
Abstract—We present the use of an adaptive set of basis
functions used in conjunction with the MoM to solve the
linearized scalar inverse electromagnetic scattering
problem. The basis functions, which are whole-domain
and harmonic, are selected to provide a perfectly
conditioned solution under the first-order Born
approximation when multiple frequency experiments are
considered. In order to iteratively solve the full non-
linear problem by the Distorted Born Iterative Method
(DBIM) and/or the Born Iterative Method (BIM), we
introduce a single parameter into the basis function
expansion to demonstrate that it is possible to maintain a
well-conditioned linearized inverse problem by selecting
the parameter value that minimizes the condition number
of the discrete matrix operator. The proposed technique
eliminates the need for Tikhonov regularization or
equivalent regularization schemes commonly applied to
the single-frequency, pulse-basis formulation of the
linearized inverse scattering problem.

Keywords—Inverse imaging, Distorted Born, Born,
Iterative methods, regularization.

I. INTRODUCTION

It is well documented that the continuous, non-
linear, time-harmonic, scalar inverse scattering problem
in electromagnetics is ill-posed [1], [2]. In fact, using
monochromatic interrogation and a first-order
linearizing assumption such as the Born approximation
[3], the linear inverse problem results in a Fredholm
integral equation of the first kind that retains the ill-
posedness of the full non-linear problem. As the
resulting operator has a null-space, no unique solution
exists and one must select one of an infinite number of
solutions by imposing additional constraints, a process
known as regularization [2], [4]. 

It is beneficial to examine the cause of the ill-
posedness of the problem in order to choose a suitable
regularization technique. In the linearized inverse

scattering problem, the smooth nature of the kernel tends
to suppress the effects of high-frequency spatial
variations of the unknown contrast function on the
measured field values, thereby making the high-
frequency contrast components irrecoverable from the
field data [4]. Thus, a suitable regularization technique
should, in some way, limit the high frequency
components of the reconstructed contrast function.

A common way of solving the linearized inverse
problem is to discretize the unknown contrast function in
terms of a pulse basis expansion [5], [6] which, in itself,
imposes no constraint on the maximum spatial frequency
of the reconstructed contrast. Due to the ill-posedness of
the continuous problem, the resulting discrete linear
system is ill-conditioned [4] and, without regularization,
directly solving the system yields a solution with little to
no physical significance. Consequently, one of two types
of regularization methods is commonly applied to the
discrete system. The first, Tikhonov regularization,
im poses  a  pena l ty  con s t r a in t  we ig h ted  by  a
regularization parameter. The parameter attempts to
balance the error in the residual against the error inherent
in the high spatial-frequency components [4-6].
Tikhonov regularization is capable of providing
solutions that converge to the unknown contrast function
when an iterative solution of the full-nonlinear problem
is adopted [5], [6]. Unfortunately, the first-order
approximation is often highly oscillatory depending on
the type of penalty function selected (as shown in the
numerical results of [5]) and gives little insight as to the
physical nature of the true contrast. 

The second popular regularization technique is the
so-called truncated singular value decomposition
method (TSVD) [4], [7]. As its name implies, this
approach truncates the singular value reconstruction of
the solution thereby constraining the high spatial-
frequency components of the pulse-based solution. In
fact, TSVD can be shown to be “essentially equivalent to
Tikhonov regularization when the penalty matrix is taken
as the identity matrix” [4]. Under this equivalence the
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truncation order substitutes as a regularization
parameter. 

While for both Tikhonov regularization and TSVD
there exist mathematical methods for determining a
suitable value of the regularization parameter [4], [7], the
solution is often quite sensitive to the parameter value
and selecting an appropriate parameter can be both
difficult and computationally expensive. The tools are,
however, quite powerful and in cases when one has no
choice  bu t  to  r egu la r ize  the  p rob lem by  the
aforementioned methods, they enable a meaningful
solution to be obtained. The inverse scattering problem
does not,  however,  necessari ly require formal
regularization provided that the problem is formulated
carefully. Our approach is to select equations that arrive
at a discrete system where only a single, meaningful
solution is possible. Further, we wish to choose our
equations in such a way that the Born Approximation
remains a meaningful first-order solution i.e., it is a
smooth first-order approximation to the unknown
contrast.

With this in mind, we note that in special cases the
Born approximation is capable of annihilating the null-
space of the discrete operator giving a unique first-order
solution. Specifically, under plane-wave incidence, the
measured field data may be identified as the spatial
Fourier Transform of the unknown contrast function [3],
[8]. Therefore, by applying an inverse Fourier Transform
to the field data we may uniquely obtain the contrast up
to some maximum spatial-frequency, a result that is
sometimes referred to as Fourier Imaging. Thus, in
Fourier Imaging, it is by multiple frequency experiments
that we “regularize” the problem (in so far as we manage
to make the solution both physical and unique).
Essentially, we are adding information. Fourier
techniques also have the advantage of a smooth, first-
order approximation to the unknown contrast function
[2]. 

In this paper, based on the idea that Fourier Imaging
offers a well-conditioned first-order solution, we first
derive a perfectly conditioned MoM formulation of the
inverse problem by expanding the contrast function in
terms of whole-domain complex exponential basis
functions, i.e., the Fourier series harmonics. Second, as
the limitations of the Born approximation are well
known, we present a parameterized set of harmonic basis
functions suitable for iterative solution schemes for
solving the full non-linear problem such as the Born
Iterative Method (BIM) [5] and the Distorted Born
Iterative Method (DBIM) [9].

As the focus of this paper is to illustrate the benefits
of the proposed basis function expansion, we focus
primarily on applying the basis functions to the (D)BIM
solutions for the simple 1D, lossless, noise-free problem

which serves as a well documented benchmark for new
inverse solution methods [1], [7]. To show that the
theory can be extended to higher dimensions, we include
a 2D formulation for the BIM. For both the 1D and 2D
cases considered, we show successful reconstruction
results.

What is presented herein is an elaboration of the
work we have presented at various conferences during
the past year [10-13]. We provide all details of the
formulation and show results for both the BIM and the
DBIM on the same problems.

II. THE MOM SOLUTION TO THE 1D 
SCATTERING PROBLEM UNDER THE BORN 

APPROXIMATION

C o n s i d e r  t h e  1 D  i n t e g r a l  e q u a t i o n  f o r
electromagnetic scattering,

(1)

where  is the transverse component of the electric
field,  is the incident electric field,  is the
unknown relative permittivity as a function of position
and where  is the wavenumber of free space.
Throughout this paper an  time dependence is
suppressed where  and  is the radial frequency
of the electric field. The free-space Green’s function

 is,

(2)

where  if  and  if . For the
incident field, we consider plane waves propagating in
either the positive or negative  direction i.e.,

(3)

where the direction of propagation is negative for
 a n d  p o s i t i v e  f o r  .  A ss u m i n g  a

permittivity contrast which is spatially bounded to a
domain , the infinite integral in (1) collapses
to . Applying the Born approximation, namely that
scattering is weak and the field within the domain  may
be approximated by the incident field, (1) becomes,

(4)
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Above,  is the contrast function used to denote the
unknown relative permittivity contrast . To solve
for the unknown contrast, we begin by expanding 
in terms of  whole-domain complex exponential basis
functions,

. (5)

For reasons which will be made clear, the spatial
frequencies are selected as ,  for

, where  is selected as  i.e.,
the fundamental wavelength is selected as twice the size
of imaging domain. The  shift is essential as it
implicitly adds a DC component into each harmonic over
the imaging domain. As a result, we eliminate the need
for an explicit DC basis function. 

Upon substitution of (5) into (4) we obtain a single
equation in  unknowns,

 (6)

While a typical approach to obtain a system of equations
from (6) would be to test, or weight the equation by
means of  different inner products on the domain 
[14], we must take a different approach because the
domain of the left-hand side of (6) does not coincide with

. Instead, we consider  independent scattering
experiments. Using multiple scattering experiments is a
typical way of creating a sufficient number of equations
[6], [9], but normally (in higher dimensions) one has the
ability to construct the different scattering experiments
by taking different angles of incidence, rather than
different frequencies. This freedom does not exist in the
1D problem. Instead, we construct  experiments with
an incident field propagating in the positive  direction
where the scattering amplitude is measured at a single
location  such that . For each of these
experiments the incident field wavenumber  is
selected as  for . Next, we construct 
experiments where the incident field propagates in the
n e g a t i v e   d i r e c t i o n  ( t a k i ng  c o r r e s po n d in g
measurements at a single location  such that

) .  Again we select  the wavenumbers
 for .  For incidence in the

positive  direction we obtain the following  algebraic
equations:

(7)

while for propagation in the negative  direction we
obtain,

(8)

Due to our previous choices of  in the expansion (5),
the functions  are orthogonal over the imaging
domain and the combined system of equations consisting
of (7) and (8) is perfectly conditioned. We write the
system as,

, (9)

where  is the identity matrix,  and
 are  vectors  of  the unknown

contrast expansion coefficients and  and  represent
vectors of the left-hand side of (7) and (8), respectively,
appropriately scaled by the width of the imaging domain.
Clearly, this demonstrates that by using the proposed
whole-domain basis functions and a multitude of
scattering experiments we are able to produce a
perfec t ly-condi t ioned sys tem under  the  Born
approximation. In fact, it can be shown that this result is
equivalent to Fourier Imaging. Before presenting
appropriate basis functions for iteratively solving the full
non-linear problem, we summarize two common
iterative techniques, namely the DBIM and BIM.

III. THE DISTORTED BORN ITERATIVE METHOD

The pertinent theory of the DBIM may be found in
[9] and is summarized herein. As is common to many
iterative techniques for solving the inverse scattering
problem we consider equation (1) as two distinct
equations used alternatively in a two-step updating
procedure. At each iteration , we identify from (1) the
d a t a  e q u a t i o n  w h en  .  W e  a s s u m e  a n
approximation to the fields within  (such as the Born
approximation for the first iteration) and solve for the
updated contrast function . The key to the DBIM is
that instead of computing , we compute 
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defined as the difference between  and .
This is accomplished by numerically computed a
Green’s function  from  and the field
values acquired at the  iteration such that the
distorted data equation becomes,

(10)

where  is simply the true total field which is a
measurable quantity at  and  is the total
field produced by the contrast .

To compute the numerical Green’s function ,
we use,

(11)

where we must first solve (11) for all source points
 when . We may then use (11) with  to

compute  at any location in space.
Next, the domain equation is used to update the field

within the imaging region from the updated contrast
. Formally, we consider 

and solve 

(12)

We may solve the full non-linear inverse problem by
repeating the following procedure beginning with

:

• Solve for  from (10) using the field
computed from (12) at iteration  and
update . In the case of  we
approximate the field using the Born
approximation, hence , 
and .) 

• Solve for the numerical Green’s function at the
observation points  from equation (11)
and solve for the updated field within the
imaging domain from the current contrast
function using (12). From the field solution
within , use (12) to directly compute  at
the observation point(s) .

IV. THE BORN ITERATIVE METHOD

While the DBIM attempts to re-use information of
the profile at each iteration by formulating the problem
in terms of , a simpler iterative scheme that simply
computes  at each iteration without computation of
the numerical Green’s function may be used. This
method, namely the BIM is detailed in [5]. The BIM data
equation may be obtained from (10) by setting

 and  for all .
Also, it is necessary to set  on the left
hand side of (10). The BIM domain equation is the same
as that of the DBIM.

V. AN ADAPTIVE, WHOLE DOMAIN BASIS 
FORMULATION FOR THE DBIM/BIM

The iterative procedure summarized in the previous
section makes use of two integral equations for
iteratively solving the non-linear, scalar, electromagnetic
inverse scattering problem under the linearizing
assumption of the Born Approximation. The domain
equation (12) (which has the same form as (11)) is a
second-kind integral equation and is not ill-posed. For
instance it can readily be solved by expanding the
unknown field quantity into pulse basis functions and
using point-matching. Consequently, the solution to
equations (11) and (12) will not be discussed further.
Conversely, the data equation, corresponding to a
linearized inverse problem, is ill-posed as discussed in
Section 1 and we must either use standard regularization
techniques or formulate the problem carefully. We
consider therefore, the basis function expansion for the
unknown contrast presented in Section 2, which, despite
the ill-posedness of the problem gave an ideally
conditioned matrix. It is clear however, that the
orthogonality property used to produce this ideally
conditioned system will vanish at subsequent iterations if
the basis function expansion (5) is used. Instead, for
iterations  in the DBIM we expand the contrast in a
parameterized set of basis functions,

(13)
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purpose of minimizing the condition number of the
discrete matrix. (A similar expansion is used for  in
the BIM.) The motivation for minimizing the condition
number of the matrix is discussed in Section 7. 
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Specifically, if we substitute the expansion (13) into
(10), making the dependence on the measurement
location and incident field direction explicit via the
parameters  and , (while dropping the explicit
dependence on  for brevity) we obtain,

 (14)

Applying the same testing procedure as the one adopted
for the first-order solution we obtain an iteration
dependent linear system which we write in compact form
as,

(15)

where  and  are matrix representations of
those terms in (14) corresponding to the coefficients 
while  and  correspond to the terms
involving . Equation (15) reduces to equation (10)
for  under the Born Approximation with .
In the case of the BIM, the right hand side is iteration
independent.

The matrix in (15) will, in general, be dense and
“poorly” conditioned if the parameter  is
selected. Therefore, we minimize the condition number

 of the matrix by performing an optimization over
the parameter . Experience has shown that the
function  is not unimodal as shown in Fig. 4
and hence a global optimization routine is required and is
discussed in Section 7.

VI. EXTENSION TO THE BIM IN 2D

In 2D the time-harmonic, lossless, non-linear, scalar
inverse scattering problem for transverse magnetic (TM)
fields may be mathematically represented by the 2D
version of the non-linear integral equation (1),

(16)

where a cartesian coordinate system is assumed and the
position vector is given by .

 is the -component of the
the scattered field defined as the difference between the
total Field  and the incident field . The
fields are parameterized by the wavevector

, and the wavenumber  is given by
. In (16), we assume the 2D, free-space Green’s

function ,
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where  is the zeroth-order Hankel function of the
second kind. In the far-field, this Green’s function may
be replaced with its large argument approximation, 
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as,
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such that the contrast function  , and
under the Born approximation, the integral in (16)
collapses to  and becomes,
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Ez

s ρ k;( ) Ez ρ k;( ) Ez
inc ρ k;( )–= z

Ez ρ k;( ) Ez
inc ρ k;( )

k kxx̂ kyŷ+= k0
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(22)

where  has been used to representing the leading
terms in (21). Once again, we expand the unknown
contrast function in terms of whole-domain, harmonic
basis functions as, 

(23)

where , and .
The coefficients  correspond to the unknown
amplitude of the  basis function, while  and 
limit the number of basis functions selected. For
convenience we now impose a natural ordering on the
pairs  such that we may re-write the basis function
expansion (23) as,
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equation (22) yields,
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unknowns . To obtain more equations we now
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obtain,
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the 1D case i.e., we let the physical wavevector

, for . This results in,
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assumptions. Finally, we note that if we select

 and  then
the basis functions are orthogonal to the kernel of the
integral operator over the domain  which reduces the
inverse problem (27) to a perfectly conditioned linear
system analogous to (9),
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Again, like the 1D case, at subsequent iterations
beyond the first-order Born Approximation, we use the
basis function expansion,
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operator.

VII. NUMERICAL RESULTS
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Fig. 1.  1D DBIM profile reconstruction results: sinusoidal (a), rectangular (b).
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Fig. 2.  1D BIM profile reconstruction results: sinusoidal (a), rectangular (b).
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system condition number versus parameter value 
are shown for the two methods in Fig. 4.

For the 2D case, we show the results of the BIM for
a contrast function that consists of two Gaussian pulses,
centered at  m and  m within
a square imaging domain that extends in both dimensions
from  to  m. The standard deviation of each pulse
is  in both spatial dimensions. The pulse closer to
the origin was given a maximum amplitude of  while
the other, an amplitude of . To iteratively reproduce the
contrasts we used 144 basis functions (selecting

). Figure 5 shows the true contrast function
and reconstructed profiles after the Born approximation
and the sixth iteration.

In all cases, the forward solution was obtained from
a MoM formulation using a pulse basis over the imaging
domain. 

VIII. DISCUSSION

While a rigorous mathematical investigation of the
effects of our parameterized basis function expansion is
subject to ongoing research, we can suggest three
immediate reasons why this technique is a good
candidate for solving the linearized inverse scattering
problem. First, the very nature of the basis function
expansion limits the high frequency components of the
reconstructed profile which, as discussed in Section 1,
contributes to the ill-posedness of the original problem.
Second, as the condition number is defined as the ratio of
the largest to smallest singular values of the operator
matrix, we are implicitly demanding that the solution to
the discrete system, corresponding to the basis function
coefficients, is not overwhelmed by unconstrained high
frequencies. This can be seen by ordering the singular
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values of the discrete operator in non-increasing order
and noting that the corresponding singular vectors have
a non-decreasing number of zero crossings. frequency
[4]. Lastly, and perhaps most importantly, if we consider
the multiple-frequency approach in conjunction with
minimization of the condition number as a sort of
regularization technique itself, the selection of the basis
function parameter (which, in this context would double
as the regularization parameter) is well-defined: we
select the value of the regularization parameter which
minimizes the condition number of the discrete operator.

Two comments should be made. First, at an arbitrary
iteration , the function  is not unimodal and
an optimization technique is required to determine the
optimal value of . For the results shown in this
paper, as the optimization space is over a single
parameter (for both the 1D and 2D formulations), we
have used a direct search over the parameter space.
Empirically, we have found that at each iteration, the
condition number has a global minimum on the interval

where,

. (30)

The previous expression is motivated by the fact that the
basis function parameter is present as a phase term in the
basis function expansion and should therefore be in some
way proportional to the field velocity in the medium.
Fig. 4 shows typical behaviour of the condition number
as a function of the regularization parameter. 

Clearly, minimizing the condition number of the
matrix involves the repetitive computation of the discrete
operator for each  and its condition
number. Fortunately, the number of harmonic basis
functions required to satisfactorily reproduce an
unknown contrast function is generally much less than if
a pulse basis expansion was considered. As a result, the
condition number evaluation does not pose significant
computational strain.

Second, in many cases the condition number of the
operator matrix is not unreasonably large. Nevertheless,
minimization of the condition number is still required to
obtain a good solution. Thus, at each iteration, it is
essential to pick  corresponding to the minimal
condit ion number and not  to one that  appears
“sufficiently small”.

IX. CONCLUSIONS

Herein we have shown that it is possible to avoid the
use of common regularization techniques in the iterative
solution to the inverse scattering problem by carefully
formulating the experiments used to construct the

discrete linearized inverse problem. Specifically,
adopting a multiple-frequency formulation with adaptive
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α n( ) 1 αmax
n( ),[ ]∈

α n( )

Fig. 5.  2D BIM profile reconstruction results: True
contrast (a), first-order (b), and after six iterations (c).
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basis functions and a global optimization over the basis
parameter provides a well-conditioned matrix at each
iteration. We have demonstrated the applicability of our
adaptive basis functions to both the DBIM and BIM
methods in 1D as well as to the BIM method in 2D
(application to the 2D DBIM method poses no
theoretical problems). Our current concerns are
convergence to high-contrast profiles but this seems to
be a problem which may be inherent in the Iterative Born
techniques [2]. Even if this is the case, we plan on
applying our approach of properly formulating the
problem to other (possibly non-iterative) solution
methods in order to determine exactly in what cases the
usual regularization methods are avoidable. Future work
will include a rigorous analysis of the ability of the
proposed basis functions to reconstruct profiles in the
presence of noisy field data. Also, we will consider an
analysis for an optimum number of basis functions at
each iteration.
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