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Information derived from the superior mirage is used to compute the average vertical temperature profile in the
atmosphere between the observer and a known object. The image is described by a plot of ray-elevation angle at
the eye against elevation at which that ray intersects the object. The computational algorithm, based on the trac-
ing of rays that have at most one vertex, iteratively adjusts the temperature profile until the observed image charac-
teristics are reproduced. An example based on an observation made on the Beaufort Sea illustrates the process.

INTRODUCTION

The superior mirage is seen under conditions of temperature
inversion. A mirage observation can be considered com-
pletely described by three basic elements: (1) an object at a
known distance from the observer, (2) the transmitted image
of this object, and (3) the average vertical temperature profiles
in the atmosphere between the observer and the object. In
principle, if any two of these elements are known, it should be
possible to deduce the third. Thus, depending on which el-
ement is the unknown, we can formulate three distinct prob-
lems.

The most straightforward problem is the case in which el-
ements (1) and (3) are known and the transmitted image is
sought.l-5 Of the two remaining inverse problems, the one
examined here will attempt to extract the temperature profile
from knowledge of elements (1) and (2).

Recent work on the inversion of refraction data has been
carried out by Fleagle,® Fraser,” Mach,® and others. Mach and
Fraser® also outline some of the previous methodology, listing
a number of references.

The method of this paper, applied to the superior mirage,
uses an iterative computational approach based on ray tracing
for a single object at a fixed distance.

ASSUMPTIONS

The atmosphere is modeled as a set of fixed spherical shells
concentric with the Earth. The smallest of these shells is
taken to represent the Earth’s surface, typically water or sea
ice. The temperature distribution is specified by values at
the layer boundaries, and between these points the temper-
ature profile is taken to be linear. The ray path within each
layer is well represented by a parabolic arc.1-10

It is assumed that the paths of all light rays contributing to
the observed image contain at most one maximum (vertex).
This assumption limits applications to the frequently ob-
served short- and medium-range cases that display at most
one inverted image.!!

The nature of the image observed from a known object
plane is completely specified by a single curve, termed a
transfer characteristic (TC). The TC is a map of ray-eleva-
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tion angle ¢ at the eye, plotted against the elevation z at which
this ray intersects the object plane. Zero references for ¢ and
2 are, respectively, the local horizontal as defined by a level
bubble and the (smooth) Earth’s surface. For a standard
atmosphere,!2 the TC is essentially a straight line, whose
positive slope decreases with increasing object distance.

In the presence of strong temperature inversions, the TC
can become a complex curve, with multiple ¢ values corre-
sponding to a single z value. With the one-vertex restriction
on light rays, the TC typically has one maximum and one
minimum z, of the form shown in Fig. 1. The negative-slope
portion describes the inverted image.

COMPUTATIONAL ALGORITHM

By varying the vertical temperature distribution, the com-
putation seeks to reproduce a T'C that has been derived from
a field observation. A cybernetics process widely used in
engineering is applied here: A problem that is relatively easy
to solve, such as TC generation from a known temperature
profile, is placed in the feedback path, with the result that the
whole system in the forward direction solves the inverse
problem of temperature-profile generation from the TC (see
Fig. 2).

The critical points on the S-shaped TC are the values of
maximum and minimum z. The maximum is called the pivot,
with coordinates ¢p, and z,; the minimum has coordinates ¢,
and z,,. These points provide the basis for dividing the TC
into three zones (Fig. 3}, for each of which specific assumptions
are made and distinct calculation procedures employed.

Zone 1, further discussed in Appendix A, is the region below
the pivot: ¢, < ¢ < ¢p, where ¢, is the elevation of the ho-
rizon. Rays in this zone generate the lowest, erect part of the
image. Although they possibly are curved, these rays are
assumed to possess no vertices between observer and object
plane. A necessary condition for no vertices is that ¢, <0.
Also, for good convergence, the pivot angle ¢, should be a few
arc minutes above the horizontal.

The calculations in zone I are based on the relation between
the temperature gradient and the radius of curvature of a light
ray. The process is not iterative; the calculations are carried
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Fig.1. a, A common TC that transforms b, an object, into c, two erect
and one inverted image.
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Fig. 2. The process of inversion.
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Fig. 3. Transfer characteristic zones (I, II, IIT) and a typical vertex
locus.
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Fig. 4. The layers below the pivot. The spherical layer boundaries
are represented as straight lines.

out once and produce a good fit to the T'C for ¢ < ¢, and hence
a good estimate of the temperature profile for z < z,,.

The calculation sequence can be followed with the aid of
Fig. 4. A radius of curvature is identified for each layer; then,
knowing the eye-level temperature, we can find the temper-
atures at the remaining layer boundaries. Beginning with
layer 1, below eye level, we find the radius necessary to match
the observed horizon elevation ¢, corresponding to a ray
tangent to the ground. Further projection of this ray gener-
ally leads to emergence from layer 1 at A, after which the ray
must continue in layer 2. The unknown radius in layer 2 is
adjusted so that the ray meets the object plane at its known
final elevation zo. The remaining rays, for which ¢ < ¢, are
now projected out until they emerge from the known layer 2
at Band C. The layer 3 radius is identified by forcing the ray
from B to reach its known destination z3, and the process is
continued for all ¢ below the pivot ¢,. The governing equa-
tions, based on a parabolic representation of the rays, the
layers, and the Earth’s surface, can be found in Appendix
A.

Zone 11 is the region responsible for the inverted image. It
encompasses eye angles in the range ¢ < ¢ < ¢,. Thelim-
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iting ray that forms the transition between zones I and I is
the ray that has a vertex right at the object plane; it defines
the pivot. The rays of zone II possess a caustic, which is
nearly the locus of the ray vertices; and the pivot is the in-
tersection of the caustic with the object plane.

The simple radius algorithm is not effective in zone Il since
the rays in this zone reach the object plane after returning
from a higher elevation. An attempt to iterate the tempera-
ture profile on the basis of a correction at the object plane
elevation would also fail because it would not influence the
temperature in the vertex region. However, an algorithm can
be constructed from the relation that exists among the vertex
elevation, vertex temperature, and ¢. At a vertex the fol-
lowing equation applies!:

2€[p(2) = plze)] + = (z —2) + 92=0, (1)
Rp

where

p is the density of the air,

Rp; is the radius of the Earth,

z. is the elevation of the observer’s eye, and

€ = 0.000226, from the refractive index of air n = 1 + €p.

Since density is a function of temperature, Eq. (1) can be
rearranged into an expression for the vertex temperature T,
as a function of ¢ and vertex elevation z,:

g8

T, = T(z.) = T(ze) |~ T (20 — 2¢)
T(ze)(zy — Ze) T(Ze)¢2]
+ ¢
polts T 2eBpo) P

See Appendix B for details.

To begin the iteration within zone II, an initial guess—
usually a linear increase with elevation—is made for the
temperature profile above the pivot. The TC corresponding
to the current estimate of the temperature profile is calcu-
lated. For each ray the vertex elevation is also recorded,
making it possible to plot a locus of these vertices on the z, ¢
plane; see Fig. 3. The difference between the estimated and
given TC is then used to adjust the slope of the vertex locus.
Starting at the pivot, where the vertex locus is by definition
tangent to the TC, these slopes are used to find a new set of
vertex elevations. These, together with the corresponding
¢ values, permit calculation of new vertex temperatures by
means of Eq. (2); and the set of new vertex elevations and
temperatures constitutes the temperature profile for the next
iteration.

For example, if a ray is too high on the object plane (esti-
mated TC élevation exceeds given TC elevation), then the
vertex locus will be steepened (d¢/dz increased), lowering the
vertex of this ray and thus lowering its intersection with the
object plane. In this way a TC error at any level is translated
into a correction at the vertex level.

Zone III makes up the uppermost part of the observed
image. The lowest few rays will have vertices, but most do
not. They generate an elevated erect image, usually com-
pressed. These rays have basically penetrated the inversion
and for higher ¢ escape into space.

The computational approach used in zone III is relatively
unrefined: absence of vertices is assumed, and the error in
the TC (for each ¢) is used to adjust the gradient of the tem-
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perature profile. If the estimated elevation at the object plane
is too high, the temperature gradient d7'/dz is increased at the
appropriate elevation in order to refract the ray downward.
Conversely, if the estimate is too low, d7/dz is decreased.

EXAMPLE

The procedure was tested on several atmospheres, for which
the T'C had been calculated previously from a known tem-
perature profile. In each case the algorithm converged rap-
idly, producing a reasonable approximation to the tempera-
ture profile in three iterations and a good approximation in
eight iterations.

As an example, consider the photograph of Fig. 5a. It shows
an 18.7-m hill, Whitefish Summit, photographed over sea ice
from a distance of 20 km at Tuktoyaktuk, Northwest Terri-
tories, Canada. A superior mirage of this hill is shown to the
same scale in Fig. 5b. Measurement of corresponding points
on the photographs gives the observed TC; see Fig. 6a.

Two of the computer-produced temperature profiles, for
iterations 3 and 8, are shown in Fig. 7. A fixed reference point
on these curves is the known temperature of —2°C at eye level,
2.5 m above theice. The corresponding TC’s are shown in Fig.
6, in which it can be seen that iteration 8 produces a very good

Fig.5. a, Normal view of Whitefish Summit, May 20, 1979, 19.36 h
MDT; b, superior mirage of Whitefish Summit, May 16, 1979, 03.22
h MDT; and ¢, calculated image based on the iteratively estimated
temperature profile. The angular scale (in arc minutes) is the same
for all figures.
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Fig. 6. Transfer characteristics: a, observed; b, calculated in iter-
ation three; ¢, calculated in iteration eight and used to create Fig.
5c.
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Fig.7. Temperature profiles: a, initial guess; b, iteration 3; ¢, iter-
ation 8, the final approximation. The portion below the pivot, cor-
responding to zone I, is calculated only once.

estimate of the original TC. The drawing of the distorted
summit, Fig. 5¢, is prepared from this last iteration. The
calculated image agrees closely with the photographed ob-
servation.

The good agreement between the observation and the
computer reconstructions indicates that the algorithm pro-
posed here is a valid method for short- and medium-range
inversion problems and that Fig. 7 is a reasonable estimate of
the average temperature profile.

The basic nature of this profile is similar to one deduced
from solar observations earlier during the same night.'3 The
temperature gradient is fairly low near the surface and in-
creases with elevation. Such a profile supports optical
ducting, which was indeed present at the time.

APPENDIX A

In zone I, the temperature gradient is deduced from the radius
of curvature of the light rays by means of the relation!4
1 €p (dT )

== - té&b (A1)

r (1+ep)T\dz
where g is the acceleration of gravity and 5 = 0.00348 mks
units (the reciprical of the specific gas constant Rps). InEq.
(A1), which holds for roughly horizontal rays, a positive value
of r indicates refraction toward the Earth.

Because the radii are large, all circular arcs in the compu-
tation are represented as small portions of parabolas. Thus,
in a rectangular coordinate system in which the x axis is tan-
gent to the Earth and the z axis points vertically up, the
Earth’s surface is accurately approximated by

=5 (A2)

where Rg is the Earth’s radius. Similarly, a concentric layer
of height h above the surface would have the equation
x2

=—=—1h
2=~ on (A3)
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An arc of ray is also represented in this way:

x?
z=——+xtan ¢ + 2., (A4)
2r

where z, is the elevation of the ray above the Earth’s surface
at the observer’s eye, ¢ is the ray-elevation angle at its starting
point, as previously defined, and r is the radius of curvature
of the ray.

The elevation of the horizon ¢y, is produced by the ray that
is tangent to the Earth’s surface. At the point of tangency,
both the elevations and the slopes calculated from Eqs. (A2)
and (A4) are equal. The two resulting simultaneous equations
can be solved for the radius of ray curvature between eye level
and the surface and the distance x;, to the point of tan-
gency:

_ L _ tan? ¢h]—1
r RE 22€ (A5)
and
-1
o = (1 - —1~) tan dn. (A6)
r Rg

At a distance of 2x;,, this ray again has elevation 2z, and leaves
this layer. Because this bottom layer, between eye and sur-
face, is generally thin and contains few light rays, no more
attention will be given it.

One more relation is required to carry out the computations
for projecting a ray. The point at which a ray enters a new
layer becomes the origin for the next ray projection. The el-
evation angle ¢’ with which the ray leaves the new origin is
equal to the difference between the slope angles of the ray and
the layer boundary. With the approximation tan ¢ = ¢, the
equation is :

¢ =Tt (A7)
R E r

A few special cases should be mentioned. If the object
plane is sufficiently close, the intersection of this plane with
the Earth’s surface will be visible. In this case the lowest ray
of interest, with elevation ¢;, passes directly to the base of the
object, without becoming tangent to the surface. Then the
calculations for ¢ are not relevant. Further, if ¢ or ¢, is
positive, these rays must possess vertices in order to reach
their destinations. In this case zone I does not exist, and
calculations begins with zone II. Finally, a low pivot (¢, <
0) is indicative of an over-long horizontal range, beyond that

which the algorithm can handle.

APPENDIX B

Atmospheric density can be expressed in terms of pressure p
and absolute temperature T4

p = Bp/T. (B1)
If the vertical temperature profile T'(z) is known, the pressure
can be replaced by3+
z dz’
o T(2") ’
where p is the surface atmospheric pressure.

For the bottom 50 m of the atmosphere, the exponent is
small, and the exponential is nearly unity. Little accuracy

-8B (B2)

p(z) = poexp
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is lost if we replace T'(z’) by a constant value Ty, the esti-
mated mean temperature in the layers of interest. The ex-
ponential is next approximated by the first two terms in its
power series, and Eq. (B2) becomes
gBZ)
z) = 1 -
p(z) = po ( T,
For z = 50 m and T,,, = 273 K, the numerical values in Eq.
(B3) are

(B3)

p(50) = po(1 — 0.00625), (B4)

where the term in parentheses accurately represents
exp(—0.00625).
The equation for density is thus

Bpo 1— g@g) ’
T(2) T
which is substituted into Eq. (1) and solved for the vertex

temperature T, = T'(z,). When higher-order terms are ne-
glected, the result is Eq. (2), as previously given.

plz) = (B5)
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