|x| = (1+]x]) " 9?(x); thatis, (x) > §(1+]|x])/2.
Hence,

X 2lx
x| _ 2|

3" (x)] 28% = T <

3

which is (iv).
Property (v) immediately follows from (iv), and (vi) is obvious. O

The first important property of the new moduli is stated in the following lemma.

Lemma 3.2 Ifr € No, 1 < p <00, and f € B),, then
lim of (f",1),=0.
=0+ @i (f p

Proof Let € > 0. Then, there is § > 0 such that

€ )4
|¢uvmuWM<(——).
/[—1,1]\95 2k+2
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Set

e O i x €Dy,
g (x) = .
0 otherwise.

Since g € L,[—1, 1], there exists fo > 0 such that
a)f(g(r),t)p <e€/2, 0<t <.
For each i > 0, we have

s8],

= HWZh(')Aiwc)(g(r)’ ')Hp * HWZh(')AIZw«)(fm g, ')Hp

< [ a6+ [Whoak,0 0 - 0]
=0+ b.

Now, if & < 1y, then I} < €/2, and

k
k
h=Y (,) ( /53 ’ (Wis )17 0x + G = k/2)hgp ()
=0 g

1/
¢+~ k/Dh()]) dx)

k
k
<> (1) ( /@ (gor(x + (i = k/Dhe)| f 7 (x + (i = k/2)hg(x))
i=0 kh

» 1/p

—8"(x + (i = k/Dhg(x))]) dx)

e ! P
2y (1) ( /_ (@i - g ) du)
i=0

N o)
2 r r 2’
;(l) (/[1,”\@8@ () f (u>|) <e¢/

I/p

IA

IA

where for the second inequality we used, for x € Dy, the inequality Wy, (x) <
¢(u(x)), where u = u(x) := x + (i — k/2)hep(x)), and the third inequality follows
because Proposition 3.1(v) implies that u’(x) > 1/2 when x € Dyy,. This completes

the proof.

]

Remark 3.3 Note that f € B/ only implies that w,‘fr(f(’), 1)eo < 00 fort > 0 and
does NOT imply that lim;_, o+ a),(f’r(f(’), oo = 0 even if we assume that ) e
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C(—1,1). For example, if f is such that f")(x) := ¢"(x), r € N, then f €
B, NC" (=1, 1) and f . (f"), 1) = const > 0.
It was proved in [4] (see also [6]) that, forr € Nand f € C"(—1, 1),

lim of (f",1)eo =0 ifandonlyif lim ¢"(x)f"(x) =0.
t—0t ’ x—=*1

In the case r = 0, it is easy to see (see also [3, p. 37]) that lim,_, o+ w,‘f,o(f, HNoo =0
if and only if f € C[—1, 1].

Lemma3.4 Let1 < p <ocoandr e Ng. Ifg € IB%;H, then

H(pyg(r) < 00
p

forany y > 0 suchthaty >r — 1.

Corollary 3.5 Let1 < p <occandr € No. If g € IB%;“, then g € B,

Proof of Lemma 3.4 Suppose that we are given g € IB%;)H. Without loss of generality,
we can assume that g (0) = 0.
First, we consider the case p = 0o. Since ¢(u) > ¢(x) for |u| < |x|, we have

X
o] = o [ 5" an
o0 0 00
X
<ot | _erew [T a
0 00
X
< w’“g(’“)H H/ ") du
00 0 00
<c (pr+1g(r+1)H
Similarly, if p = 1, then
1 x
o] = [ oo [ e D] ax
—1 0
1 X
< / o7 () /0 @ T w)g" ™ (w)| du| dx
—1
1
< ‘(pr+1g(r+1)Hl/ (py—r—l(x)dx Sc‘wr+1g(r+1)H .
-1

Suppose now that | < p < ococand g = p/(p — 1) is such that (r + 1)g # 2 (i.e.,
either r > 1, orr = 0 and p # 2). Using Holder’s inequality, we have

@ Springer



Constr Approx

)4
H(py g
P

1 X
= / @7 (x) / gD () du
—1 0

1 X 1/q X 1/p
< / 0P (x) (/ <p_(r+1)‘1(u)du> (/ |¢’+1(u>g<’+”(u>|f’du)
—1 0 0

p L r/q
(pr+lg(r+l) Hp/ gDJ/IJ(X)
—1

P
dx

P
dx

X

/ @ (r+l)q(u) du
0

SRR [ g g d p/qu
g pow(x)ocp (u) du

1 x p/a
p
(pr+1g(r+1)Hp/ (1 — x)rP/? (/0 (1 —w)~+Da/2 du) dx
0

1
(pr+1g(r+1)Hp/ a- x)VP/Z max{1, (1 _x)*lfp(rfl)ﬂ}dx
P Jo

dx

g

:2‘

< 21+yp/2 ‘

<c|

1
p
=c ‘ (pr+1g(r+1)Hp/ max{(1 — x)yp/z’ (- x)_1+p(y_r+1)/2}dx
0

<eo

ng(Hl)Hp'
P

Finally, if p = 2 and r = 0, then

1 X
Yoll? < 2147 [ oo’ |1 — ) du
o7ty =2 Jog'l; [ =07 [ ¥

1 prx du 2
<clesl [ [ ot =eledli.

4 Proof of Theorem 2.7: The Upper Estimate

The upper estimate of our modulus by the K -functional in Theorem 2.7 (i.e., the last
inequality in (2.4)) immediately follows from the following lemma.

Lemmad4.l [fkeN,reNy 1 <p<oo,and f € ]PB;,, then

of (fO. 0, < clh.r, pK . (f. 15, forall 1> 0.

Proof In view of (2.2) and the monotonicity of the K -functional in 7, we may assume
that t < 2/k. Take any g € IB%’I‘,J“’. Corollary 3.5 implies that g € B’ , whence

of (f7 0y <ol (7 =" 0, +of (€7, 1))
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Take h such that 0 < h <1t.

Foreach 0 <i <k, set y;(x) := x + (i — k/2)hep(x). Then, Proposition 3.1(v)
implies that ylf (x) > 1/2 for x € Dy, and so we have (with obvious modifications if
p = 00)

le” G (F O3 = 82 Gz, @

1/p
= ( /9 9" (i G i (x)) — g“)(yi(x)w’dx)
kh

1 1/p
<2l (/ 1 PPWIFO ) - gV IP dy)
=22 g" (£ = g)p.

Since Ws(x) < ¢(y) forall x € s,y € [x — Sp(x)/2, x + S¢(x)/2],and 0 <
8 <2, we get

k

k
wf (f7 =g 0, < sup | D] (.)‘ﬂr(yi) ‘f(r)(yz') - g(r)(yz')’
O<h=t ||;=o \! Lpy®n)
B
P

To estimate the second term a),(f’r (g, 1), using the identity

h/2 h)2

A’,;(f,x)=/ FOC+ur 4+ +udduy .. dug,  (4.1)

—n2 Jenp

we have

wf (87,1,

= sup ||WI, AK (@) . ‘
O<hI;t g (877 ) Lp (Dxn)
he/2 he/2
= sup th/ g(k+r)(-+u1+~--+uk)du1...duk
O<h<t —he/2 —he/2 L, (Dkn)

By Holder’s inequality (with 1/p + 1/g = 1), for each u satisfying —1 < x +u —
ho(x)/2 <x+u+he(x)/2 < 1, we have

x+u+he(x)/2
/ g(k+r) (v)dv
X

ho(x)/2
/ g(k+r)(x 4 u 4+ up)duy

—he(x)/2 Fu—he(x)/2
- /x+u+h<p(x)/2 (karr(v) |g(k+r) )| v
T Jxtu—hex))2 okt (v)

ket (k —k—
< lp*t g +r)||Lp(.A(x,L1))”(p "Ly (AGeu)
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where
h h
Alx,u) = |:x +u— Ew(x), X +u+ E(p(x):| .

Thus, in order to complete the proof, it suffices to prove

@2 rhew/2
/ (th (x)/ / lle L, (A w4+ 1))
hw(X)/2 —he(x)/2

P
x|t g (k+r)”Lp(.A(x,u1+w+uk_|))du1"'duk]) dx

< chfP || g® gkt P, (4.2)

noting that, in the case k = 1, this inequality is understood as

P
/@ (w;,(x)ugo = caop g1 <“||L,,<A(x,o») ax
h

< ch?| g b, (4.3)

and if p = oo, then (4.2) is replaced by

he(x)/2 @/
sup (th (x) / / ™ Ly (Ao g+ 1))
XEDin h(p(x)/Z —he(x)/2

ktr
<05 TN L Aty din "'dukl)

< chFllg® T 7 o, (4.4)

To this end, we write

/ =/ +/ +/ =: I1(p) + L(p) + I3(p)
D Dokn (Drn \D2xn)NI0,1] (Drn\D2xn)N[—1,0]

if 1l < p < oo, and

sup < sup + sup + sup =: [1(c0) + Ir(00) + I3(0c0)
D Dun - O \Dun)N0,11 (Dpn\Dapn)N[—1,0]

if p=o00
Part I: estimate of I,
First, we note that if # > 1/k, then ®7;j;, = @, and so no estimate of /| is needed.

Hence, in this part, we may assume that 7 < 1/k.
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Forx € ®ps andu € [x — dp(x)/2, x + Sp(x)/2], we have
1 1
5(1 — |ul) < 5(1 — x| +8p(x)/2) <1 — |x]
<2(1 — |x| = dp(x)/2) < 2(1 — |ul]),

where for the second and third inequalities we applied the fact that §p(x) < 1 — |x|.
Also, obviously,

1
S ful) = T |x] = 201+ Jul).

Hence, for x € D5 and u € [x — dp(x)/2, x + S¢(x)/2],

1
Efﬂ(u) < ox) < 2¢(u). 4.5)
Also, note that §¢p(x) < 1 — |x]| (i.e., x € Dos) implies
8 < px). 4.6)

So, if x € Dok, then by (4.5),

ho(x)/2 he(x)/2 .
W, () / / ™ 1y Aot oty Qi - ity
h(p(x)/Z ho(x)/2

2k+r
< ¢" (@) (hp(x)*! T (hp ()"

— 2k+rhk—l+1/q(p1/q—l(x) — 2k+rhk—l/p(p—l/p(x)’

where we applied Proposition 3.1(ii). Note that the above estimate is also valid for
k=1.
Therefore, by (4.5) and (4.6), for 1 < p < oo, we have

p
hp) = /@ (2k+fhk‘1/f’<p‘1/"<x)||<p"+’g“‘+”||Lp<[x_kh¢<x>/z,x+kh¢(x)/z])) ax
2kh
1 x+kho(x)/2

P
— 2P(k+r)hkp—1/ - )(pk“'r(u)g(k"'r)(u)’ dudx
Do PX) S kh(p(x)/Z

x+kho(x)/2 »
Chkp—l/ / )¢k+r(u)g(k+r)(u)’ -
Do ) x—khep(x)/2 90(M)+kh/2

B hkp 1/ /bz(u) ‘ k+r( ) (k+r)( )‘Pd d
=c - (p(u)+kh/2 ) u)g u xdu

_ pkp—1 ktr N o (k) ”bz(u) by (u)
e /1‘ s ] T

IA

’
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where —1 < a; < ay < 1 and

kT = u? ¥ (kh/2)?

ba(u) —bi(u) < T+ (kh)2)2

< kh(p(u) + kh/2).

Hence,

Ii(p) < chkP ) g®Fn gkt b,

If p = oo, then

I1(00) < sup (2k+rhk”(pk+rg(k+r)”Loo([x—kh(p(x)/Z,x+kh<p(x)/2]))
Dok

< chf|g*trg® |

Part II: estimate of I
In this part, we estimate I», the estimate of /3 being completely analogous. It is
convenient to introduce the notation

Fy(x, k,r)

he(x)/2 ho(x)/2 -
_th(x)/ / lle Iy (At pdien - - dug—1,
hga(x)/2 ho(x)/2

F,(x, k) = T, (x, k, 0),
and
Ekh = Drn \ Dorn) N[0, 11.

The required estimates for I>(p) and I>(c0) follow, respectively, from

/ (Fg(x, k, 1))’ dx < ch?, .7
Ekn
and
sup Fi(x, k,r) < ch*. 4.8)
xe&kh

First, we observe thatif v € A(x, uy + - -+ + ug—1) and |u;| < hep(x)/2, then
x —khp(x)/2 <v <x-+khp(x)/2,
which, by Proposition 3.1(i) implies, for x € Dy, that

Win(x) < @(v).
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Hence
2 O™ L, At < 107, Aty
so that
Fyx, k,r) <Fy(x, k), x €D

Thus, (4.7) and (4.8) follow, respectively, from

/ (Fg(x, )" dx < ch*? 4.9)
Ekn
and
sup Fi(x, k) < chk. (4.10)
xe&

Recall that 1 (8) = 282/(4 + §2), and note that &, = (1 — w(2kh), 1 — n(kh)] N
[0, 1], i.e.,
| (A= u(2kh), 1 — p(kh)] if h <1/k,
10,1 — p(kh)] if 1/k<h<2/k.
It will be convenient for us to separate the proof for “small” and “large” h. We first
consider the case when & < 1/ (ﬁk).

Part II(): 7 < 1/(v/2k)
It is easy to see thatif & < 1/ («/Ek), then

8k2h? 3k%h?
< meas(Exp) <

and, for x € &y,

4k K2

2kh
<1—x <2k*h® and = = o(x) < 2kh.

It is important to note thatif 2 < 1/ («/Ek) and x € &y, then
x —kho(x)/2 > 0. 4.11)

This implies thatif v € A(x, u; +...ug—1), where x € Ep and |u;| < he(x)/2, then
v > 0, and so

V1 —v <) <21 —0v).

Now, for any g < 00, x € Ep, and u € [—(k — Dho(x)/2, (k — Dhe(x)/2], we
have
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—k
o™ I, (AG.u)

x+u+he(x)/2 1/q
< / (1 —v)*2qy (4.12)
x+u—he(x)/2
(1 —x —u—hex)/2) K2V i kg > 2,
e 1/q .
< c(k.g) | (In [EEem) it kg =2,
h—k+2/q if kg <2,

and note that (4.12) is also valid if ¢ = oo.
We also observe thatif k > 2, then forany x € Exp andu € [—(k—2)ho(x)/2, (k—
2he(x)/2],

ho(0)/2  rhe(x)/2
A —x—u—u; —ur) 'duydus < ch®. (4.13)
—ho(x)/2 J —hp(x)/2

Indeed, using the fact that 1 — x — u > he(x) and changing variables to v :=
—2u1/(he(x)) and w := —2us/(he(x)), we have

he(x)/2  rhe(x)/2
/ (l—x—u—ul—uz)fldulduz
—he(x)/2 J—he(x)/2
ho(x)/2  rho(x)/2
< (heo(x) — uy — u) ™" duyduy
—he(x)/2 S —he(x)/2

1 pl
= ho(x) / / Q2+ v +w)  'dvdw
—1J-1

2
= (21n2)he(x) < c(k)h>.

Thus, (4.13) implies that for any k > 2, « > 1 —k, x € &, and u €
[—he(x)/2, ho(x)/2],

ho(x)/2 ho(x)/2
/ / A=—x—u—uy— - —up—)%uy ... dug_;
—ho(x)/2 —ho(x)/2
< ch?kt2e=2, (4.14)

Now, for any x € £gj, we have

ho(x)/2 ho(x)/2 '
971(x,k)=/ / o "(x4+ur+ -+ up)dug ... dug
—he(x)/2 —ho(x)/2

he(x)/2 ho(x)/2 s

5/ / (1—x—u1—~-—uk)_/dul...duk
—he(x)/2 —he(x)/2

< ch,
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which implies (4.10) and so completes the proof in the case p = oo.

For I < p < oo, it is convenient to break the proof of (4.9) into several cases.
CASEl: 1 < p<oo,k=1,andg > 2

Using (4.12), we have

p -1
/g (?q(x, 1)) dx = /8 llo ||][£q(‘,4(x,o))dx
h h

< c/ (1 —x — ho(x)/2)"P/F+Plagy
En

1—(h)
= c/ (1 —x — ho(x)/2)P/* 1dx
1-1(2h)

1
< c/ (1— )P4y
1

/(1+h?)
< ch?.

CASE2: 1 < p<oo,k=1,andg =2
Applying (4.12), we obtain

1—p(h) i
/ (T2, D)* dr < C/ In (1 + &) &
En 1-(2h) 1 —x — ho(x)/2
1—p(h) i~
< c/ In (1 + —) d
1—p(2h) 1—x—ho(x)/2

1 2/’12
<c Inf{1+ dy
1/(1+h2) -y

< ch?.

CASE3:1<p<oo,k=1,andg <2
We apply (4.12) and get

/ (Fyx, D) dx < c/ hP~2dx < ¢ meas(€;,)h? ™% < chP.
8h Eh

CASE4: 1 <p<oo,k>2,and2/p <k
Note that in this case, kg > 2 and k/2 4+ 1/g > 1, and applying (4.12) and (4.14),
we get

/ (Fy(x, k)" dx
Ern
ho(x)/2 ho(x)/2
<L (L
Ern \J —hp(x)/2 —he(x)/2
P
(I =X —up — - —ug—y — hep(x)/2) " H*Vady, --.dukl) dx
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< ¢ meas(Egy)h*FH2/DP < cpkr,
CASES: 1 <p<oocand2/p>k>2

Since 2 < k < 2/p and p > 1 can hold simultaneously only if k = 2 and p = 1,
using (4.12) for ¢ = oo, we have

/ Foolx, 2)dx
Eap

w2
_ / / 102l Ay ducdlx
82;, —he(x)/2

ho(x)/2
Sc/ / (I1—x—u —h¢(x)/2)71dudx
Eon

—he(x)/2

1= (2h) h
c/ In (1 + &) dx
1— 0 (4h) 1 —x — ho(x)
1—u(2h) 4/’12
c/ In (l + —) dx
1—u(4h) 1 —x —ho(x)

1 2
4h
< c/ In (l + ) dy
1/(14+4h2) l—y

< ch?.

IA

It remains to consider the case when 1/(v/2k) < h < 2/k.
Part 1I(ii): 1/(v/2k) < h <2/k

If 1/(v/2k) < h < 2/k, then, for x € &, h ~ 1 —x ~ @(x) ~ c(k), and
meas(Exp) < c(k) (“<” cannot be replaced with “~” since meas(€,) = 0). Inequali-
ties (4.9) and (4.10) which we need to verify become

/ (Fox.0)) dx <c (4.15)
Exn
and
sup Fi(x, k) <c. (4.16)
xe&p

We can prove (4.15) and (4.16) using the proof used in Part II(i) with the only
difference that we can no longer use the fact that ¢ (v) ~ /1 — v for v € A(x, u; +
<o+ +ug—1) with x € &y, and |u;| < he(x)/2. At the same time, since we no longer
need to keep track of powers of 4’s, this proof can be considerably simplified.

First, let F € C[—1, 1] be such that F® (x) = ¢ ¥ (x), x € (-1, 1). Applying the
identity (4.1) for any x € Exp,, we have

he(x)/2 ho(x)/2 L
91(x,k)=/ / o “(x+ur+ - Fup)duy .. duyg
—he(x)/2 —he(x)/2

k
= Ah(p(x)(Fax) =g,
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which implies (4.16) and so completes the proof in the case p = oo.
Now, observing that, for —1 <a < b < 1,

b ey 2+
/ V(z)dt<c(y)[ Y@+ ii J’:_i 4.17)

we conclude that

k429 (q) + o K2/ () if kg > 2
—k < clk @ @ q )
o " L, (a1 < c(k, q) [1 i kg <2,

Therefore, in particular,

T, 1) = llg! L, Lx—he(x) /2, x+he(x) /2]
[w—l“/‘f (x — ho(x)/2) + ¢~ T2 (x + hp(x)/2) if g > 2,

IA

ka
ctk.q) if g <2.

Hence, (4.15) is verifiedif k = landg <2 (p > 2),and forqg > 2 (1 < p < 2), we
have

| @) acse [ (o720 hpwyn + o0 + hpt/2) da
En Dy
=c / P72 (x + he(x)/2)dx
Dy

1
< c/ eP2(v)dv < c.
-1

Finally, if k = 1 and p = g = 2, then we observe that, for a centrally symmetric set
S C R?, we have [[¢ f(—X)dx = [[¢ f(¥)dx. Hence,

xthg(x)/2
/ (F2(x, )2 dx = / / L drd
& e Jxmhpy2 1—1

x+he(x)/2
< c/ / —dtdx
O Jx—hoy2 1—1

<c-— c/ In(1 —x — hep(x)/2)dx
Dy

1
§c—c/ In(1 — v)dv <,
—1

and so (4.15) is verified forall 1 < p < o0 ifk = 1.
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Ifl1 <p<ooandk > 2, then kg > 2, and so

he(x)/2 he(x)/2 o
EFq(x,k)sc/ / (670 i+ i1 — hp()/2)
—he(x)/2 —ho(x)/2

+ o A g + h(p(x)/2)) duy .. dug_;.

Again, let F € C[—1, 1] be such that F*~D(x) = ¢=%+2/9(x) (this is possible
provided k + 2/q > 2). Applying the identity (4.1), we have

Fylx, k) < cAh(p(x)(F,x ho(x)/2) —l—cAhw(x)(F,x + hep(x)/2) <c.

This implies (4.15) in all remaining cases except fork = 2and p = 1 (g = 00). Finally,
twice using the fact that {(x, u) | x € Doy, |ul < hgo(x)/Z} is centrally symmetric,
we have

/ Foo(x,2)dx
Eon

hw(x)/2
/8 / 0 2(x +u — ho(x)/2) + 92 (x + u + h<p(x)/2)) dudux
2h

hw(X)/Z
he(x)/2
/ / 072 (x 4+ u + ho(x)/2)dudx
Dop J —he(x)/2
he(x)/2
<c / / 1—x—u—h<p(x)/2)7ldudx
Do J —he(x)/2

= c/ (In(1 —x) = In(1 — x — he(x))) dx
Do
1
Sc/ [In(1 — x)|dx < c.
—1

This completes the proof of the lemma. O

5 Weighted DT Moduli

The following weighted DT moduli are defined in [3, p. 218] (with D = (0, 1)):

(,() (f t)w = Sllp wA f‘
v LS Sl [T
e
k
+ sup WS + sup f‘ :
0<hSl§ h ]]_‘1,[0,121‘3] 0<h§l‘ik h LI;[I—IZZ‘T,I]

where if ¥ (x) = /x(1T — x), then £} =t} = k*>.
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It was shown in [3, Theorem 6.1.1] that, under certain restrictions on i and w,
a){; (f, D)w, p 1s equivalent to the following weighted K -functional Ky y (f, tk)w,p:

Key(FotYpi=  inf (I = 9wl o)+ lwvte®lL,m)) -
8 €ACiqc

In particular, with obvious modifications for (—1, 1) insteadof D = (0, 1), ¢ := ¢
and w := ¢", we have

k
w(p(fs t)(p’,p

k
= sup |¢"A} [ (5.1
S I R
— «—
+ sup erf,f‘ + sup gprA’,;f‘ ,
O<hr* Lpl—1L—14+Ar*]  o_ps Lp[1—Ar*,1]

where * := 2k%¢2 and A is an absolute constant (for example, A = 12 as in [3]), and
note that it is readily seen that the K-functional defined in Definition 2.6 satisfies

KE = Keo(fp = ot (I =091 + 516578 Wl).

It follows from [3, Theorem 6.1.1] that
M7 (f g p < KL (Fo15)) < MWl (f.D)yr p (5.2)

forsome M > 1and 0 < ¢ < 1.
A similar quantity to the following averaged modulus was considered in [3, (6.1.9)]
(recall that t* := 2k212):

1 o=t 1/p
a):;k(f, Dw,p = (;/0 /_ |w(x)A];¢(x)(f, x)|l7dxdr)

141*

* * I/p
1 ! —1+Ar
+(7*/0 /1 (@) KE(f, 017 dx du)

s - 1/p
+ —*/ / lw(x) AR (f, x)|P dx du , (5.3)
™ Jo Ji-Ar
where 1 < p < oo.

Also, from the statement in [3, p. 57], we conclude that, for sufficiently small # > 0,

K¢ (fo15)p < Mot (f Dgr p. (5.4)
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6 Proof of Theorem 2.7: The Lower Estimate

We will apply (5.4) (for 1 < p < o0) and the second inequality in (5.2) (for p = oc0)
in order to complete the proof of the lower estimate in Theorem 2.7.

Lemma 6.1 Letk € N, r € No, 1 < p <00, and f € B),. Then,

o (fO Dy p < clk, N (f7, ctn,, 0<t<ck).

Proof We estimate each of the three terms in the definition (5.3) separately.
First, recall that /* := 2k%¢2 and note that [—1 + t*, 1 — t*] C Doz, and s0 using
Proposition 3.1(iii), we have

1 rt 1—r*
—/ / " ()AL (7, )17 dx de

141*

2rp 1—r*
// Wi )AL, (f7, 0|7 dx dr

141*

2’1’
/ / Wi () AT (ST, )17 dx de
Doks
< 2’szf’j(f<”, D 6.1)
We now estimate the second term (dealing with the function near —1), the third term

being similar.
If ¢ is sufficiently small (for example, t < (2k /A + k/2)~! will do), then

1 [ po1Ar N
t_*/o /1 lo" () A5, )17 dx du

1 1+At
I—*/ / l" () AR (FO x + ku/2)|P dx du

1+(A+k/2)r*
/ / 107 (y — ka2 AL (SO, )P dy du
1+ku/2

1Ak 2041k
; /

I /\

9" (v — ku/2) AR (@, y)P dudy

1 —1+(A+k/2)t*/2(y+1)/(ktﬂ(y))
0

| /\

e (y—=khp(1)/2) Ay (f 7, )17 dh dy

*
1 —1+(A+k/2)t*  r2(y+1)/(kp(y)) . ‘ -
<o /0 POy, ()AL, (1, )17 d dy
—1+(A+k/2)t*  r2(y+1)/(kp(y)) ‘
<o / /0 WG AL (F7, I? dhdy

cV/t*
¢ [Win ) By (f s 917 dy di
*/t—*/o /Qkhﬂ[—l,—l-i-(A-i-k/Z)t*] k2T he )
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< co (f7, coony,

where, for the third inequality, we used the fact that ¢(y — khe(y)/2) < \/Eth )

if0<h <2(y+1/(kg(y)) and y < —1/2.

Lemma 6.2 Letk € N, r € No, and f € B . Then,

ol (f 7, Dgr 0o < el ) (f7, ctDo, 0 <t < c(k).

O

Proof The proof is very similar to that of Lemma 6.1. First, recalling that r* := 2k%2,

noting that [—1 + ¢*, 1 — t*] C Dy, and using Proposition 3.1(iii), we have

AOIN RS =26 (fO. ).

su
P Loo[—141%,1—1] —

O<h<t

If0 < h < t*, then

—>
FORECFD H
OB
= s | @AL, x+khy2)|
xe[—1,—1+Ar*]

¢ (v = kh/DAL(TD, ).

< sup
ye[—14kh /2, —1+(A+k/2)1*]

Hence, if t is sufficiently small (t < (2k/A + k/2)_1 will do), then

—_—
su ") ARGFD x H
0<h£t* w8 ) Loo[—1,—14Ar*]
< sup sup | (v = kh/ DAL, )|

ye[—1,—1+(A+k/2)*] 0<h<2(y+1)/k

= sup sup
yel—1,—1+(A+k/2)r¥1 0<h<2(y+1)/(kp(y)

<272 sup sup (Wih N Ay (F, y)‘
ve[—1,—1+(A+k/2)t*] 0<h<2(y+1)/(ke(y)

Wi DA ) (7, )

0 (v = kg (3)/ )M, (7, )|

<277 sup sup
0<h<c(k)t yeDpuN[—1,—1+(A+k/2)i*]

< 2Pl (f7, clt) oo

<Pr(')Xﬁ (f®, H is similar.

The estimate of supg_j, <« LloAr 1]
- ool l—=AL",

m}

We are now ready to complete the proof of the lower estimate in Theorem 2.7. First,
estimates (5.2) and (5.4) together with Lemmas 6.1 and 6.2 imply that, for f € B’,

l<p=oo,
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K¢ (O, <colf (f7 i)y, 0<t < (6.2)

where c¢; = c1(k) and c; = ¢, (k) are some positive constants, which we now consider
fixed.

Now, suppose that 0 < ¢t < 2/k, and let u := max{l, c1, 2/(kc>)}. Then, since
t/u < c2, taking into account (2.3), we have

K (FO 5 < wf KL (O /)b < colf (fO et/
< c(u/e) Pt (FO. 1)),

which completes the proof of the lower estimate in Theorem 2.7.

7 Hierarchy Between Moduli

The following theorem illustrates the hierarchy between the moduli of smoothness.

Theorem 7.1 If f € IB;,“, 1 <p<ooreNyandk > 2, then

wlf,r(f(r)’ t)P = thlf—l,r+l(f(r+l)’ I)P'

Proof By virtue of [3, (6.2.9)], we have
t
(D 0y < /0 @ (. D)y /) d,

where Q’; was defined in [3, (8.1.2)] as follows:

k
gor Ah(pf‘

QU (f.1)gr p == sup

O<h<t L, [—142k2h2,—142k2h2]
Also, by [3, (6.3.2)], we obtain
QT g p < QT D

Hence,

t
wp (O, )y p < /0 QU (Y 1), dr

k—1 1 k—1 1
<t QT (Y D g, <t FTD D,

where for the second inequality, we used the monotonicity of Q'(;’l (fUtD, 1)gr+1
and for the third, we applied [3, (6.2.9)].

In view of the equivalence between our and weighted DT moduli (see Remark 2.9),
our proof is complete. O

P’
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We also have the other usual hierarchy which follows by [3, Theorem 6.1.4].

Theorem 7.2 If f € B}, 1 < p <00, r € No, and k > 2, then
wf (f7. 0y <cof_| (0.0,

8 Polynomial Approximation: Direct Results

This section is devoted to the approximation of functions f € L,[—1,1],1 < p < oo,
by polynomials of degree < n. Let P, be the set of polynomials of degree < n, and
denote by

En(f)p = ing) ”f_Pn”p

Pn€Jn

the degree of approximation of f € L,[—1, 1] by elements of P,.
An immediate application of Theorem 7.1, together with [3, Theorem 7.2.1], is the
following.

Theorem 8.1 If f € B’ , 1 < p < o0, then

En(f)p < ol (FO 1 mpe m=k+r. @.1)
Proof 1t follows from [3, Theorem 7.2.1] that

En(f)p < cop  (f.1/n)p, n=k+r.
Since f € B’ , we apply Theorem 7.1 r times and (8.1) follows. O

An immediate consequence of Theorem 8.1 is the following direct estimate.

Corollary 8.2 If f e B', r € No, 1 < p < o0, and if for some k € Nand a > r,
a)](f’r(f(’), 1p=01*""), then

E,(f)p<en™®, n=k+r. (8.2)

It is interesting to compare (8.1) with estimates of how well Pn(r) approximates
£, Our result here is the following.

Theorem 8.3 Let f e B, r e N, 1 < p < o0, and let P, denotes the polynomial of

best approximation of f in L ,[—1, 1], of degree < n. Iffol (w,‘f,r(f(r), ‘L’)p/‘L')d‘L' < o0
for some k € N, then

1/n
1P = POyl < ¢ /0 (f,(F. 1) /7)dr.
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Proof Using Potapov’s estimate (see, e.g., [3, (7.2.7)])
" Py < c(p.v)n | Pullp, (8.3)

we have

o0
I = POl < DO IPSE = P el
j=1

o
< ¢ 27N |[Py, = Poyiylly
j=1

o
<> 2 (IPy, = Fllp +11f = Poiotllp)
j=1

<c > ol (f7, 172,
j=1

1/ n)
< cZ/ (f (D, 1)p/7)dr

j=I1 1/(2j")
1/n
= /0 (f ,(f 7. 0)p/7)dr,
where for the first inequality, we used the fact that ||(f) — Pz(;zl)go’ l, = O (see

details in the proof of Theorem 9.1 below), and for the fourth inequality, we used
Theorem 8.1 and Corollary 2.10. O

9 Polynomial Approximation: Inverse Theorems
Denote by @ the set of nondecreasing functions ¢ : [0, 1] — [0, co) satisfying
¢ (0+) = 0. Recalling that E,, (f) p is the degree of approximation of f by polynomials

of degree < n, we have the following inverse theorem.

Theorem 9.1 Let1 < p <oo, ke N,r e Ng, N € N, and ¢ € ® such that

/] r¢(u)du < 400
0

ur+l

(i.e., if r = 0, this condition is not needed). If

E,(f)p <9 (%) forall n> N,
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then one of the representatives of f has a locally absolutely continuous derivative
oD feB, and

"ro @)
wlf,r(f(r)»t)p §c/0 s du

1
+et ; u—(ffﬁldu+c<N>rkEk+r<f)pa t<10,1/2].

If, in addition, N < k + r, then

b o)

uk+r+1

r

¢ (u) k
e du + ct
t

t
Wf (fD, 0, <c /O du, 1 0,1/2].

Remark 9.2 For p = oo, this theorem was proved in [5].

Remark 9.3 A classical restatement of Theorem 9.1 is Theorem 9.1’ below. We prefer
the current (integral) version since we find it rather more convenient to use.

Proof Since the theorem was proved in [5] for p = 0o, we may assume that 1 < p <
0.

We first give the proof for the case r > 1. Without any loss of generality, assume
that N > k+r.Setm; := N2/ and ¢; := q‘)(m;l). We represent f as the telescopic
series (converging to f inIL,)

o0 o0
f=Per+ Py = Pisr)+ D (P — Pu)) = Pipr + O+ D 0. (9.1
j=0 j=0

where P, € P, are the polynomials of best approximation of f; thatis, || f — P, =
E,(f)p. Hence, the polynomials Q; are of degree < m ;1 and satisfy || Q;|l, <
Dj+1+¢; <20;.

As in the proof of Lemma 4.1, foreach 0 <i < k,sety;(x) :=x+ (G —k/2)hp(x)
and recall that Ws(x) < ¢(y) forall x € Ds, y € [x — 8¢(x)/2, x + d¢(x)/2], and
0<d8<2.

Then, using Proposition 3.1(v) and (8.3), we have

k

> (];) ¢" (i)
i=0

<cemli1Q)llp < cm'i;.

Wy, A%, (09 )l < 0" () o 0"

< ok+1/p )

P
Ly®wn)
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Therefore, if we define J :=min{j : 1/m; < t}, then we have

oo o) o) m/fl] b
@ (r) ro - J
o [ D 0P) =e X migze > /_1 e
J

j=J+1 » j=J+1 j=I+17m
it A ¢(u)
j;l = e 0wl du
¢(u)
= o Wt du. 9.2)

We also note that, in a similar fashion, (8.3) implies that
o0
0]
> let 0, < Zm i <e | - du
j=0

forall 1 < v < r. This implies that {¢" P,Sz)} is a Cauchy sequence in L, converging
to some function ¢" f, € LL,, and there is a subsequence of this sequence which
converges pointwise almost everywhere to ¢V f,. Moreover, we conclude that there
exists a sequence {n;} C N such that, foreach 1 <v <r, {P,SIV)} converges pointwise
almost everywhere to f,, and

lim [l¢"(f, = PI)Il, = 0. 9.3)
=00

Now, considering S := [-1 + &,1 — ¢], ¢ > 0, writing fo := f, and using the
argument [7, section 6.1.3], we write, for xo which is one of the points of convergence
foralll <v <r,

So—1(x) = fu—1(x0) _/ fu@®)de
X0

= for) = P00 = (Firo0) = B V00) = [ (R0 = PP @) ar

X0

and conclude that
for1 () = foo1(xo) = / foloydr
X0

for almost all x € S and all 1 < v < r. Hence, recalling that fo = f, it follows
that almost everywhere, f(x) is identical with a function possessing an absolutely
continuous derivative of order (r — 1) and f " eL p(S). Hence, differentiation of
(9.1) is justified. Also, (9.3) implies that f € ]B%;,.
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We now continue with our estimates, and using (8.3) with v = r + k, we have

+k k
o™ QYN < em 110411, < em ;.
Hence, for 0 < j < J, taking into account that 1/m; > t/2 and settingm _; := N/2,

we have

J

wl(f,r Z Q('r)’ !

J= P

J

J m
k r4k A (r+k) r+k k 2
=ct Z lg™™Q; " llp =< et ij ) = ct / uk+r+1
=0 =0

2/N 1
K e ¢ w) A0
sc Z/ = | = e | e
J

1
k ¢ (u)
<ct , Wdil 9.4)

Finally, we have the estimate

of (0D, 1), < QU < N QI < et N Ery ().
9.5)
Note that if N = k + r, then Q = 0, so that the left-hand side of (9.5) vanishes and
no estimate is needed.

Now, the observation that A’,‘l (p(x)(Pk(:_)r, x) = 0, combined with (9.2), (9.4), and

(9.5), completes the proof of the theorem for r > 1.
For r = 0, we write

J
F=Pe+ 0+ Qi+ (f = Pusy)
Jj=0

where Q := Py — Prand Q; := Py, misr — Pm; (see (9.1)), and complete the proof as
above, just applying (9.4), (9.5), and

If = Poyiillp = Emyi (Np < Gy

(i.e., the same type of estimate as for || Q. [l p)- m|

Choosing

Su) = E.(f)p if I/n<u<1/n+1), n>=N—1,
" En(, if 1N <u <1,
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in Theorem 9.1, we immediately get the following result, which, in fact, is equivalent
to Theorem 9.1.
Theorem 9.1' Let 1 < p < o0,k € N,r ¢ Nop, N e N. If

ZrnrflEn(f)p < 400

n=1

(i.e., if r = 0, this condition is not needed), then one of the representatives of f has a
locally absolutely continuous derivative 7=V, f € B, and

w/‘f,r(f(r)at)p =c Z rnr_lEn(f)p

n>max{N,1/t}

+ Ctk Z nk-‘rr—lEn (f)p

N<n<max{1/t,N}
+ (N Err (), 1 €10,1/2].

If, in addition, N < k +r, then

of (O 0p<c D T EW(f),

n>max{N,1/t}

+ it > T LE (F) . 1 e10,1/2].
N<n<max{l/t,N}

Another immediate corollary of Theorem 9.1 with ¢ () := t* and N = k +r is
the following result which is an inverse of (8.2).

Corollary 9.4 Letr € No, k € N, andr < a < r +k, and let f € L,[—1,1],

I <p<oolf
E,(f)p<n % n=N, 9.6)

for some N > k +r, then f € IB%;, and
of (fO.0)p < clo k. )" + (N k. 1) Egyr (f)p. t> 0.
In particular, if N = k + r, then (9.6) implies that f € B}, and
wf,,(f(r), Dp <cla,k,r)t*", t>0.

Corollaries 8.2 and 9.4 imply the following constructive characterization result.

Corollary 9.5 Letr € No, k e N,r <o <r+k,andlet f € Ly[—1,1], 1 <
p < 00. Then E,(f)p, < cn™%, foralln > k +r, if and only if f € B, and
wp (fO 0, <ct® " 1> 0.
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