Example - Newton-Raphson Method

We now consider the following example:

minimize f(x) = X+ §x4
Since f'(x) = — 3x> +3x° and f'x) = —6x+ 9x” we form the following iteration:

3 2 2 2
AU 360 =360 e o) =" 208 -
9(x") - 6x" 3x" -2 3x" -2
We can now try the iteration for different initial guesses.

2P =0

initial guess

(x(l) = 0) = stationary point

initial guess: X =05

(x(l) = () = stationary point
0 _ 9

initial guess: x>~ = .

xP = 1.029
x? = 1.0015

(x(3) = 1.0000045) = 1.0 = stationary point

initial guess: X = 1.0

=10
We can now evaluate f{x) at the two stationary points we’ve found:
f(0) = 0,7A(1) = -1/4
and since /(1) = 3 > 0 = local minimum therefore x° = 1 = local minimum .

In fact you can convince yourself that it is the global minimum. (Note that the global maximum is at

x = to0.)



Interval Reduction Using Function Samples Only

initial bracketed interval I, = [a, b] Ji

a c d b

1) consider f: f1(d) <fi(c) =1, = [c,b],

2) consider £, : f5(d) > fo(c) = 1, = [ad].

a Xy, X, X, b
Algorithm: Interval Halving Search

1. input a, b, Amin /l input the initial interval

2. set A=b—-a,x, =a+A/2,f, = f(x,)

3. while A > Amin repeat

4. set: x; = a+A/4,f; = fx;)

5. x,=b-A/4.f, = fx,)

6. if f; <f,, then

7. seth = x,,x, =x;,f, =/, A=b-a

8. elseif £, <f,,

9. seta = x,,x, =x,,f, =/f,,A=b-a

10. else

11. seta = x;,b=x,,A=b-a

12. end if

13. end if

14. end while

15. output [a, b] // final interval size is less than Amin

After 2n+1 function evaluation the interval is reduced by

Ly, =1,(1/2)",n = 1,2,3...

where / , 1s the size of the initial interval.

v



Fibonacci Search Technique

Question How should we pick N successive points in an interval to perform function evaluations

such that the final reduced interval is the smallest possible irrespective of the properties of f{(x) ?

initial interval: [0, 2]
new interval: [0, 1+38]

0 1 1+8 2 X

Best location for two function evaluations

N=3 initial interval: [0, 3]
final interval: [1, 2]
| S
0 11+8 2 3
N=4 initial interval: [0, 5]
final interval: [4, 5]
| \ \ >
0 1 2 3 4 448 5
N=5 initial interval: [0, 8]
final interval: [4, 5]
| | | | o
0 1 2 3 4 148 5 8

Examples of optimal sampling locations

Fibonacci sequence of numbers:
Fo=F =1,F,=F,_+F;,_,,i=2(l)o0.

Given an interval of proportion F; and choosing two sample points atf"; _,, F'; .



initial interval: [0, F']
new interval: [0, F, ;] or [F,,, F}]

Fibonacci type sampling
The new interval will be either
[0,F°; ] or [F,_,.F|]
the first has size F’; _ |, the second has size /', — F;_, = F;_ and therefore they are the same size. The
next point is chosen as either F;_; or F;,—F; 5.
The interval reduction is equal to I/, = 1/F after N function evaluations. It has been shown
that this is the best possible reduction for a given number of function evaluations. At each step the
reduction is equal to F;/F;_ | . The drawback of this procedure is that you must start with /', and work

backwards down the sequence.

Golden Section Search

Given a normalized interval [0,1] where should two points x; and x, be chosen such that:
1) size of reduced interval is independent of function.

2) only one function evaluation per interval reduction.

‘ if f5 < f; then new interval is [0, x;]

|
0 X5 X 1
‘ | if f; < f, then new interval is [x,, 1]
|
0 X, X; 1

Golden section interval reduction, initial interval is [0, 1].



Therefore by condition 1 above
x;-0=1-xy0rx, = 1-x,
and by condition 2

X=X, l-x,

X, 1

2 2

from

Xi+x,-1 =0=>x =1 = 61803

Xy=1-x,=238197=0=1-1=1

where we call T the golden section and 0 the golden mean.
After each function evaluation and comparison 0 of the interval is eliminated or T of the original
interval remains. Thus after N function evaluations an interval of original size L will be reduced to a size

N-1
Lt

Algorithm: Golden Section search

1. inputa,, b;, tol

2. set ¢; = ay+(1=-1)(by—a,), F,. = F(c))

3 d =b,-(1-1)b,—-a,y), F,; = F(d))

4. for K = 1,2, ...repeat

5. if F_<F, then

6 set gy = Apbpyy = dpdiy =
7 Crer = g1+ =0)(bpy 1 a4 y)
8 F,=F_,F.=F(c;, )

9 else

10. set Qpyq = Cpbypyy = bpcpyy = dy
11. dk+1 = bk+1_(1_7)(bk+l_ak+l)
12. F.=F,F,=F(d,,,)

13. end

14. enduntil b, ., —a, ,<tol

Notes: iterate until ||interval| < tol/



Polynomial Interpolation Methods

In an interval of uncertainty the function is approximated by a polynomial and the minimum of the

polynomial is used to predict the minimum of the function.

Quadratic Interpolation
If F(x) = px2 + gx + r is the interpolating quadratic we need to find the coefficients p, ¢, and r
given the end points of the interval [a,b] and ¢ such that a<c<b with F, = F(a) F, = F(b),

F_ = F(c). The coefficients satisfy the matrix equation

azalp F,
b 1|9 = |F

czclr F,

which can be easily solved analytically. Once we have the coefficients we need to find the minimum of

F(x) and thus
d k *
—F(x) =g(x") =2px"+q =0
dx
=4
2p

and therefore we only need the g and p coefficients. These can be solved using Cramer’s rule:

Fad 1l p (boe)+ Fye—a)+ Fo(a—b)
1 _F(b-c)+Fy(c—a)+F.(a-
F.c1l
2
a F 1
1|, | R -+ R =)= F (- b))
cchl
and therefore
2 2 2 2 2,2
Y lFa(b —c)+Fy(c"—a)+F.(a -b")

2p 2 F/(b-c)+Fy(c—a)+F (a-b)



Notice that x* must lie in [a,b] if F. < F,and F. < F, < bracketing interval. Also note that
f'(x*) = 2p(x*) and therefore if p(x*)>0= local minimum of quadratic whereas if
p(x*)<0= local maximum.

We now evaluate f(x*) and compare it to f{c) in order to reduce the interval of uncertainty.

f(x) &

v

Apvp o Cryg Dy

fx*) > fck = new interval is [a,.;, b;,,] and new ¢ value is ¢;.,

fix) 4

v

Apr ] Cht1 bis1

fix*) < ka = new interval is [a,, , b;,,] and new ¢ value is ¢,



Algorithm: Quadratic interpolation search
1. inputay, by, c;, xtol, ftol
2. setF, = F(a,),F, = F(b)),F, = F(c;)
3. fork=1,2,...repeat

2

2 2 2 2 2
A ot 1 _lFa(bk—ck)+Fb(ck —a, )+ F.(a; —-b,)
' 2 F(b,—cp)+Fy(c,—a,)+F.(a,—by)
5. F. = F(x™)
6. if x*>c¢; and F <F, then
7. set Apyy = Cpbpyy = by cpyy = X
8. F,=F,_ ,F,=F,
9. else if x*>ck and £, > F', then
10 set ak+1:ak,bk+1:x*,ck+1:ck
12. elseif x"<c¢, and F, > F then
13 Setflk+1:x*,bk+1:bk,Ck+1:Ck
14. F,=F,
15. else
16. set ak+1:ak,bk+1zck,ck+1:x*
17. Fy=F._ ,F,=F,
18. end

19. end until (b, | —a;, ) <xtol or (F(c,)—F(c,,))/F(c;,) <ftol

Notes: stop when interval reduced to xfol or when relative change in function value < ftol



Bounding Phase

Question: how do we determine this initial interval?
In general we perform a coarse search to bound or bracket the minimum x*. This is also
called interval location. We will discuss two types of interval location:
1) function comparison (Swann’s Bracketing Method); and
2) polynomial extrapolation (Powell’s Method).
Both of these methods are heuristic in nature but are about the best we can provide in terms of an

algorithm. We start with a description of Swann’s bracketing method.

Function comparison: Swann’s Bracketing Method

 Given an initial step length A and starting point a; we check the point a distance A away on
the right side of a .
e If fla; + A) <fla,) then we will move to the right.

e If fla; + A) > fla;) then we will move to the left (lets say we move to the right).

*  We now magnify the step size by a magnification factor, say 2, and evaluate the function at the
point 2A away from the latest point.

* As soon as any new function evaluation shows an increase we can say that the last two inter-
vals provide a bound or interval of uncertainty for our minimum.

F(x)1

move to right until function evaluation increase,
then last two intervals are interval of uncertainty.

ay b4

Example of Swann’s bracketing method, magnification factor is 2.0.



Algorithm: Swann’s Bracketing Method - based on a heuristic expanding pattern.

L. input: Xx,, A // initial point and step size

2. set: X = Xp— |A // lower test point.

3. x, = xo+ Al // upper test point.

4. f; = fx) // lower function value

5. f, = fx,) // upper function value

6. fo = f(xg) // central function value

7. i=1 // expanding exponent

8. if f,=fy2f, // case 1: move to the right

9. loop-up: i = i+1

10. set: X; = X, Xy = X, f; = fo.fo = 1,

11. X, =X, + 2i|A| // shift up in x by a magnified amount
12, f, = fix,)

13. if £, <f, go to loop-up

14. else output (x;, x,,)

15.if  f;<f, </, /I case 2: move to the left

16. loop-down: i = i+ 1

17. set: X, = Xq, Xy = X;, [, = fo.fo = /i

18. X, = x;— 2i|A| /1 shift down in x by a magnified amount
19. f; = f(x))

20. if ;< f, go to loop-down

21. else output (x;, x,,)

22.if  f;2f,<f, /1 case 3: initial interval is bracket

23. output (x;, X,,)

24.if  f;<f, 2 f, error: non-unimodal function



Polynomial Extrapolation: Powell’s Method

* we use polynomial extrapolate from the initial starting point.

* @Given a starting point a, and two more points A apart we extrapolate a polynomial
through them (we will use a quadratic function).

* Now in this case the fitted quadratic may have either a maximum or minimum and this
may be determined by evaluating the second derivative.

* As before if the polynomial is represented as

F(x) = px2+qx+r

then the second derivative is given as
F'(x) = G(x) = 2p

and in terms of the three function values F,, F,, F,, evaluated at x = a, b, and ¢ we can
evaluate p as

_(c=-D)F +(a-c)F,+(b-a)F,
B (b-c)(c-a)(a-D) ‘

Now how do we use this to find an interval?

» Starting from three points, a,, ¢;, and b,, a A apart we fit a quadratic to these points, say F(x).

» If we find that this quadratic has a maximum, that is p < 0, then the next point we take is Amax
away from the smallest function value. (See figure below) where for sake of an example we are
assuming that we move to the right.

A
Jx)

case 1: F(x) has a maximum, i.e. p < 0

- o

Ay
Amax

v

d
N

v

x* a, c; b,
a, ¢ b,

Extrapolated polynomial has a maximum therefore use the Amax.

* We discard the point with smallest function value and take new point Amax away from b,.
Discarding the lowest function value gives us more of a chance of fitting a polynomial with a
minimum in the next iteration of the algorithm.



 If the polynomial does have a minimum then we either use the minimum of the polynomial as
shown in case 3 or we again use Amax if the minimum is farther than Amax from b, as shown
in case 2.

A
fix) case 2: F(x) has a minimum, i.e. p >0
N
. - F(x)
~ - _
Amax
>
a; c; b, x*
a; ¢ b,

Extrapolated polynomial has a minimum but it is too far away so use Amax.

A
fix) case 3: F(x) has a minimum, i.e. p > 0,
\ % _ ’ 4
\ and x* - b; < Amax -
‘ I - o A s
s 7 F)
| \ | *: e
‘ | ‘ T |
L« | >
I Amax | |
| | | | | »
a, c; b, x*
a, ¢ b,

Extrapolated polynomial has a minimum and it is closer than Amax from b,.

Algorithm: Interval location by Powell’s Method

1. input a;, A, Amax

2. setc; =a;+A,F, = Fla)),F, = F()
3. if Fa > Fc then

4 set by = a;+2A,F, = F(b))

5. forward = true

6. else

8 Fy=F. ,F.=F,F,=Fa)
9 forward = false



10. end

11. for K = 1,2, ... repeat

12.

13.

14.

15.
16.

17.
18.

19.
20.

21.

22.
23.

24.
25.
26.
27.

28.
29.

30.
31.

32.
33.

34.

35.
36.
37.
38.
39.
40.

41.
42.

(cx=—bp)F,+(ag—cyp)Fp+ (bg—ap)F.

set p =
(b —cx)(eg —ag)(axg—bg)
if p> 0 then
2 2 2 2 2 2
oty = l(bK—cK)Fa +(cy—ap)F,+ (ax—by)F,
end if
if forward then / moving forward
if p <0 then // quadratic has a maximum
set Ag . = Ag, bg. | = bx+ Amax
Cke1 = ks By = Flbg )
else
it x —b x> Amax then /I quadratic minimum is too far
set bg, | = bp+ A max
else /I quadratic minimum is O.K.
%
set b, = X
end
set Ay, = CgsCxyy = Dy
Fa :Fc’Fc :Fb’Fb :F(bK+1)
end
else /I moving backward (forward = false)
if p <0 then // quadratic has a maximum
set dp, | = Ag—Amax, by, | = by
Cxv1 = Cxo Fy = Flag )
else
if ap— x> Amax then /I quadratic minimum is too far
set ag, | = ap—Amax
else /I quadratic minimum is O.K.
%
setdp ., =X
end
set bpy = cghCpyy = ag
Fb =Fc’Fc =Fa’Fa=F(aK+l)
end Iif p<0
end

43. enduntich<Fa andFC<Fb
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